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Abstract
The black hole information problem has been a challenge since Hawking’s original
1975 paper. It led to the discovery of AdS/CFT, which gave a partial resolution of the
paradox. However, recent developments, in particular the firewall puzzle, show that
there is much that we do not understand. I review the black hole, Hawking radiation,
and the Page curve, and the classic form of the paradox. I discuss AdS/CFT as a partial
resolution. I then discuss black hole complementarity and its limitations, leading to
many proposals for different kinds of ‘drama.’ I conclude with some recent ideas.
Presented at the 2014-15 Jerusalem Winter School and the 2015 TASI.
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Introduction: Quantizing gravity

The big question that underlies these lectures is ‘What is the theory of quantum gravity?’
String theory gives a solution to the renormalizability problem, and it does many other good
things, but it is only a perturbative expansion in powers of the coupling. We know that
quantum theories exhibit many fascinating and important phenomena that are not visible
in perturbation theory. In the Standard Model, these include quark confinement, chiral
symmetry breaking, and electroweak baryon and lepton number violation, and in quantum
gravity things should be even more interesting. So we need to know, what is the exact theory
for which string theory is the perturbation expansion?
The same sort of question was faced in quantum field theory, and the answer was basically
given by Wilson as the path integral defined via the renormalization group [1]. (Though there
are still indications, in particular the inability to explain dualities with the path integral
approach, that something more is needed.) The most direct analog for string theory would
be string field theory, but in spite of some nice structures such as [2], it does not seem to
have answered the question.
We now have a partial answer by way of dualities. The BFSS matrix model [3] and
AdS/CFT duality [4, 5, 6] relate string theory in certain backgrounds to quantum mechanical
systems and quantum field theories. These we know how to define, and in principle they
contain the whole of flat spacetime string perturbation theory, and its exact completion.
Joao gave a nice review of AdS/CFT at the 2015 TASI. The most obvious limitation of these
constructions is that they are restricted to string theory in spaces with special boundary
conditions, and cannot describe cosmological spacetimes or realistic compactifications. These
dualities have taught us much about quantum gravity, but we still do not know how to
generalize these lessons, and it seems likely that we are still missing important concepts.
So we have the question, what is the full quantum theory? There is the dynamical
question: what are the fundamental variables? But there are a deeper questions. What is
the right framework for the theory? Do we begin with a Hilbert space? Are observations
connected with the wavefunction in the usual way? For special spacetimes, like anti-de Sitter,
we have good answers to some of these questions, but it is not clear how these carry over
to cosmology. And now it seems that we have to confront them already to understand the
black hole interior.
Thought experiments with black holes have been essential in getting us to our current
understanding. Considerations of black hole entropy led ’t Hooft and Susskind to infer the
holographic principle [7, 8]. The further study of black hole entropy [9] and of information
loss [10] then led to an understanding of the relation between black branes and D-branes
2

and so to the BFSS theory and AdS/CFT duality.
So do we have more to learn from black holes? As I will discuss, BFSS and AdS/CFT
imply that information is not lost. But there is still the open question, where was Hawking’s
original argument wrong? As we will see, Hawking’s conclusion seems inevitable if gravity
as an effective field theory is valid where one would normally expect an effective theory to
be. Building on the work of others, especially Samir Mathur, AMPS has argued that if
information is not lost then effective field theory must break down in a rather dramatic way
at the black hole horizon [11]. Attempts to evade this firewall argument, or to confirm it, have
lead in many directions and generated many new ideas. The AMPS argument also exposes
unexpected limitations of AdS/CFT duality, in its inability to tell us what is happening in
the black hole interior.
There is a striking convergence of interest in quantum entanglement, from the black hole
information problem, from Ryu and Takayanagi’s holographic entanglement entropy [12]
(where it relates spacetime geometry to the dual field theory), from condensed matter physics
(where it classifies exotic phases) and from quantum information theory (where it is a resource). It is not clear where this is going, but there is a sense that we will learn something
important from it.1
In §2-3 we review standard background on black holes and Hawking radiation. In §4
we review the information loss problem, focusing on the Page curve, and we present the
three classing alternatives. In §5 we review AdS/CFT and its black holes, and argue that it
excludes information loss and remnants. We also take an excursion to ask the question, can
we tell if a black hole is in a pure state, and we introduce the swap test. In §6 we introduce
black hole complementarity as a proposed resolution to the information long problem, and
explain why it falls. In §7 we consider some alternatives: modification of the geometry at
the Schwarzschild distance, modification of the dynamics and geometry near the horizon due
to fuzz, fire, or strings, or modification of quantum mechanics through the final state or
limits on quantum computation. In §8 we expand on the question, how to we see the bulk
physics from the CFT, in particular behind the horizon. The leads to two more possible
modifications, state-dependence and ER=EPR. In §9 we discuss some recent related ideas,
and conclude.
Another recent review of this subject is [13]. Those lectures are perhaps more modern, emphasizing the connections with quantum information theory, while here I have tried
to collect many traditional arguments that are scattered in many places. Older reviews
1

I was last at TASI in 2010, where applications of AdS/CFT, including condensed matter, were a main
focus, and remarkably I cannot recall a single mention of entanglement then.
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include [14, 15].
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Black holes

Begin with the Schwarzschild metric2

rs  2 
rs −1 2
ds2 = − 1 −
dt + 1 −
dr + r2 (dθ2 + sin2 θdφ2 ) ,
r
r

(2.1)

with Schwarzschild radius rs = 2GM . I will work in units ~ = c = kB = 1, with Newton’s
constant G = lP2 = m−2
P explicit (P = Planck).
Due to the gravitational redshift, much of the important dynamics occurs close to the
horizon. We thus expand the metric in this region, r = rs + δ. The small-δ behavior is
rs
δ
ds2 ∼
= − dt2 + dδ 2 + rs2 (dθ2 + sin2 θdφ2 ) .
rs
δ

(2.2)

Defining δ = ρ2 /4rs this becomes
ρ2
ds2 ∼
= − 2 dt2 + dρ2 + rs2 (dθ2 + sin2 θdφ2 ) .
4rs

(2.3)

To make this look more familiar, and because we will need it later, let us go to Euclidean
time, tE = it:
ρ2
ds2 ∼
(2.4)
= 2 dt2E + dρ2 + rs2 (dθ2 + sin2 θdφ2 ) .
4rs
We recognize the first two terms as two-dimensional flat space. Defining
X = ρ cos(tE /2rs ),

Y = ρ sin(tE /2rs ) ,

(2.5)

ds2 ∼
= dX 2 + dY 2 + rs2 (dθ2 + sin2 θdφ2 ) .

(2.6)

the metric is
Similarly for the Lorentian case define
X = ρ cosh(t/2rs ),

T = ρ sinh(t/2rs ) ,

(2.7)

and then
ds2 ∼
= −dT 2 + dX 2 + rs2 (dθ2 + sin2 θdφ2 )
= −dU dV + rs2 (dθ2 + sin2 θdφ2 ) ,
2

(2.8)

I will not be looking at rotating or charged black holes explicitly. The near-horizon geometry is the
same, away from the extremal limit.

4

where
U = T − X = −ρe−t/2rs ,

V = T + X = ρet/2rs .

(2.9)

The Schwarzschild coordinates r, t cover only the region X > |T | (so U < 0, V > 0),
known as quadrant 1. This geometry can be smoothly to the four regions
quadrant 1 :

U < 0, V > 0,

Schwarzschild

quadrant 2 :

U > 0, V > 0,

future interior

quadrant 3 :

U > 0, V < 0,

Schwarzschild0

quadrant 4 :

U < 0, V < 0,

past interior .

(2.10)

Going back to the full metric, the corresponding extension is3
4rs −r/rs
e
dU dV + r2 (dθ2 + sin2 θdφ2 ) ,
r
U
U V = rs (rs − r)er/rs ,
= −e−t/rs .
V
ds2 = −

(2.11)

The limit r → 0 is a future singularity in quadrant 2 and a past singularity in quadrant
4. The full metric describes two black holes, regions I and III, joined by an Einstein-Rosen
bridge. The future horizon is
We see from the coordinates (2.5) that in order for the Euclidean metric to be smooth, tE
must be periodic with period 4πrs . A path integral with periodic Euclidean time tE ∼ tE + β
generates the thermal partition function Tr e−βH . The path integral for quantum fields in
the Euclidean black hole geometry thus describes a gas at temperature TH = 1/4πrs in
equilibrium with the black hole. The black hole has a temperature, and it must be able
to emit as much as it absorbs. Moreover, by thermodynamic relations, the corresponding
entropy is
dM
dTH
πrs2
A
dS =
=−
⇒
S
=
S
≡
=
,
(2.12)
BH
TH
8πGTH3
G
4G
where A is the horizon area.
The Euclidean black hole continues to a two-sided Lorentzian black hole. You have heard
much about the two-sided story from Juan and Mark. However, the original information
problem arises in the collapse of a single black hole, and we will often focus on this case.
For these, there will be some infalling matter following a timelike or lightlike trajectory from
region I to region II and to the future singularity, and everything to the left of this is replaced
by the smooth interior geometry of the infalling matter. Note that time translations stretch
3

There is a finite rescaling here, (U, V )(2.11) = 21 e1/2 (U, V )(2.8) .
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V and scrunch U (or the reverse), so from the point of view of a late-time observer the
infalling matter is very close to the null line V = 0.
In statistical mechanics, the exponential of the entropy is a count of the states available
to a system. What are these states here? Bekenstein provided an approximate count of them
as follows [16]. Imagine throwing quanta into a black hole. In order to fit, their size must
be no larger than rs and so their energies are at least 1/rs . For a black hole of mass M , the
total number of quanta grows no more rapidly than
dN ∼ rs dM ∼ rs drs /G .

(2.13)

With O(1) unit of entropy per quantum, this gives S ∼ A/G as found above. So according
to this picture, we can identify the states with those of infalling matter inside the black hole.
Indeed, we can consider a nice spacelike slice that interpolates from a fixed t slice on the
outside to a fixed r < rs slice in the interior. As the black hole gets older, this slice gets
longer on the inside, and all the infalling matter is present on it. So the microstates of the
black hole seem to correspond to the states of the fields on the nice slice. It is good to keep
this picture in mind, but it will run us into problems.4

3

Hawking radiation

Let us understand better how the black hole can emit radiation. Consider an inertial observer
falling through the (future) horizon. This takes a finite amount of time τ in their own frame,
but an asymptotic observer never sees them on the horizon for an infinite time t, so there is
a highly nonlinear relation between their times (more precisely, between the times that they
encounter a given outgoing null ray). In terms of the coordinates (2.9), V is approximately
constant while U is going through zero linearly in the proper time τ of the infalling observer.
This implies that
dτ ∝ e−t/rs dt .
(3.1)
The coordinate τ (linear in U, V ) smoothly crosses the ingoing horizon
U = 0,

V = const .

(3.2)

The coordinate t stops at the horizon. An observer using the τ coordinate can cross the
horizon freely. An observer using the t coordinate will interpret space as ending at the
4

The main problem will arise in the context of quantum mechanics, but already classically it is a bit
problematic. By throwing in the quanta very slowly, we can encode information in the timing, and so encode
many bits per quantum.
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horizon. The relation between these two coordinates essentially generates the whole story,
from the Hawking radiation to the paradoxes that it produces.
If the infalling observer expands a quantum field in modes of given τ -frequency ν, and
the outside observer expands the fields in modes of given t-frequency ω, these are not the
same expansion, and in particular positive and negative frequencies get mixed. Also, if we
consider a mode of fixed ω ∼ rs−1 , then the earlier the infalling observer meets the mode, the
higher its typical frequency ν will be in that frame. In other words, the mode blue-shifts as
we follow it backward, or red-shifts as we follow it forward.
Consider foliating the near-horizon geometry with smooth slices, for example taking U +V
as the time coordinate. In this foliation, the geometry is changing adiabatically on a time
scale rs−1 , but the modes we are discussing have much higher frequency. The geometry is
changing slowly compared to ν, so by the adiabatic principle this mode must be in its ground
state, to high accuracy e−O(νrs ) , in the modes of the infalling observer. If the Hamiltonian
for a quantum system is changing at a rate slow compared to the spacing between levels,
then the probability for the system to become excited is exponentially small.
Now let us flesh this out a bit. For extreme simplicity we ignore the angular directions
and treat this as a 1+1 dimensional system with a massless scalar φ. The metric is

rs −1 2
rs  2 
dt + 1 −
dr ,
ds2 = − 1 −
r
r

rs
du dv ,
= − 1−
r
4r2
= − s e−r/rs dU dV .
(3.3)
r
In the second line we have introduced
u = t − r∗ = −2rs ln(−U/rs ) ,

v = t + r∗ = 2rs ln(V /rs ) ,

(3.4)

where r∗ = r + rs ln(r − rs ). The coordinates u, v are conformally related to U, V but are
defined only in quadrant I; they are the null coordinates for the asymptotic observer. The
Klein-Gordon equation is simply
∂u ∂v φ = ∂U ∂V φ = 0 ,

(3.5)

giving right + left-moving modes in either coordinate system. We will only need the rightmoving part, which we expand in modes,
Z ∞

dν
−iνU
† iνU
φR =
a
e
+
a
e
ν
ν
2π(2ν)1/2
Z0 ∞

dω
−iωu
† iωu
=
b
e
+
b
e
.
(3.6)
ω
ω
2π(2ω)1/2
0
7

The nonzero canonical commutators are
[aν , aν 0 ] = 2πδ(ν − ν 0 ) ,

[bω , bω0 ] = 2πδ(ω − ω 0 ) .

(3.7)

The coordinate U is smooth across the horizon, so the aν are good modes for the infalling
observer. For the asymptotic observer, one wants to use the modes bω of definite frequency
with respect to the time translation symmetry (we are considering times well after the
collapse, ignoring transient effects). From the mode expansions, the relation between these
is
Z ∞

dν
αων aν + βων a†ν ,
(3.8)
bω =
2π
0
where
αων = 2rs (ω/ν)1/2 (2rs ν)2irs ω eπrs ω Γ(−2irs ω) ,
βων = 2rs (ω/ν)1/2 (2rs ν)2irs ω e−πrs ω Γ(−2irs ω) .

(3.9)

By the adiabatic principle, the horizon-crossing modes aν approach the black hole vacuum
state, satisfies aν |ψi = 0. The eternal modes then behave as
Z ∞
dν
dν 0
†
0 1/2
hψ|bω bω0 |ψi = 2(ωω )
β ∗ β 0 0 hψ|aν a†ν 0 |ψi
1/2 2π(2ν 0 )1/2 ων ω ν
2π(2ν)
Z0 ∞
dν ∗
β βω 0 ν
= 2(ωω 0 )1/2
4πν ων
0
2πδ(ω − ω 0 )
= 4πrs ω
e
−1
2πδ(ω − ω 0 )
= ω/T
.
(3.10)
e H −1
This is a blackbody spectrum of the expected temperature.
The original derivation of Hawking [17] involved integrating the modes through the infalling body. This is unphysical: the interaction between the modes and the matter is
hyper-Planckian due to the blueshift effect. But Hawking understood that it was only the
horizon structure that mattered, essentially what we have called the adiabatic principle. The
importance of the adiabatic principle was emphasized by Jacobson [18]; it was also employed
in [19]. The adiabatic principle is also used in cosmology, to initialize the state of the quantum fluctuations. At both the black hole horizon and in the expanding universe, modes are
blueshifting as we move back in time, and if one follows them far enough then they begin
far in the UV where we do not know the physics but we still assume the adiabatic principle
to hold.
8

The coordinates u, v, and so the modes bω , are defined only in quadrant I. This was
enough to derive the Hawking flux (3.10), but to discuss the interior we need to introduce
the corresponding modes in quadrant II.5 Denote these interior modes by b̃ω . Since the aν
cross the horizon, the inverse of the mode relation (3.8) must involve the tilded modes as
well,
Z ∞

dω  ∗
∗ †
∗
∗ †
(3.11)
αων bω − βων bω + α̃ων b̃ω − β̃ων b̃ω .
aν =
2π
0
Using this we can write the a-vacuum (the state annihilated by the aν ) in terms of the band b̃-vacua.
We can deduce the final state rather simply:
Z ∞

dω −ω/2TH † †
|0ia = N exp
bω b̃ω ,
e
2π
0

(3.12)

where N is a normalization factor.6 The squeezed form follows from the relation (3.11).
Much of the rest is determine by the requirement that this respect the time-translation
symmetry of the black hole (again, the whole process is happening long after the formation
of the black hole, so that the geometry is effectively static). Now, the mode operator b†ω
raises the energy,
[H, b†ω ] = ωb†ω .
(3.13)
If b̃†ω satisfies the same relation then b†ω b̃†ω would not commute with H and this could not
work; in fact, no nontrivial form would be allowed. But in fact if one traces through one
finds that b̃†ω must be defined so as to lower the energy,
[H, b̃†ω ] = −ωb†ω ,

(3.14)

and then the form (3.12) is fully fixed, with the coefficient in the exponent determined by
the flux (3.10). The form (3.12) means that the b and b̃ modes are entangled with each other,
a fact that will play a central role as we go along.
The negative energy (3.14) might seem odd. The point is that what we are calling energy
is the conserved charge associated with the Killing vector that looks like time translation
outside the black hole. This Killing vector changes signature at the horizon and so is actually
a momentum for the interior modes, and so either sign is allowed. We could confirm the sign
by working out the mode expansions carefully, but we have seen that (3.14) is required by
the symmetry of the problem.
5

For a more complete discussion along the same lines, see Ref. [20].
The difference between the simple vacuum |0ia and the generic black hole state |ψi in (3.10) is that the
latter describes additional degrees of freedom as well, such as the ingoing modes.
6
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In the 1+1 dimensional model, the massless scalar field separates into right-moving and
left-moving modes. More generally, these scatter into one another, and this can be an
important effect. One then has
Z ∞

dν
(3.15)
αων aν + βων a†ν .
bω = Rω cω + Tω
2π
0
Here cω are left-moving modes, coming in from spatial infinity I − . Then Rω is the amplitude
for them to reflect before reaching the horizon and Tω is the transmission amplitude, with
|Rω |2 + |Tω |2 = 1. The Hawking flux is then reduced by a greybody factor,
hψ|b†ω bω0 |ψi = |Tω |2

2πδ(ω − ω 0 )
.
eω/TH − 1

(3.16)

Above 1+1 dimensions, the transmission amplitude falls exponentially with the angular
momentum `.
Some useful orders of magnitude: The typical Hawking quantum has energy TH ∼ 1/rs ∼
1/GM . The total number of Hawking quanta, and therefore the Bekenstein entropy, is then
of order M/(1/GM ) ∼ GM 2 ; this is the square of the number of Hawking quanta, in Planck
units. The Hawking emission rate is roughly one quantum per light-crossing time rs ∼ GM ,
so the total lifetime is of order G2 M 3 . Factors of 2 and π are omitted, and will not be
important for our discussion, but can be substantial. For example, from TH = 1/4πrs it
follows that the wavelength of typical Hawking quanta is 8π 2 rs , much larger than the black
hole size.

4
4.1

The information problem
Information loss: pure to mixed

The first sign of trouble comes if we combine Bekenstein’s thought experiment with Hawking
radiation. Imagine that we keep throwing quantum bits into the black hole at a rate such
that their energy just equals that of the outgoing radiation. The black hole’s mass and its
horizon area stay constant. However, the nice slice keeps getting longer, and the number of
bits on it grows. So the number of possible states of the black hole grows without bound,
and we lose the connection between this and the area. To recover it, we would need somehow
that the bits deep inside can escape with the Hawking radiation, or at least imprint their
state on it. But this is forbidden by causality: once a bit passes through the horizon, it can
no longer affect anything on the outside.

10

This is not yet a crisis. Maybe we just have to give up the statistical interpretation
of the black hole entropy. But a small refinement of the argument shows that things are
more serious. Suppose we start with a pure state outside the black hole consisting of a large
number n of EPR pairs, and as above we throw one of each pair into the black hole. We end
up with a large entanglement,
Sinside = Soutside = Sentanglement = n ln 2 .

(4.1)

Now we let the evaporation proceed to completion. The entanglement (4.1) cannot decrease,
due to causality. But at the end of the evaporation the black hole disappears, and we are
left with half of each pair, in a highly mixed state, with total entropy
Sentanglement, after evaporation = n ln 2 .

(4.2)

We could have started with the system in a pure state, S = 0, but it ends up in a highly
mixed state.
This is inconsistent with Schrodinger-like evolution
i∂t |ψi = H|ψi ,

(4.3)

which otherwise would seem to hold throughout quantum mechanics, quantum field theory,
and even string theory. Similarly the integrated form
|ψ final i = S|ψ initial i

(4.4)

final
ψm
= Smn ψninitial

(4.5)

or, in a basis,
takes pure states to pure states. Instead, black hole evaporation takes an initial pure density
matrix
ρinitial = |ψ initial ihψ initial |
(4.6)
to a mixed density matrix
ρfinal =

X

pi |ψifinal ihψifinal | .

(4.7)

i

In a basis, one has
ρfinal
/mm0 ,nn0 ρinitial
nn0 ,
mm0 = S

(4.8)

where S
/ is the dollar matrix of [10]. When the dollar matrix takes the special form
S
/mm0 ,nn0

Schrod

= Smn Sn∗0 m0
11

(4.9)

with unitary S, this becomes ordinary Schrodinger evolution and takes pure states to pure
states, but for a general S
/ matrix pure states go to mixed states.
In order to discuss time-dependence, rather than using the frequency modes bω we will
often use wavepackets bi . It is convenient to take the frequency width of the packets to be
somewhat narrower than the typical scale TH , so that the width in time is somewhat longer
than the light-crossing time rs . In this case the pairing of bi and b̃i is approximately diagonal
as in the wavefunction (3.12). This is not essential, but it is convenient for discussion.
We will want to separate the state of the Hawking radiation into quanta emitted before
some time, and quanta emitted later, and the quantity that we want to focus on is the van
Neumann entropy of the early radiation,
SE = −Tr ρE ln ρE .

(4.10)

Here ρE is the density matrix for the early radiation, tracing out the state of the later
radiation and any other degrees of freedom that may be around. For example, if the whole
system is in a pure state ψmn , where m is the state of E and n is the state of everything else,
then
X
∗
ψmn
ψm0 n .
(4.11)
ρEmm0 =
n

We are assuming that the modes bi satisfy a canonical algebra so that the Hilbert space
factorizes in this way. This may break down at some order, but we will see that the effect
that we are looking at is robust against small corrections.
The state (3.12) corresponds to a thermal density matrix for a given Hawking photon,
ρmm0 = δmm0 pm ,

pm = (1 − e−ω/TH )e−mω/TH ,

(4.12)

in an occupation number basis. This is a mixed state, with positive von Neumann entropy
Sω = −

∞
X

pm ln pm .

(4.13)

m=0

With each Hawking emission, the total von Neumann entropy SE .

4.2

The Page curve

There is a nice quantitative and conceptual analysis due to Page [21]. This is based on
comparing three curves. The first follows the von Neumann entropy of the Hawking radiation.
As we have discussed, causality requires this to be monotonically increasing, from zero when
the black hole formsto a value of order the Hawking flux when the system has fully evaporated
12

back to Hawking quanta. The second curve is the thermodynamic entropy corresponding to
the black hole. It decreases from the Bekenstein entropy of the original black hole to zero
at the end. Thus we have an increasing and a decreasing curve. This third curve, that of
Page, to good approximation follows the smaller of each of the other two. That is, it starts
at zero, increases to a large value about the middle of the black hole evaporation, and then
falls to zero at the end. All three curves are of order the Bekenstein entropy, of order GM 2 .
Crudely,
Hawking : 0 → GM 2 ,

Bekenstein : GM 2 → 0 ,

Page : 0 → GM 2 /2 → 0, (4.14)

with the relation to be explained.
Let us assume that the black hole begins in an essentially pure state, for example by
collapsing a coherent field.7 Then the von Neumann entropy of the Hawking radiation at a
given time must be equal to that of the remaining black hole state at the same time, and
also to the entanglement entropy between the Hawking radiation and the black hole,
ent
SE = Sbh = SE/bh
.

(4.15)

All three thus follow the same increasing Hawking curve from eq. (4.14).
The decreasing curve is the Bekenstein-Hawking entropy. It should be noted that it
is a thermodynamic entropy. It is different from the microscopic von Neumann entropy
−Tr(ρ ln ρ) (which is probably all that you have encountered at this school so far). It can
be thought of as arising from a coarse-graining of the exact density matrix, and so it can be
larger than the true microscopic entropy, but not smaller.
We see that the curves cross around the midpoint of the life of the black hole, and there
we have a problem. Thus we encounter again the conflict with statistical mechanics noted
above. But things are worse than this. Let us follow the curves to the end of the life of
the black hole. The Hawking radiation then has a large von Neumann entropy, reflecting
its entanglement with the small remaining black hole. But once the black hole disappears,
the Hawking radiation is all there is, and its mixed state is the complete description of the
system.
If the final state of the Hawking radiation is to be pure, then SE must drop to zero when
the black hole disappears. There is a limit to the rate at which it can decline, and so it
must begin to do so about the midpoint of the life of the black hole. This was noted by
Page, who also showed that if the black hole dynamics is strongly chaotic, so that the total
7

As we will show later, the Bekenstein-Hawking entropy is so large that in any normal collapse we can
regard the initial entropy of the black hole as negligible.
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black hole/Hawking radiation system is in a Haar-random state, then SE will follow the
ascending curve until it nearly meets the descending curve, and then rapidly bend to follow
the descending curve. This is the Page curve. The point is that the size of a Hilbert space
grows exponentially with the number of bits, so that one Hilbert space or the other is much
larger, except very close to the crossover. Whichever system is smaller is then close to a
maximally mixed state. If the system is not so chaotic, then the actual curve will lie below
the Page curve, but in any case it must deviate from the rising Hawking curve no later than
the crossover.
A burning piece of coal does follow something like the Page curve. The early photons
are entangled with the remaining coal, but in the end (assuming again that the coal starts
in a pure state) the outgoing radiation must be pure. The burning scrambles any initial
information, making it hard to decode, but it is reversible in principle. For the coal, the
coarse-grained entropy of the system does follow the Hawking curve. A common initial
reaction to Hawking’s claim is that a black hole should be like any other thermal system,
and that he had coarse-grained in some way. But there is a difference: the coal has no horizon.
The early photons from the coal are entangled with excitations inside, but the latter can
imprint their quantum state onto later outgoing photons. With the black hole, the internal
excitations are behind the horizon, and cannot influence the state of later photons.
The difference between the Page curve and the Hawking curve involves subtle physics, in
that one must make complicated measurements of many Hawking quanta to determine which
curve one is on, but the difference itself is an order one effect. Each additional Hawking pair
increases the entanglement by an O(1) amount, while we would need to decrease it by an
O(1) amount in order to get the information out.
Mathur nicely sharpened this as follows [15]. Consider three systems: a Hawking mode
b, its interior partner b̃, and all the prior Hawking radiation E. For a Hilbert space with
three factors, the von Neumann entropies satisfy strong subadditivity, here
Sb̃b + SbE ≥ Sb + Sb̃bE .

(4.16)

Now, b̃b is in a pure state, the a-vacuum, so Sb̃b = 0 and Sb̃bE = SE , so this becomes
SbE − SE ≥ Sb .

(4.17)

(In fact, equality must hold, by ordinary subadditivity.) But this is saying that we are on
the Hawking curve: the von Neumann entropy of the radiation after emission of b, minus
that before emission, is just equal to the von Neumann entropy of b by itself. In order to
follow the Page curve, we would need the right side to be something of the same order but
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negative.8 Eq. (4.17) says that there is no entanglement between E and b, while the Page
curve requires that they be entangled. An important aspect of this argument is that the only
degree of freedom behind the horizon that appears is b̃. Many discussions of information
loss use the state on the entire long nice slice in the interior, as we have done above, but
Mathur’s argument shows that this is not needed, the problem is already present right in
the neighborhood of the horizon.
We can understand the point without the full machinery of strong subadditivity (which
is apparently challenging to prove). The Hawking process produces bb̃ in a pure state. The
wavefunction must then be a product ψb̃b ψE . But this allows no entanglement (or, more
precisely, mutual information) between b and E.9
Another possibility is that the black hole does not completely evaporate. Once the black
hole mass and radius approach the Planck scale, we no longer trust the low energy calculation
of Hawking radiation, and perhaps the evaporation stops. In this case the system would end
in a pure state, where a Planck scale remnant with a large number of internal states would
be highly entangled with the Hawking radiation. The remnant might be stable or simply
very long-lived. In the latter case, the quantum state can be encoded in very low-energy
photons emitted over a very long time scale (since the amount of energy available in the
remnant is small).

4.3

The three classical alternatives

Thus, there are three broad possibilities: (1) that information is lost in the manner that
Hawking argued, (2) that the information is carried by the Hawking radiation, as it would
be for an ordinary thermal object, or (3) a remnant of some sort. Most scenarios end up in
one of these three classes, though sometimes in a non-obvious way. Each of these possibilities
has positive and negative features.
Information loss, the S
/ matrix, seems to follow logically from treating gravity as an
effective field theory. But if pure states can evolve to mixed in black hole decay, then the
basic framework of quantum mechanics is changed, and one would expect this effect to appear
elsewhere. Quantum gravity effects may be significant only at the Planck scale, but general
principles of quantum field theory imply that this will feed down to low energy through low
dimension operators, and there are strong limits on such effects [22]. Even worse, it has been
argued that S
/-matrix evolution leads to strong violation of energy conservation [23]. Time
translation invariance implies that S
/mm0 ,nn0 is nonvanishing only for Em −En −Em0 +En0 = 0.
8
9

Including the greybody effect (3.15) reduces the magnitude of the discrepancy but does not eliminate it.
This omits the greybody factors. I think that one can include their effect just by extending b̃b to b̃bc.
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When the evolution is unitary (4.9), both Em − En and Em0 − En0 vanish, but the S
/-matrix
generically contains only the single δ-function. Moreover, if the purity-violating effects are
local in time they should be polynomial in energy, making a second δ-function impossible
(this is a paraphrase of [23]). It follows that a density matrix of definite energy, En = En0 ,
can evolve to one of different energy, Em = Em0 6= En . If one follows the usual effective field
theory rule of parameterizing all Planck scale effects by operators of appropriate dimension,
but now allowing information loss, then these will violate energy conservation in a large way.
Information conservation via the Hawking radiation is attractive for the universality of
thermal behavior. However, it seems to require superluminal transport of information from
the black hole interior. We have been studying quantum gravity as an effective field theory,
and this has led us to information loss or possibly remnants. To get the information out
with the Hawking radiation, it seems that effective field theory must break down even in
regions where curvatures are small. Note that the details of the UV theory have not entered.
We have made one implicit assumption about the UV, namely that the adiabatic theorem
applies, so that when the Hawking modes-to-be redshift down into the effective field theory
they are empty. But as Andrei Linde points out, this redshifting is happening all around us
due to the expansion of the universe, and if the adiabatic principle did not hold we would
immediately fry.
Remnants, whether stable or long-lived, give up the connection between BekensteinHawking entropy and density of states (so also does information loss). They also seem
problematic for other reasons. We could have started with an arbitrarily large black hole, so
the number of states that must be available to this Planck-sized remnant is unbounded above.
If follows that thermal equilibrium cannot actually exist, and even at zero temperature the
virtual effects due to remnants would seem to diverge, as would remnant pair production
amplitudes.
Most ideas fit into one of these categories, though not always in an obvious way. The
discussions become rather abstruse, but let me mention a couple of examples that may come
to mind. Late in the black hole lifetime, near the singularity, low energy effective field theory
breaks down. One scenario that has been considered is that the true geometry fills in the
region after the singularity in such a way that causality allows the internal degrees of freedom
to escape. This would be a ‘long-lived remnant.’ The outgoing radiation cannot change until
the black hole radius is nearly Planckian, so we are well past the crossing of the entropy
curves.
Instead, one might imagine that the singularity is replaced by a baby universe. The
baby universe and the external Hawking radiation-fill universe are disconnected but highly
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entangled. From the point of view of the disconnected exterior, the quantum theory describes
a system of large entropy, so information is lost, with the consequences such as energy
nonconservation as discussed. The interpretation from the global point of view, with the
baby universe, is more subtle [24]. If one sums coherently over all the ways this can happen,
then information will not be lost but rather the black hole S-matrix will depend on the baby
universe wavefunction (a.k.a. the α-parameters). The first black holes to evaporate will have
an unpredictable final state, but once the wavefunction of the baby universe is measured, the
remaining decays become predictable. In the end this again becomes a long-lived remnant.
It also seems that attempts to avoid the energy nonconservation with information loss lead
to a similar picture [25, 26].

5
5.1

AdS/CFT
Ideology

One could go around in circles indefinitely, debating the pros and cons of the various alternatives above. Fortunately, insight came from a new direction, AdS/CFT duality. The
gist of the argument is that the formation and decay of a black hole is dual to some process
in the gauge theory, and in the gauge theory pure states evolve to pure states. Actually,
this argument was already made for the BFKS Matrix theory, which is part of the broader
set of gauge/gravity duals, but the issues are somewhat clearer in AdS/CFT. So most of
this section will be devoted to fleshing out this argument, but along the way I will develop
some useful general facts about black holes in AdS, and about black holes and statistical
mechanics in general.
Joao gave a nice introduction to AdS/CFT. As with almost all discussions of gauge/gravity
duality, it is assumed that the nonperturbative CFT is well-defined, and all properties of
the gravitational theory are derived from this. Having a nonperturbative construct of the
CFT is very powerful. This gives a good description of the gravitational theory in the region
of long-distance gravity. The Page curve, which holds in any normal quantum theory such
as the CFT, then excludes remnants and information loss and so implies purity of Hawking
radiation.
An important question to keep in mind is whether there is an independent nonperturbative construction of the gravitational theory, as there is with other dualities. Another,
which must eventually be faced, is how to describe quantum gravity in more general backgrounds, especially cosmological. The black hole problem gives us a more immediate challenge: AdS/CFT tells us what happens to the information, but not how. Understanding
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this my give us clues to those deep question, as with the original duality.
The canonical example of a nonperturbative CFT with a low energy gravitational dual
is
N = 4 , d = 4 , SU (N ) Yang-Mills ⇔ IIB string theory in asymptotic AdS5 × S 5 . (5.1)
This is ‘derived’ (I still like my 2010 TASI lectures here [27]) by assuming that the weakstrong interpolation between D-branes and black branes commutes with the low energy limit
on the two sides. This conclusion is supported by a great deal of evidence of various sorts,
but it is important to ask, is the duality sufficiently exact that we can make this argument,
especially since the difference between a pure state and a mixed state involves rather subtle
measurements? We believe that the duality is sufficiently constrained to imply this.
2
The duality involves two parameters N and λ = gYM
N . In the string description there
are three key length scales, the Planck length lP , the string length ls , and the curvature
radius lAdS . These are related to the rank N of the gauge group and the gauge coupling by
4
lAdS
∼N,
lP4

4
lAdS
∼ λ.
ls4

(5.2)

A classical gravity description emerges only when both are large. One might imagine a weak
version of the duality, which might only be asymptotic in one or both parameters, so that
information loss might exist but not be visible in the asymptotic expansion.
In fact, the general assumption is that the duality is exact at all values of N and λ,
that there is essentially a unique quantum theory for given CFT parameters. Quantum
theories are highly constrained, and it is hard to see how the theories on the two sides of
the duality could have so many points of agreement without being exactly the same. In
the case of explicit examples like (5.1) we can identify in the gauge theory a complete set
of supergravity states in AdS5 × S 5 , and their trilinear couplings agree with supergravity,
including the coupling of the graviton to energy — this is guaranteed by supersymmetry. So
we can say that this is some theory of quantum gravity, and I will take the point of view
that the CFT provides the precise definition the theory. And there is abundant additional
evidence, such as the existence of various stringy states, to believe that it is IIB string theory.
Most important for us, the gauge theory contains states with the right properties to be AdS
black holes.
We will be using global AdS × S 5 . The metric is
2
ds2 = −(1 + r2 /lAdS
)dt2 +

dr2
2
+ r2 dΩ2S 3 + lAdS
dΩ2S 5 .
2
1 + r2 /lAdS
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(5.3)

The duality implies a one-to-one matching of the Hilbert spaces. The IIB string is quantized
such that the metric approaches (5.3) at the boundary r → ∞. The gauge theory is quantized
on S 3 × time. There is also a matching of the observables. The simplest are local operators
in the CFT. Each CFT operator Oi has a corresponding bulk field φi . The insertion of Oi
in the CFT path integral is equivalent to a perturbation of the boundary condition on φi , or
equivalently an insertion of the operator φi at the boundary,
lim r∆i φi (r, t, θ) = Oi (t, θ) .

r→∞

(5.4)

The angles are those of the gauge theory S 3 . The angular dependence on the S 5 is encoded
in the dependence of Oi on the scalar fields, which is encoded in the index i.
Let us be a bit more precise about the Hilbert space. In QFT, one expects to be able to
reach any state by acting on the vacuum with a product of local operators at various times;
in fact, this is an axiom in constructive quantum field theory. (In some cases there could
also be topological sectors, but this will not be central.) The dictionary (5.4) implies that
each operator creates or destroys a bulk excitation, and the bulk Hilbert space consists of
states that could be created from the vacuum in this way. By throwing in enough energy,
we could create a black hole, and we will be studying black hole states that could be created
in collapse in this way.
One might wonder whether an understanding of AdS black holes is enough. If lAdS is
large enough, the curvature of the background will be negligible in comparison to the size of
the black hole. Hawking’s calculation and paradox then go through just as in flat spacetime,
so AdS is a good arena for studying this. Of course, putting a physical system in a box is
often useful in making things well-defined.
Indeed, in infinite flat space one might wonder if there really is a paradox. Perhaps it
is not possible to capture and manipulate all the outgoing quanta with sufficient precision
to distinguish a pure state from a mixed state. Maldacena noted a paradox in AdS which
is presumably equivalent, but simpler to frame [28]. Consider a two-point function in some
black hole state,
hψ|Oi (t, θ)Oi (0, θ0 )|ψi .
(5.5)
In a bulk calculation, the excitation created at time zero will rattle around, bouncing off the
boundary, with some amplitude to fall through the horizon. In low energy effective theory,
once it falls behind the horizon it is trapped. This process continues indefinitely, so the
two-point function goes to zero over long times. However, the gauge theory on the compact
space S 3 has a discrete spectrum. By inserting a completes set of states,
X
eit(Ea −Eb ) hψ|aiha|Oi (0, θ)|bihb|Oi (0, θ)|ψi ,
(5.6)
a,b
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one obtains order e2S states each of magnitude e−2S , where S is the black hole entropy. Over
long terms this averages to of order e−S , rather than falling to zero. This may not sound
like the same paradox, but again it is a conflict between the low energy field theory and the
exact quantum theory. It only requires measuring a two-point function, but one must make
many measurements because one is looking for a small answer O(e−S ). To put this another
way, we would like to be able to see from the gravitational bulk theory that the black hole
spectrum is discrete: this would be equivalent to solving the Hawking paradox.

5.2

Black holes in AdS

There are actually three kinds of black holes in AdS spacetime [29]. To begin, it is interesting
to compare the entropy of a black hole with that of ordinary matter of the same mass and
volume. I will do this first for black holes in D = 4. For a relativistic gas in a volume of
typical length l,
M ∼ T 4 l3 , Sgas ∼ T 3 l3 ⇒ Sgas ∼ (M l)3/4 .
(5.7)
I am omitting here numerical factors. For l of order the black hole radius rs ,
Sgas ∼ (M rs )3/4 ∼ (M lP )3/2 ∼ (A/lP2 )3/4 .

(5.8)

For a larger-than-Planckian rs the black hole entropy is always larger than that of the gas.
If we try to form a black hole by collapsing a gas of ordinary matter, we can only populate
some small subset of the black hole Hilbert space,
2 3/4

eO(A/lP )

2

≪ eO(A/lP ) .

(5.9)

To form a general state one would have to throw in matter over a longer time tbh , essentially
running the black hole evaporation in advance. This is also a motivation for the holographic
principle: in a given region, the greatest number of states is obtained by filling it with a
large black hole, whose entropy goes as the surface area of the region.
In general D we similarly get
Sgas ∼ (M l)(D−1)/D .

(5.10)

for a gas of energy M in a volume of length l. Let us also extend our earlier calculation of
the black hole lifetime to general D. The units of the gravitational coupling GD are lD−2 ,
so the Planck length is defined G ∼ lPD−2 . The Newtonian potential is of order GD M/rD−3 ,
and setting this to 1 gives the magnitude of rs ,
rsD−3 ∼ GD M .
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(5.11)

The Hawking temperature is 1/rs , while the BH entropy is the corresponding area,
TH ∼ 1/rs ,

SBH ∼ rsD−2 /GD ,

(5.12)

and so the total lifetime is
tbh ∼ rs SBH ∼ rsD−1 /GD .

(5.13)

Let us now ask what happens as we vary the mass (which we will write in terms of rs )
with fixed GD and lAdS . First, for

(D−2)/(D−1)
lP
rs < lAdS
,
(5.14)
lAdS
then tbh < lAdS and the black hole evaporates so quickly that the evaporation is completed
before the decay products even travel a distance of order the AdS radius. So the AdS box
does not have much effect, and the black hole is unstable as in flat spacetime. Note that the
relevant D here is 10, because the S 5 and AdS5 are both large.
In fact, as we increase rs , as long as

rs < lAdS

lP

(D−2)/(2D−3)
,

lAdS

(5.15)

the gas entropy (5.10) exceeds the black hole entropy (5.12) and the black hole is again
unstable to decay. Using lP /lAdS ∼ N −1/4 and D = 10 this becomes
rs < lAdS N −2/17 .

(5.16)

lAdS N −2/17 < rs < lAdS ,

(5.17)

For
the black hole is stable. It is still much smaller than the AdS length so is effectively living
in 10-dimensional flat spacetime. Finally, for
rs > lAdS ,

(5.18)

the black hole no longer sits in an approximately flat 10-dimensional space. It undergoes a
transition to a so-called big black hole, which is uniform on the S 5 :
2

ds = −(1 + r

2

2
/lAdS

dr2
2
+ r2 dΩ2S 3 + lAdS
dΩ2S 5 .
− µ/r )dt +
2
2
2
1 + r /lAdS − µ/r
2

2

(5.19)

At larger masses,
4−D D−2
rs ∼ M lAdS
lP ,
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2
TH ∼ rs /lAdS
.

(5.20)

The temperature-radius relation is standard holography.
For AdS5 × S 5 we thus have three phases at given increasing energies: a gas, a 10dimensional black hole, and a 5-dimensional black hole. If you work out the temperature
T = dM/dS, you find that it increases with M in the gas phase and the 10-d phase, and
falls in the 5-d phase (negative specific heat). The intermediate phase is stable in the
microcanonical ensemble (fixed M ) but not the canonical ensemble (fixed T ): if we put the
system in contact with a heat bath, it will decay to one of the other two phases, and the
equilibrium state is given by a Maxwell construction.
Thus, as we increase T , there is a single transition, from the gas to the 5-d black hole.10
In the gas phase, the entropy is
S ∼ (lAdS T )D−1 .
(5.21)
In the 5-d black hole phase it is
5
S ∼ rs3 lAdS
/lP8 ∼ (lAdS T )3 N 2 ,

(5.22)

where the middle expression is the product of the S 5 area with the area of an S 3 of radius
rs . The N -dependence is important: this corresponds to a deconfinement transition.11 One
expects this same transition in the gauge theory, where it takes the form of a deconfinement
transition: at low energy one has color singlets, and at high energy adjoints, hence the powers
of N . This transition is even visible at small λ, where one can calculate in the CFT. See [30]
for more discussion and both bulk and CFT references.
Finally we can run our thought experiment. The most direct way to do this is to inject
a few high energy particles with total energy less than the transition to a stable black hole.
They will have some amplitude to collide and form a dynamical black hole, which will then
decay into ordinary quanta. This CFT dynamics takes pure states to pure states, so we
can conclude that information is not lost. Sometimes it is more convenient to work with
the stable black holes, since these represent true equilibrium states of the CFT. To run the
same thought experiment there, we couple the CFT to another field theory with many more
degrees of freedom, so that energy can escape. Also, by controlling the coupling, we can
consider a variety of new thought experiments.
We have argued against information loss, but what about remnants? Recall that for this
to solve the problem, we would need an unbounded number of low energy states. The CFT
is strongly coupled so we cannot be sure about its dynamics, but this goes against all our
10

How can their be a transition temperature in a conformal theory? The point is that global AdS is dual
to a CFT on a sphere, and the radius of the sphere sets the scale.
11
It is dimensionfully odd to have a bulk length lAdS appear in a CFT expression. This happens because
2
−gΩΩ /gtt → lAdS
in the metric (5.3) at large r, so the radius of the CFT S 3 is equal to the bulk scale lAdS .

22

experience with gauge theories.12 Note that for the purposes of studying the paradox, we
need AdS to be large but not infinite in size. One might imagine some infinite density of
states coming in N and λ go to infinity, but we do not need to consider with this. So it
seems that we exclude remnants as well. Note that this depends on our knowing something
about the nature of the dual CFT.

5.3

More on black holes and statistical mechanics

I would like to dispell a possible confusion, about the relation between pure and mixed states
in statistical mechanics. This is not directly related to the information paradox, but is good
to be clear about.
Let us start by considering two sealed containers, each with a chunk of ice at 0K. We put
the first container A in contact with a heat bath at 400K until equilibrium is reached and the
container is full of steam, and then decouple the heat bath. We heat the second container B
with a laser until the same energy density is reached, and after it comes to equilibrium we
again have a container full of steam. Is there any difference between the two? The first is in
the usual mixed state (ensemble): it is entangled with the bath. By itself it is described by
a density matrix
e−βHA
.
(5.23)
ρA =
Tr(e−βHA )
The second is in some pure state,
ρB = |ψihψ| .

(5.24)

I give you both containers. Can you tell which is which?
If I tell you exactly how I prepared B, then indeed you can tell by applying the projection
operator |ψihψ|, giving the identity for B but essentially zero for A. But if I only tell you
that I have prepared a pure state, but not how, then you cannot tell. This is because, first,
as you make measurements on A you ‘collapse’ it into a random pure state, and, second,
it is a property of complex (chaotic) systems that all pure states look essentially the same
(the eigenstate thermalization hypothesis is one precise statement in this direction [31]).
Note that these two systems have the same thermodynamic entropy, but very different von
Neumann entropies: the first is equal to the thermodynamic entropy, and the second is zero.
Now let us heat both even more, until the steam collapses into a black hole (or just use
AdS/CFT duality to get to a dual black hole picture). Now the same question, and the
12

The most obvious place to look for a lot of states is far out in scalar field space, but there the gauge
symmetry is broken to U (1)’s and we can reliably say that the density of states is bounded.
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same answer: we cannot tell the difference. So black holes can be in pure states. Indeed, we
implicitly assumed this when we talked about the Page curve.
However, if I prepare 2n copies of A, or 2n copies of B, then you can tell which with high
fidelity [32, 13]). Consider the swap operator Z, which just switches two containers:
Z|ψ1 , ψ2 i = |ψ2 , ψ1 i .

(5.25)

hψ1 , ψ2 |Z|ψ1 , ψ2 i = |hψ1 |ψ2 i|2 .

(5.26)

Now, Z has eigenvalues ±1, and

So in case B we get +1 with certainty. But in case A, for all but a negligible part of the
ensemble the two containers are in different states and we get a mean of 0, meaning ±1 with
equal probability. So if we measure Z and get −1, we know that we have A, while if we get
+1 we can’t be sure. But if we do this with n pairs and get +1 each time, we know with
probability 1 − 2−n that we have B.13
By the same measurement we can tell whether black holes destroy information. Prepare
2n initial copies of the identical pre-collapse state, and then collect the Hawking radiation
and do the swap test. For coal we get B. For the black hole, Hawking in 1976 would say A,
and AdS/CFT would say B.
You set up an interference experiment, and if any pair interfere then they are in the same
pure state. This is the simplest way to distinguish pure from mixed states. If you wanted
to design an experiment to see whether black holes destroy information, this is the simplest
way (see the discussion of the ‘swap test’ in [32, 13]). By the way, this kind of measurement
is being done in the lab, at the level of systems of four cold atoms [33].
This is standard QM, for observations of the black hole from the outside. For the inside,
who knows? That is the subject of the remaining lectures.

6

Black hole complementarity and its failure

If we believe AdS/CFT, then the information escapes with the Hawking radiation. How,
then, is Hawking’s argument evaded? How does information travel from inside the black
hole to the outside? AdS/CFT is a bit of a black box here.
Black hole complementarity (BHC) says, in a sense, that there was never a paradox at
all [34, 35, 36, 37]. Let us start outside the black hole with an entangled pair of bits q1 , q2 ,
Another thing we could do with multiple copies is to measure tiny O(e−S/2 ) fluctuations from the mean
ensemble behavior, which will be repeatable in case B. But in order to get statistical significance we would
need eS copies.
13
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and throw q2 in. Information conservation implies that the state of q2 is eventually carried
by the later Hawking radiation: this bit q3 encoded in the later radiation is also entangled
with q1 . The problem is that there is a nice slice containing all three bits q1 , q2 , q3 , so strong
subadditivity is violated for the state on this slice. That is, q1 and q2 are together in a pure
state, so q1 cannot be entangled with the later emitted mode q3 .
However, it is difficult for any single observer to see both copies q2 , q3 of the seemingly
identical state. They would have to wait for the copy q3 to emerge, measure it, and then
jump in and see the original q2 before it hits the singularity (not the reverse, which would be
causal). Even with an assistant jumping in earlier and redirecting q2 to avoid the singularity
as long as possible, the exponential redshifting allows only a time of order rs ln(rs /lP ) to
see q2 (a more careful treatment suggests 2rs ln(rs /lP )). This is known as the scrambling
time [32, 38]. It is very short compared with the black hole lifetime ∼ rs (rs /lP )D−2 , so only
a small delay in the emission time for the information avoids any conflict.
Focusing on what can be measured operationally was important in formulating special
relativity, general relativity, and quantum mechanics, and so we should take such limitations
seriously. Still, it is some distance from the uncertainty principle to the wavefunction and
its interpretation. If the Hawking radiation carries information away, low energy effective
field theory must break down prematurely, but in what way? BHC gives a hint. It says that
the framework of the theory must be modified in a fundamental way: the wavefunction on a
spacelike slice like the nice slice, which is the basic object in canonically quantized gravity,
is not a part of the exact theory. Rather, we should restrict to parts of the slice that a single
observer can see.
One possible interpretation of this is that there is still a global Hilbert space, but that
operators in different spatial patches which would ordinarily commute do not do so. So
observers in different patches are seeing the same bit in a single Hilbert space, but they are
interpreting it in different ways. In this approach, let us call it global complementarity, the
ordinary structure of quantum physics is preserved, but locality breaks down in an extreme
way. This seems morally consistent with AdS/CFT, where there is a global Hilbert space,
but in one interpretation the physics lives in the boundary and in another it lives in the
bulk.
Another notion, which has come to be called strong complementarity, is that there is
no global Hilbert space, but rather each observer has their own, with some matching condition on the overlaps. This is already a weakening of quantum theory, because the Hilbert
space structure is subordinate to some causal structure. Further we can ask whether the
matching condition, in strong complementarity, or the structure of observables, in global
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complementarity, respect the usual structure of quantum mechanics. The arguments that
we will discuss in the rest of these lectures call all of these into question, and there may be
no consistent theory of the black hole interior: it may not exist.
The essence of black hole complementarity is that information is not lost, but that no
single observer sees anything funny. This was enshrined as a set of postulates for BHC:
Postulate 1 (Purity): The process of formation and evaporation of a black hole,
as viewed by a distant observer, can be described entirely within the context of
standard quantum theory. In particular, there exists a unitary S-matrix which
describes the evolution from infalling matter to outgoing Hawking-like radiation.
Postulate 2 (Effective field theory, EFT): Outside the stretched horizon14 of a
massive black hole, physics can be described to good approximation by gravity
as an effective field theory.
Postulate 3 (Microscopic BH entropy): To a distant observer, a black hole appears to be a quantum system with discrete energy levels. The dimension of the
subspace of states describing a black hole of mass M is the exponential of the
Bekenstein entropy S(M ).
Postulate 4 (No drama): A freely falling observer experiences nothing out of the
ordinary when crossing the horizon. ‘Out of the ordinary’ would include high
energy particles in violation of the adiabatic principle (fiery drama), and also
measurements that could not be described within the ordinary framework of QM
(quantum drama).
We are going to argue that these postulates are inconsistent. But no-go theorems are abstract
and tricky. It is better to start by trying to make a model of what these postulates mean,
and only after failing use it to motivate a no-go result.
A model of these postulates that one might keep in mind is the membrane, or stretched
horizon, paradigm. In this picture, the black hole as seen from the outside can be regarded
as a dynamical membrane just outside the horizon, which absorbs information, scrambles
it, and reemits it. All the nonperturbative dynamics is confined to this membrane, with
ordinary effective QFT outside it (postulate 2). On the other hand, the infalling observer
passes through the horizon smoothly, just as Einstein’s theory would predict. Seen from the
outside, the bit b2 is absorbed by the horizon, resides there for a while, and is eventually
reemitted. This is an appealing picture, but it seems that the actual situation must be a
good deal stranger.
14

We will not try to define this, simply taking it to be near-Planckian
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Another toy model of BHC that may be useful is the ‘bit model’ [15, 39]. Model the
Hawking radiation by a line of quantum bits, each of which can take the value 0 or 1:
|bbi = |b̃1 b̃2 . . . b̃n |bn bn−1 . . . b1 i .

(6.1)

The central vertical bar divides the bits inside, on the left, from the bits outside. The black
hole wavefunction is some superposition of these 22n states,
X
ψb |bbi
(6.2)
b

One can think of these bits as the right-movers, the functions of U . We could make things
more elaborate by adding left-movers if needed.
Now consider how this evolves in time. The bits are described in the infalling coordinate
b. Due to the gravitational redshift, as time goes on these bits move to larger values of the
black hole translation coordinate a: this energy increases. In order to keep the same energy
scale, one must then add a pair of bits at each time step,
|bbi = |b̃1 b̃2 . . . b̃n b̃n+1 |bn+1 bn bn−1 . . . b1 i .

(6.3)

In the Hawking process, the model evolves
|bbi → c0 |b̃1 b̃2 . . . b̃n 0̃|0bn bn−1 . . . b1 i + c1 |b̃1 b̃2 . . . b̃n 1̃|1bn bn−1 . . . b1 i .

(6.4)

This is a schematic version of the Hawking process: roughly once per time rs , the black hole
emits a Hawking quantum to the outside, and the nice slice inside becomes one bit longer.
The new pair appears in the entangled state c0 |0̃0i + c1 |1̃1i), analogous to the squeezed
state (3.12). The Hilbert space is larger by a factor of 4, but the old Hilbert space maps into
the new one.
The entanglement entropy increases monotonically, with the undesirable consequences
discussed earlier. What we want is that, once the Page curve turns over, the interior Hilbert
space becomes one bit smaller. One can use the bit model to explore alternate evolutions [15,
39]. One such model would be
|bbi → |b̃3 . . . b̃n b̃1 |b̃2 bn bn−1 . . . b1 i .

(6.5)

Here, the two left-most bits are removed from the left and inserted in place of the previous
b̃n+1 |bn+1 . This has the desired effect on the size of the Hilbert space, but now b̃1 |b̃2 do not
appear in the a-vacuum so we have a problem.
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In the Hawking evolution (6.4) the new bit bn+1 on the outside is entangled with its
partner b̃n+1 in the interior. In the unitary evolution (6.5), the new bit b̃2 on the outside is
entangled with the earlier Hawking bit b2 . One could make this more realistic by including a
unitary operation on the interior Hilbert space at each step, reflecting the expected chaotic
dynamics of thermal systems. In this case, the new bit would be entangled in a more
complicated way with the exterior, but this would not change the result.
Thus the bit model does not allow us to evade the Hawking problem, but gives us a way to
parameterize it: information loss in the model (6.4) and modification of the horizon behavior
in the model (6.5). The latter model is a bit coarse in scale, and so can be realized in different
ways as we will see later, including modification of the geometry at large distances [40] or
the firewall [41].
The bit model does not incorporate black hole complementarity: no observer can see all
the bits (6.1). We could try to make some sort of complementary bit model, either in the
context of global complementarity or strong complementarity. This was the immediate origin
of the firewall argument, but Mathur’s subadditivity argument shows that this is no help:
there is a contradiction already at the level of the subsystem b̃bE, because a single observer
can see all of these bits, as we will see. This includes only one bit behind the horizon, and
is sufficient to describe the quantum mechanics of a single observer who interacts with the
Hawking radiation for a period of time and then jumps into the black hole.
In summary, we have an order one problem at the level of the two-point function that
measures the bits b̃n+1 |bn+1 . Mathur express this as follows: if information is carried by
Hawking radiation, then the black hole horizon cannot be information-free (well-described
by low energy effective field theory). The bit model is rather coarse, its resolution in time
and space is of order rs . In order to see what might be happening, we will return to the full
black hole system.
Consider the postulates of BHC, focusing on a late Hawking mode b, emitted during the
period when the Page entanglement entropy is decreasing. For reference to Mathur’s earlier
discussion (4.16), the three bits b, b0 , E can the though of as a three-dimensional slice through
the bit model.
Postulate 1, purity of the Hawking radiation, implies as we have seen that b must be
entangled with E. Postulate 2 we use to argue that the mode b propagates from the nearhorizon region to the asymptotic region according to low energy effective field theory; since we
are dealing with an order-one problem, we only need this to order one accuracy. Postulate 3,
the statistical interpretation of the Bekenstein-Hawking entropy, we do not actually need;
postulate 1 already implies that the Page entropy has to drop to zero at the end of the
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decay, and in order for the Hawking radiation to carry the entanglement, the decline must
begin around the midpoint of the decay, if not before. But it largely goes hand-in-hand with
postulate 1, so we will take it for granted. Postulate 4, no drama, requires that b be in
a pure state with b̃ (or with b̃c to account for greybody factors). Further, it requires that
the infalling observer, who has access to all of E, b, b̃, has a normal quantum mechanical
description. But subadditivity says that the entanglements required by postulate 1 and
postulate 4 are inconsistent with QM for the infalling observer.
It is interesting to contrast this with the thought experiment used to justify BHC. There,
no single observer could see the cloned bits q2 and q3 , each of which is entangled with q1 .
Here the cloned bits are b̃ and bE , and the difference is that bE comes out much earlier.
Other versions of the paradox have been given [41, 42, 43]. These use the same basic
assumptions, though details differ. For example, some apply to typical black hole pure states,
as opposed to the highly-entangled late-time evaporating black hole.

7
7.1

So, what to give up?
Violation of purity

Purity, which explicitly assumes that the information is carried by the Hawking radiation,
would be violated by either information loss or by remnants. Either of these would mean
that the entropy does not follow the Page curve but rather continues to rise according to
Hawking. There is then no requirement for E and b to be entangled, and so no contradiction.
I have discussed the classic arguments against information loss and remnants, and the
further evidence against from AdS/CFT. I continue to find these persuasive, though those
who never gave up on these ideas, e.g. [44, 45], are saying, “we told you so!” But I see
AdS/CFT as forward progress, as opposed to trying to cobble together some consistent
version of quantized metrics.

7.2

EFT/NVNL

If we give up EFT, we can fix the conflict if, as b propagates from the region near the horizon
out to several times rs , its entanglement transfers from b̃ to E. But general principles of
entanglement say that this cannot happen if we just have local processes acting within the
black hole, on b, and on E, we need something nonlocal. Initially this is the alternative
that seemed to me most likely. In AdS/CFT, and holography more generally, locality in
the bulk is emergent, not fundamental, so why shouldn’t some subtle nonlocality be present
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even outside the black hole?
But actually one need a rather gross violation of EFT, an order one effect on the propagation. One example would be a model where the mode b produced by the Hawking process
is simply reabsorbed into the black hole when it reaches the radius 2rs , and a new b, entangled with E, appears there. Other models are being explored by Giddings [40]; one class
would have additional information-emitting processes that offset the effect of the Hawking
process.15 However, it seems that one could still encounter a paradox. For example, these
processes would have to use different channels from the Hawking process, like higher partial
waves, and one could surround the black hole with a mirror that reflects these back.
Based on this kind of difficulty, and the large magnitude of the necessary effect, this idea
seems unlikely to me. (I believe that it is also disfavored by the argument based on chaos to
be given later). Still, of all the scenarios, this is the most interesting in one sense: any such
model would likely have an order one effect on the dynamics of black holes at distances less
than O(2rs ), which would be observable.

7.3

Fiery/braney/stringy drama

So what if we give up No Drama? If b is not entangled with b̃, then we are not in the avacuum, and there is an excitation where the adiabatic principle would not allow one. How
energetic is this? Basically, there is no upper limit due to the blue shifting, the earlier we
meet the mode, the higher its energy, up to whatever cutoff we wish to impose on EFT. And
how many such photons are there? Here there is a question. Due to the greybody factors,
the mismatch 2Sb in strong subadditivity is of order e−` . So ` does not have to be very large
before this is small enough that tiny effects remove the discrepancy. So the minimal case is
that we get an ‘s-wave firewall,’ with excitations only in the low-` modes.
But there are still problems. We can defeat the centrifugal barrier with a mining experiment, instead of waiting for the mode to come out we go down and look at it, and then we
have the same paradox. Mining experiments seem complicated, but have a long history in
this subject. This would lead to the conclusion that high energy excitations are present in
all modes, and we burn up if we try to pass through. This is more dramatic than the s-wave,
but even that is a violation of the adiabatic principle.
So if drama at the horizon is the answer, how does the adiabatic principle get violated?
In particular, can we see some sign of this using stringy ingredients? Recall that with
the original paradox, progress was made only after branes were brought into the story.
15

We follow Giddings’ term ‘Non-Violent Non-Locality.’
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One scenario (and we’re talking scenarios from here on out) is the fuzzball: the singularity
expands out into a braney shell at the horizon [15]. We know of other places where this
happens. For example, if you break some of the symmetry of the N = 4 theory, such as
adding masses for some of the QFT fields, this is a perturbation of the bulk fields that grows
large as we go into the interior. In some cases it leads to a singularity, which is resolved
by expanding into branes (the enhanćon, and Polchinski-Strassler). But in those cases the
singularity is timelike and the expansion is causal, while here the singularity is spacelike
and must expand backwards in time. But perhaps the expansion can be understood as a
tunneling process [46, 47]. Just to be clear, one would be running into a shell of branes
rather than a shell of high energy particles.
Silverstein and Dodelson [48] are looking at string scattering and production near the
horizon, and have found interesting results. At the black hole horizon there are no large
local invariants, but there are large nonlocal invariants, a large relative boost between the
infalling matter and later infalling observers. In quantum field theory, only large local
invariants lead to breakdown, but strings have some funny properties due to their internal
dynamics, when they are highly boosted they don’t behave like point particles. It is notable
that string quantization in a black hole environment has never really been developed. String
perturbation theory works for the S-matrix and other on-shell questions, but when some
particles fall through into the singularity there is no asymptotic state. If we could do a
nice-slice quantization of strings we could perhaps justify the adiabatic principle and rule
out a large effect, but it is hard to quantize strings in anything but light-cone time, so there
may be something interesting.
Finally, since we are thinking that spacetime is emergent, we might try the slogan that
it is not that the firewall appears, but that the interior spacetime fails to emerge. But to
claim this we would need a better understanding of emergent spacetime. Maybe this will
come from recent developments in entanglement entropy.
Would firewalls change the result of the Hawking calculation? One argument to the
contrary is causality. Although the calculation as done assumes a smooth horizon, nothing
that happens behind the horizon can affect anything that emerges outside it. Another
argument is the universal properties of high energy states in complex systems: the population
of the outgoing mode b should then be thermal on general grounds.

7.4

Quantum drama

Most attempts to avoid the firewall conclusion have introduced a different kind of drama.
Rather than a physical disturbance at the horizon, these change the rules of quantum me31

chanics for the infalling observer. This is different from what Hawking proposed, which
would affect observations by observers outside the black hole, the result of the swap test in
particular.
As one example of quantum drama, suppose I give you 100 spin- 12 particles, and tell you
that I have prepared them in such a way that if you measure sz for any of them you get + 12 ,
and if you measure sn along a different axis n you also get + 12 . Now, you know that I can’t
do this, if sz is definitely + 12 then along any other axis there will be some probability for + 12
and some for − 21 . But you choose half at random and measure sz for those, and sn for the
others, and it comes out as I assert, + 12 for all. Now this is strange, much stranger than just
burning up at the horizon.
But this is what you can get if you impose a future boundary condition. The usual QM
rule is that the probability of an observation a (say + 21 along some chosen axis) is
Tr(Pa ρ) ,

(7.1)

but with a specified final state b it becomes
Tr(Pa Pb Pa ρ) .

(7.2)

Now, for ρ a projection on the z-axis, and Pb a projection on the n-axis, you get the stated
result. In fact, you can even measure sz first and then sn , and still get the same effect:
Tr(Pz Pn Pb Pn Pz ρ) = Tr(Pz Pb Pz ρ) = Tr(Pn Pb Pn ρ) = Tr(Pb ρ) ,

(7.3)

but not if you measure sn and then sz !
In the black hole context, this idea was suggested some time ago by Horowitz and Maldacena [49]. The logic was that we expect a definite state at an initial singularity, so perhaps
this should hold at the black hole final singularity as well. This looks like it might cure
the information problem, by projecting to a definite state on the interior of the nice slice.
And it avoids the firewall, because it allows both the b̃b and bE entanglements, by analog to
the above argument with spins. Of course, one has to wonder how causality works for the
infalling observer, and closer inspection points to difficulties, including acausality leaking
out to the black hole exterior [50, 51].
Another possibility that I would classify as quantum drama is that one cannot actually
perform the AMPS experiment because it takes much too long [52]. Counterarguments have
also been given, based on thought experiments in AdS [53] and on the use of precomputation [54]. But beyond this, it is one thing to find an operational interpretation, and another
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to base a theory on it. What does it mean that a state can violate a basic quantum mechanical identity as long as no observer can detect it? This would be some modification of
quantum theory that falls under the category of quantum drama.
I will touch on other ideas, state dependence and ER=EPR, in the following sections.

8
8.1

Bulk reconstruction
Precursors

What about AdS/CFT? This was supposed to be a complete theory of quantum gravity,
able to answer all questions. Can’t this tell us whether there is a firewall?
One might think that a firewall would look rather dramatic in the CFT. But it would
sit near the horizon, where gtt = 0 and there is a big redshift: energies will look much
smaller in the CFT. Further, we expect all states to look basically thermal in any case, by
the considerations in §5.3. So we need to understand better how the bulk physics is encoded
in the CFT.
Note that to answer the question about information loss, we did not even need to solve
the CFT, just to know that it existed. But with firewalls, even if we could solve the CFT,
it is not clear what question to ask. We have a sharp dictionary only for modes near the
boundary. This tells us the black hole S-matrix, but it does not immediately tell us what
happens in the interior. So I will review what is known about reconstructing the bulk from
the CFT even outside the black hole. There has been interesting recent progress here, based
on the idea of quantum error correction, which I will discuss at the end.
Suppose I prepare the system in some state and give you the CFT description. What
measurements would you do on the state, to determine the presence of excitations in the
bulk? The GKPW dictionary [5, 6] relates local bulk operators to fields near the boundary.
So if our state looks like the vacuum plus local gauge-invariant excitations, then we know
that we have bulk excitations near the boundary. But what if we have excitations further
in?
A typical CFT operator is something like Tr(Fµν (x)F µν (x)). After it acts, the two excitations in the CFT begin to move away at the speed of light in independent directions.
Because of the strong interactions, they will also fragment in to more quanta. In the bulk
picture, the excitations created by Oi move into the boundary, also at the speed of light
if we are talking about an operator dual to a supergravity field. So to see an excitation
at some radial coordinate r, we would look for a non-vacuum correlation in the fields over
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some distance which is roughly reciprocal to r (as long as r  lAdS , at smaller r it is not so
simple).
To give an explicit construction [55] for these precursors [56] (so-named because the timereversed case was considered first) or bulk fields, begin with the bulk equation of motion, e.g.
Klein-Gordon equation
(∂ 2 − m2i )φi = 0 .
(8.4)
Integrating this, we can express φi at interior points in terms of its boundary values, and
then in terms of CFT operators via the dictionary (5.4):
Z
φ(r, t, θ) = dt0 dθ0 K(r, t, θ0 ; t, θ0 )Oi (t0 , θ0 ) ,
(8.5)
where the K are known as smearing functions. The RHS here consists of local operators
at various times, but by using the CFT equations of motion we can express them in terms
of nonlocal operators at some reference time, say t. The smearing operators we can give
explicitly, but the single-time nonlocal form requires that we can solve the CFT, so this is
implicit. It is sometimes useful to consider a free-field model of the CFT, although there is
not expected to be true local physics in the bulk in this case.
Integrating to a timelike boundary is not a standard causal problem. We can write the
smearing functions by using spherical symmetry to reduce to a 1+1 dimensional problem,
for which space and time can be reversed. The resulting smearing function has support on
all boundary points spacelike with respect to the bulk point p = (r, t, θ). However, due to
the non-Cauchy nature of the problem, K is not unique. The operators Oi (t0 , θ0 ) satisfy
dynamical relations (periodicity in AdS time, and others) such that different K give the
same operator. Using this, the support of K can be changed.
The free field equation (8.4) gives the precursor to leading order in 1/N . It can be
systematically improved by including the bulk interactions, leading to the form
Z
φi (r, t, θ) =
dt0 dθ0 K(r, t, θ; t0 , θ0 )Oi (t0 , θ0 )
Z
1
+
dt0 dθ0 dt00 dθ00 Kijk (r, t, θ; t0 , θ0 , t00 , θ00 )Oj (t0 , θ0 )Ok (t00 , θ00 ) + . . . . (8.6)
N
Note that this construction is requiring us to solve the bulk dynamics explicitly; the dual
gauge theory is not doing all the work. As we get to more complicated situations, this means
that if we can’t solve the bulk dynamics, we can’t identify the precursor, at least by this
process. It has been suggested that spacelike commutativity of the bulk fields (at least to
the extent allowed by bulk gauge invariances) might identify them, but it seems that one
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needs dynamical information as well. As we will discuss below, entanglement might make
possible a more intrinsic construction of the precursor.
The field equations are being integrated in a given background such as AdS. However,
the result (8.6) is an operator equation: a change in the background means a change in
the expectation values of Oi , and so the nonlinear terms should restore background independence. As written this would seem to be true only within the radius of convergence of
the sum. However, we expect that it can then be extended further, in the spirit of analytic
continuation, until a natural boundary is reached. The only natural boundary of which we
are aware is the horizon of a black hole.
The problem with a black hole horizon is that the integration of the field equation hits
the singularity, so cannot be related to boundary operators. Or we can take advantage of
the ambiguity of K to integrate back in time and then to the boundary. But this only
works for very young black holes, less than the scrambling time, else the blue shift leads to
trans-Planckian dynamics.
When the bulk state approaches the horizon, the precursor construction breaks down and
we must understand the quantum theory more completely in order to probe the black hole
interior. We discuss here two directions, state-dependent and ER=EPR.

8.2

State dependence

Papadodimas and Raju have proposed a ‘state-dependent’ construction of operators in the
black hole interior, which moreover show no firewall [57]. The first step is to note that since
typical states16 look thermal, the distribution of the Hawking mode will be thermal. But
also for infalling vacuum, the Hawking calculation gives a thermal distribution. So it seems
consistent to postulate that typical states are infalling vacuum, as effective field theory gives.
One can then use the entanglement pattern bb̃ to identify the states of b̃ and construct the
interior operators. But there is a puzzle: typical states are vacuum, but every vacuum state
is associated with a Fock space of b̃ excitations. How are we to fit all of these into the Hilbert
space?
To do this we have to squash the Hilbert space in a nonlinear way. In normal quantum
mechanics, physically distinct states (e.g. infalling vacuum, infalling excitation) are orthogonal. In order to fit the interior Hilbert space, without firewalls, the PR proposal requires
that physically orthogonal states not always be orthogonal, and in fact they are often quite
close to parallel. This is made precise in [58].
16

Haar-random states in some ensemble of limited energy.
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This nonlinearity is another form of quantum drama. The nonlinearity of observables
on Hilbert space has come to be called ‘state-dependence,’ but it is much different from
more normal forms of background-dependence such as the precursors. That construction
is nonlinear in O, but the product of linear operators is still a linear operator. It may be
that the proposed modification of quantum mechanics is a feature not a bug, a necessary
property of quantum gravity. But any modification of quantum mechanics requires a great
deal of infrastructure to be rethought.

8.3

ER=EPR

Thus far we have focused on a single black hole formed in decay. Let us consider now a pair
of black holes in equilibriam. The combined state is taken to be pure, while the two holes
are highly entangled with one another,
X
e−βEn /2 |n, ni .
(8.7)
|Ψi =
n

Geometrically, this describes the full Kruskal metric, all four quadrants (2.10) connected
through an Einstein-Rosen bridge. A typical state with such a geometry will be highly entangled, a situation summarized at ER → EPR: the two-sided geometry is highly entangled.
The question is, does this go in both directions, EPR → ER? Does high entanglement
imply the two-sided connected geometry [59], giving the two-sided interence ER = ERP?
This may seem natural. It so, there is no firewall: the geometry connects the two sides
smoothly. But this is in a way radical.
Consider starting with a single black hole. Let half decay, forming an entangled pair.
Using quantum computation, manipulating only the bits on one side, bring the pair to the
typical coupled system. Geometrically, this is the two-sided black hole. So, starting from
two physically separated systems which are connected in some complicated way, we can by
acting on either side, bring them to a state connected by an ER bridge, EPR → ER, so the
inference is two-sided.
The smooth bridge implies no firewall: the infalling observer passes smoothly into future
quadrant 2. But this is very strange. Quadrant 2 receives messages from both quadrant
1 and quadrant 3, the former being the half-decayed black hole and the latter being the
Hawking radiation, recaptured and quantum-computed to give a second copy. An observer
jumping in from region 1 and receive messages from region 3, even though these seem to be
completely causally disconnected.
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9

Moving forward

Before concluding, I want to mention to very interesting recent ideas, which are not directly
aimed at the information problem but which are certainly connected with that circle of ideas.
The first is a new approach to the precursor construction, and the second it the role of chaos.

9.1

Quantum information

In §8.1 we discussed the difficulties in reconstructing the bulk physics in the CFT, especially
as we approach the horizon. We noted that the bulk construction is a non-standard Cauchy
problem. Refs. [60, 61] recast this as a question in quantum computation, quantum secret
sharing in particular, where it may be more natural. Considering a boundary S 1 , the precursor construction allows one to construct the field in the center in terms of CFT operators
localized in any arc of angle greater than π. For example, dividing the boundary into thirds
A, B, C, one can reconstruct the state in the center from any two regions; any one can be
deleted and the information is not lost.
This is a new way to look at precursors, and it may be more powerful. In the standard
precursor construction, given a region of the CFT one can reconstruct the so-called causal
wedge of the bulk. Refs. [60, 61, 62, 63, 64] suggest that quantum error correction allows
one to reach a larger area, the entanglement wedge. If this works, it seems very deep. Since
AdS/CFT we have developed the technology of the precursor construct, but this seems like
a really conceptual change. But it remains to be seen whether we can use it to see behind
the horizon, and what it will say about the dynamics there.

9.2

Chaos

Thermal behavior and chaos are intimately connected. In thermalizing systems, the ergodic
mixing of the phase space arises from the exponential divergence of nearby trajectories. It has
been recognized for more than four decades that black holes have thermodynamic properties.
However, only very recently has the connection with chaos been made [65, 66, 67, 68].
Chaos is another aspect of entanglement that has recently come to the fore. It can be
seen as another argument for the firewall paradox [41, 65]. It leads to interesting questions,
and connections, between quantum behavior and the black hole dynamics [65, 66, 67, 68].
As a quantum field theorist, chaos is notable because the study of its dynamics requires
the use of the four-point function out of time ordering, which is unfamiliar to most of us.
And, a recent two-dimensional chaotic model [67, 69, 70] provised a very interesting model
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of holography.
I became interested in this [71] in connection with an old puzzle about ’t Hooft [72, 73].
In particular, he introduces the idea of a calculable black hole S-matrix, which moreover has
stringy properties. It is based on the calculation of the scattering of right- and left-moving
near horizon modes. But there should be no right-moving modes, by the adiabatic principle,
so this S-matrix should not exist. In [71] I argue that this S-matrix can be given a more
limited interpretation in terms of chaos, using the out-of-time order property. Moreover, we
conclude that chaos again leads to the necessity of the firewall.
Finally, for your interest, I mention the work [74], which goes beyond chaos to complexity.
I have no intuition for this as year.

9.3

Conclusions

Let us first review. I have talked about the three classic alternatives. One can divide these
further, e.g. stable versus long-lived remnants, but all ideas that come up seem to fit into
one of these three general frameworks. The situation today is not so clear.
I count at least ten possibilities. Final state QM, ER=EPR, state-dependence, limits on
quantum computation, strong complementarity, and the classic Page- and energy-violation
represent six distinct ways that we might modify quantum mechanics so as to avoid the
firewall. Are any consistent? The other four are modifications of the horizon: fuzzballs, fire,
strings, and NVNL. Some of these (such as NVNL) are conceived as affecting the geometry
out to the horizon scale, while others (such as the firewall) appear only near the horizon. I
have always tended to be an agnostic, considering all possible solutions as long at they are
consistent.
So how are we to make progress? On the one hand, what we are doing in this lecture,
identifying the general possibilities and constraints, is important. But likely we also need
new ideas from unexpected directions, as with AdS/CFT. Students often ask, what should
I calculate? With black hole information it can be difficult, it is very conceptual.
With AdS/CFT, there was a wealth of calculation of brane dynamics, which presaged
first the black hole state counting and then the duality. Today, there is a wealth of calculation
going on in the area of quantum information and entanglement. Clearly this is very rich. It
may have many applications, but I urge you to remember the big question, ‘what is quantum
gravity.’ Are we close to an answer, with all of our new quantum toys? Or are we still far
away, with our limitation to the holographic boundary? Do we perhaps still miss ideas that
are as large as those that we have understood?
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