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Why is high energy interesting 
Higher energy allows to access heavier particles: 

Particle Collider / Experiment Energy (GeV) Year Mass (GeV/c²)

J/ψ SPEAR 3.1 1974 3.097

Tau (τ) SLAC/LBL (SPEAR) 4 1975 1.777

Bottomonium (Υ) Fermilab/Cornell 9.46 1977 9.460

W boson UA1 / CERN SPS 540 1983 80.379

Z boson UA1 / CERN SPS 540 1983 91.1876

Top quark Tevatron 1800 1995 173.0

Higgs boson LHC (ATLAS/CMS) 7000 2012 125.1

In the last 50 years, every time a new energy frontier was 
explored, a new particle was found 

E = mc2
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… but times have changed
With the discovery of the Higgs boson the Standard Model of 
particle physics is complete 

No new discovery can be easily anticipated
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TeV-scale new physics? 
(As far as I know) The only hint of New Physics at the TeV energy 
scale comes from the hierarchy problem in the Higgs sector 

The argument: if there are new particles, that interact in any way with 
SM particles, they would give rise to corrections to the Higgs mass 
that depend quadratically on the New Physics scale  
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⇒ Since the Higgs is light, new physics must be around the corner … 
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The Higgs & flavour tension 

Tension between hierarchy problem in the Higgs section and 
absence of New Physics in the flavour sector is a major puzzle
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☛ No effects in flavour physics suggests BSM 
must be heavy 

☛ Light Higgs suggests light physics Beyond 
Standard Model (BSM) 
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• With this in mind, exploring the energy frontier is our best 
opportunity to understand Nature from first principles


• At the same time, exploring the Standard Model as a 
fundamental theory in its own right is equally compelling
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QCD ubiquitous at the LHC 
LHC events typically involve jets, bunches of collimated hadrons 

Search for 
Dark Matter 
in mono-jet 
events

Precision 
Higgs 

SUSY Searches  

Search for mini-blackholes

Key to best interpret LHC collisions is to control QCD radiation    
6



Electroweak and QCD interactions
The Standard Model: a gauge theory with gauge group

Interactions at collider energies are perturbative, so one can 
compute cross sections as expansions in the couplings: 

QCD interaction dominate. Rule of thumb:  α2
s ∼ αem ∼ αew

SU(3) × SU(2) × U(1)

αs(MZ) ∼ 0.118 αem(MZ) ∼
1

128
αweak(MZ) ∼ 0.01

σ = σ0 + α σ1 + α σ2 + …
LO NLO NNLO
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Role of precision 
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• test the Standard Model (SM) with highest precision and controlled 
theory uncertainties  


• constrain fundamental parameters and parton distribution 
functions (PDFs)


• probe New Physics via small deviations from SM predictions 


• optimise experimental analyses through design of better 
observables/selection criteria suitable for precision calculations 


• guide future collider designs and priorities 

Potential of LHC and future machines, in particular e+e- colliders, 
cannot be exploited without precision theory predictions 
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Precision a reality 
 Z-boson kinematics 
to below a percent

Z-boson transverse 
momentum used recently 
to extract strong coupling 

with high precision 

ATLAS, 2309.12986
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Precision a reality 
 Z-boson kinematics 
to below a percent

Crucial input for W-boson 
mass extraction 



Collider events: real world 
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Theorist point of view 

12
Clearly, a multilateral challenge 

from MLHAD



NLO: one-loop amplitudes
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Main one-loop amplitude providers:


‣BlackHat(https://blackhat.hepforge.org/) 

‣Collier (https://collier.hepforge.org) 

‣GoSam (https://gosam.hepforge.org)  

‣Golem95 (https://golem.hepforge.org/) 

‣Helac-NLO/Helac-1Loop (https://helac-phegas.web.cern.ch)  

‣Ninja (https://ninja.hepforge.org/) 

‣Njet (https://www.physik.hu-berlin.de/de/pep/tools/njet) 

‣NLOX (http://www.hep.fsu.edu/~nlox/) 

‣OpenLoops (https://openloops.hepforge.org)  

‣Recola/Recola2 ( https://recola.hepforge.org)  
✓ Fast, automated generation and numerical evaluation of one-loop amplitudes


✓ Easy interface with Sherpa, Herwig, POWHEG, and others


✓ QCD only, or full SM (QCD+EW) 

https://collier.hepforge.org
https://gosam.hepforge.org
https://golem.hepforge.org/
https://helac-phegas.web.cern.ch
https://ninja.hepforge.org/
https://www.physik.hu-berlin.de/de/pep/tools/njet
http://www.hep.fsu.edu/~nlox/
https://openloops.hepforge.org
https://recola.hepforge.org


NLO: general purpose tools

14

1. MadGraph5_aMC@NLO (https://launchpad.net/mg5amcnlo)  

• Full automation of NLO QCD and EW


• Process generation via FeynRules/UFO. Supports parton showers via aMC@NLO


2. Sherpa+OpenLoops (https://sherpa.hepforge.org, https://openloops.hepforge.org)  

• SHERPA handles phase space, subtraction, matching, and showering


• OpenLoops provides fast NLO matrix elements. Efficient for multi-leg processes


3. Herwig+Matchbox (https://herwig.hepforge.org)  

• Herwig’s Matchbox module enables automated NLO QCD corrections and matching


• Works with external amplitude providers (OpenLoops, MadGraph, etc.)


4. POWHEG-BOX (http://powhegbox.mib.infn.it)  

• NLO with matching to parton showers (POWHEG method)


• Semi-automated; requires user input for new processes


5. MCFM (https://mcfm.fnal.gov)  

• Parton-level code for NLO calculations (less automated)


• Mostly SM processes. Mostly based on analytic calculations, very stable and fast 


… 

https://launchpad.net/mg5amcnl
https://openloops.hepforge.org
https://herwig.hepforge.org
http://powhegbox.mib.infn.it
https://mcfm.fnal.gov


NLO automation

✔︎

NLO QCD calculations are now fully automated, thanks to:

✓ the ability to reduce one-loop amplitudes to master integrals

✓ analytic knowledge of all relevant master integrals

✓ a systematic understanding of how to handle intermediate divergences 

(e.g. subtraction/slicing methods)

✓ the availability of tools for computing tree-level real radiation

Open challenges at NLO 

• numerical stability and efficiency  for high multiplicity processes 

• NLO corrections to loop-induced processes  

15



NNLO: status 

⇒ no full automation yet 
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NNLO: ingredients 
Three main ingredients at NNLO: 

1. two-loop virtual + one-loop squared

2. one-loop with one extra radiation

3. Tree-level double real 
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diagrams from C. Signorile-Signorile 
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NNLO: ingredients 
Three main ingredients at NNLO: 

1. two-loop virtual + one-loop squared

2. one-loop with one extra radiation

3. Tree-level double real 
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✗The hardest challenge

diagrams from C. Signorile-Signorile 
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2-loop calculations
q

q̄

e−

e+

W/Z/γ

W/Z/γ

Feynman 
rules 

• The goal is to express a large number of tensor integrals appearing in 
Feynman diagrams as linear combinations of a small set of master integrals.


• Well established reduction-techniques, e.g. 

‣ projection on form factors 

‣ integration-by-parts (IBP) identities

‣ Lorentz invariance identities

‣ dimensional shift relations  

‣ …  
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2-loop challenge #1: reduction  
While the flowchart is rather straightforward: 

• define integral family

• generate IBP identities 

• solve Laporta algorithm 

from 2502.20778 
[NeatIBP 1.1+Kira]

The challenges involved are substantial and complex: 

• explosion in number of terms and algebraic 

complexity 

• finding minimal, linearly independent topologies 

not trivial 

• finding and exploiting symmetries 

19



Main public tools for IBP reduction of two-loop Integrals: 

1. AIR (https://people.phys.ethz.ch/~pheno/air/)

◦ Automates IBP reduction for scalar and tensor integrals to master integrals.


2. BLADE (https://gitee.com/multiloop-pku/blade)

◦ Fast IBP reduction in block triangular form 


2. FiniteFlow ( https://github.com/peraro/finiteflow-mathtools/)

◦ multivariate functional reconstruction using finite fields and dataflow graphs.


3. Fire (https://gitlab.com/feynmanintegrals/fire)

◦ Uses the Laporta algorithm for efficient IBP reduction of multi-loop integrals.


4. Kira (https://gitlab.com/kira-pyred/kira)

◦ High-performance tool for IBP reduction, particularly for multi-loop integrals.


5. LiteRed (https://github.com/rnlg/LiteRed2)

◦ A C++ program for IBP reduction, optimized for speed and simplicity.


6. NeatIBP (  https://github.com/yzhphy/NeatIBP)

◦ small-size integration-by-parts relations for Feynman integrals.


7. Reduze (https://reduze.hepforge.org/)

◦ Automates IBP reduction for scalar and tensor integrals, support both one- and two-loop level.

2-loop challenge #1: reduction  

Steady progress allows reduction of increasingly complicated processes 
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Techniques for evaluation: 


‣ difference and differential equations (DE), including auxiliary mass method


‣Mellin–Barnes representations


‣ sector decomposition


‣ expansion in limits


‣ iterated integrals


‣…


‣ ongoing development of new analytic and numerical methods

2-loop challenge #2: masters
At NNLO: the complete set 
of master integrals is not 
known. Often non-trivial to 
verify linear independence 

At NLO: the full set of 
master integral for any 
process is fully known 
analytically
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2-loop challenge #2: masters

1. pySecDec (https://github.com/gudrunhe/secdeco)  

• Numerical evaluation of master integrals using sector decomposition  


2. FIESTA (https://gitlab.com/feynmanintegrals/fiesta)  

• Numerical evaluation of master integrals using sector decomposition 


3. AMFLOW (https://gitlab.com/multiloop-pku/amflow)  

• Numerical evolution of master integrals using finite flow method 


Most used public codes: 

‣ powerful checks of analytic calculations 


‣ used directly in numerical/phenomenological implementations


‣ if the evaluation is very slow, used to construct integration grids to be just 
interpolated on-the-fly
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Open challenges: 


• Elliptic and beyond:                                                                                        
Master integrals with elliptic or more general functions (e.g. modular forms) 
are not expressible in terms of multiple polylogarithms; the theory of these 
functions is still being developed.


• Numerical evaluation stability: 
Some integrals can only be evaluated numerically, but the precision and 
speed required for collider applications are often challenging/prohibitive.


• Automation bottlenecks: 
While IBP and DE methods are largely automated, choosing good bases and 
simplifying expressions still requires expert intervention.

Frontier: 2 to 2 process with full off-shell legs, 2-loop integrals with 
3-4 scales, multi-leg QCD-EW mixed contributions …  

2-loop challenge #2: masters
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NNLO challenge #3: singularities  

While full results are finite, double-virtual, real-virtual and double-real 
amplitudes involve intermediate singularities. Since they live in 
different phase-spaces (Φn, Φn+1, and Φn+2) the cancellation of 
singularities must occur before numerical evaluation. 
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NNLO challenge #3: singularities  
Two core ideas 

Slicing Subtraction  

• Non-local in the phase space

• Dependence on the slicing parameter

• Local in the phase space 

• Construction and integration of 

counterterms hard/process specific 

soft-collinear 
counterterms 
⇒ poles in 1/ε 

finite ⇒ numerical 
evaluation   

approximate 
evaluation close to 
soft-collinear limits  

finite ⇒ numerical 
evaluation   

Many practical realisations of these ideas at two-loops and beyond 

<latexit sha1_base64="u0slHZruZV1jNPZByKoUk682F0Y="></latexit>∫
d!D|M|2FJ =

∫
d!4

(
|M|2FJ →K

)
+

∫
d!DK
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+

∫
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NNLO challenge #3: singularities  
Method Local? Analytic? Examples Public tool

Antenna subtraction

[Gehrmann-De Ridder et al. ’05]
 ✓ ✓ e+e- → 3 jets, DIS, Z/H+jet, dijets, diphoton, 

VBF Higgs …  
NNLOJet

qT subtraction

[Catani, Grazzini ’07] ✗ ✓

Colour singlet processes (2 to 2) , tt, bb, ttH, 
ttW 

HNNLO, DYNNLO, 
MCFM

N-jettiness subtraction

[Boughezal et al.  ’15; Gaunt et al. ’15] ✗ ✓ V+jet, H+jet, top decay, single top  Geneva, MCFM

Sector improved residue subtraction

[Czakon ’10; Czakon, Heymes ’14]
 ✓ ✗

tt, Higgs+jet, inclusive jet, W+jet, 3 γ, 2 γ +jet, γ 
+ 2 jet,3 jets, B-hadrons

STRIPPER (private)

Local analytic subtraction [Magnea, 
Maina, Pelliccioli, Signorile-S., Torielli, 

Ucciratial. ’18-’20]
✓ ✓ e+e- → 2 jets Private code

Nested soft–collinear subtraction [Caola, 
Melnikov, Rontsch ’17] ✓ ✓ VH, VBF QCD-EW Drell Yan Private code

ColourFull subtraction [Del Duca, Duhr, 
Somogyi, Trocsanyi ’05] ✓ ✓ e+e- → 3 jets, H → bb, H NNLOCAL

Projection to Born [Cacciari, Dreyer, 
Karlberg, Salam, GZ ’15] ✓ ✓

VFB H, DIS, H → bb, HH, t-channel single top  
[also jet in DIS, H → bb,  gg →  @ N3LO)

Private codes

Loop Treel duality [Bierenbaum, Catani,  
Draggiotis, Rodrigo ’10, Capatti, HIrschi, 

Kermanschah, Pelloni, Ruijl ’19]
✓ ✗ 𝛾*→ 2 jets, 𝛾*→ tt Private code

Locally finite two-loops [Anastasiosu, 
Sterman ’18] ✓ ✗

Multi-photon in e+e-, multi-Higgs and EW 
bosons finite finite top-mass, electroweak 

production through gluon fusion

Private code
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Example: gg → HH 

• Double-Higgs production golden channel for the direct measurement of the Higgs 
self-coupling, the footprint of the SM Higgs boson and of Higgs potential


• Small cross section because of accidental cancellations and phase space effect 

• Interesting also in the context of possible new resonances (2HDM, MSSM, RS, …)

Bizon et al. 1810.04665
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gg → HH: LO

Going beyond LO highly non-trivial 
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(In)direct probes of κλ

Loop probes of κλ can only compete with hh production because of destructive 
interference between box & triangle contribution in gg→hh amplitude 

Figure 1. Left: Total production cross section for pp ! h (red), pp ! hh (blue) and pp ! hhh (yellow)
as a function of

p
s. Right: Dependence of the cross section ratio �(pp ! h)/�(pp ! hh) (green) and

�(pp ! hh)/�(pp ! hhh) (purple) on the collider CM energy. The shown predictions are based on the
state-of-the-art SM calculations of single-Higgs [2–4], double-Higgs [5–8] and triple-Higgs [9] production.

obvious way to get access to the cubic and quartic interactions consists in searching for multi-Higgs
production. Unfortunately, all multi-Higgs production rates are quite small in the SM, as can be
seen from Figure 1, making already LHC measurements of double-Higgs production a formidable
task. As a result, at best O(1) determinations of the cubic Higgs self-coupling seem to be possible
at the LHC (cf. for instance [10–16]). Significantly improved prospects in extracting the h3 cou-
pling would be o↵ered by a high-energy upgrade of the LHC (HE-LHC) to 27 TeV [17] or a future
circular collider (FCC-pp) operating at a centre-of-mass (CM) energy of 100 TeV [4, 11, 18–22].
A 100 TeV pp machine, in particular, may ultimately allow one to determine the cubic Higgs self-
coupling with a statistical precision of the order of a few percent. Even a 100 TeV FCC-pp collider
is, however, not powerful enough to determine the SM triple-Higgs production rate to an accuracy
better than just order one [4, 20, 23–27]. The resulting bounds on the quartic Higgs self-coupling
turn out to be weak, in general allowing for O(10) modifications of the h4 vertex with respect to
the SM prediction.

Motivated by the above observations, we apply in this work the general idea of testing the h3

interaction indirectly [15, 28–37, 39, 40] to the case of the h4 vertex. Specifically, we consider the
constraints on the quartic Higgs self-coupling that future precision measurements of double-Higgs
production in gluon-fusion may provide. In order to determine the dependence of the gg ! hh
distributions on the value of the h4 coupling, we calculate the relevant electroweak (EW) two-
loop amplitudes and combine them with the exact O(↵2

s) matrix elements [5–7]. This allows us
to predict the cross section and various distributions for double-Higgs production at the next-to-
leading order (NLO) in QCD, including arbitrary modifications of the cubic and quartic Higgs self-

– 2 –

[Bizon, UH & Rottoli, 1810.04665]
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interference between box & triangle contribution in gg→hh amplitude 
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�(pp ! hh)/�(pp ! hhh) (purple) on the collider CM energy. The shown predictions are based on the
state-of-the-art SM calculations of single-Higgs [2–4], double-Higgs [5–8] and triple-Higgs [9] production.
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pling would be o↵ered by a high-energy upgrade of the LHC (HE-LHC) to 27 TeV [17] or a future
circular collider (FCC-pp) operating at a centre-of-mass (CM) energy of 100 TeV [4, 11, 18–22].
A 100 TeV pp machine, in particular, may ultimately allow one to determine the cubic Higgs self-
coupling with a statistical precision of the order of a few percent. Even a 100 TeV FCC-pp collider
is, however, not powerful enough to determine the SM triple-Higgs production rate to an accuracy
better than just order one [4, 20, 23–27]. The resulting bounds on the quartic Higgs self-coupling
turn out to be weak, in general allowing for O(10) modifications of the h4 vertex with respect to
the SM prediction.

Motivated by the above observations, we apply in this work the general idea of testing the h3

interaction indirectly [15, 28–37, 39, 40] to the case of the h4 vertex. Specifically, we consider the
constraints on the quartic Higgs self-coupling that future precision measurements of double-Higgs
production in gluon-fusion may provide. In order to determine the dependence of the gg ! hh
distributions on the value of the h4 coupling, we calculate the relevant electroweak (EW) two-
loop amplitudes and combine them with the exact O(↵2

s) matrix elements [5–7]. This allows us
to predict the cross section and various distributions for double-Higgs production at the next-to-
leading order (NLO) in QCD, including arbitrary modifications of the cubic and quartic Higgs self-
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LO amplitude ✓ 
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gg → HH: beyond LO  

from Kay Schönwald 
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gg → HH: beyond LO  

Borowka et al. ’16

As for single Higgs production very large NLO corrections and large residual 
uncertainties (mt scheme choice?) ⇒ strong motivation to improve precision  
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gg → HH: approx NNLO  
Since a full NNLO (3-loop) is out of reach, clever approximations developed: 


‣ High energy expansion 


‣ Small-t expansion 


Idea is to fully cover the physically relevant phase space with the two approximations 
(reminiscent, and exploits, the strategy of regions, according to which full results are 
recovered by summing over all relevant regions at integrand level)  


Robust validation using overlap regions, lower orders and numerical results

These and similar approximations 
(soft Higgs, massification, threshold 
exp., large Nc, …)  are expected to 
become increasingly relevant as we 
aim to halve theoretical 
uncertainties — a common target 
in future projections.

<latexit sha1_base64="Z3Gp21D1q0h/sdy4XufYXF2HYFk=">AAACAXicbVDJSgNBEO2JW4zbqBfBS2MQPIQwE4LLLeAlxwhmgWz0dHomTXoWumuEMIkXf8WLB0W8+hfe/Bs7yRw08UFRj/eq6K7nRIIrsKxvI7O2vrG5ld3O7ezu7R+Yh0cNFcaSsjoNRShbDlFM8IDVgYNgrUgy4juCNZ3R7cxvPjCpeBjcwzhiXZ94AXc5JaClvnmiChOYFHDH87Dfh16poFu1V8J9M28VrTnwKrFTkkcpan3zqzMIaeyzAKggSrVtK4JuQiRwKtg014kViwgdEY+1NQ2Iz1Q3mV8wxedaGWA3lLoCwHP190ZCfKXGvqMnfQJDtezNxP+8dgzudTfhQRQDC+jiITcWGEI8iwMPuGQUxFgTQiXXf8V0SCShoEPL6RDs5ZNXSaNUtC+L5btyvnKTxpFFp+gMXSAbXaEKqqIaqiOKHtEzekVvxpPxYrwbH4vRjJHuHKM/MD5/ALj3lRw=</latexit>
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gg → HH: electroweak? 

Scales involved:

Given the # of scales involved, even the calculation of the leading electroweak 
effects is analytically extremely challenging. As for QCD corrections, expand in 
regions to obtain approximate results.  Alternatively numerical results available. 

Electroweak effects of order a few percent for inclusive cross-sections, but enhanced 
in tails of distributions, where New Physics effects might appear, because of large 
Sudakov logarithms.  

<latexit sha1_base64="d8t7kl9S8qv7mioXB/eVCvuShHQ=">AAACGXicbVBNTwIxEO3iF+IX6tFLIzHxQMguIeqR6IWLCSbyEQE33W4XGrrbTTtrQgh/w4t/xYsHjfGoJ/+NXeCg4EuaefNmJtN5Xiy4Btv+tjIrq2vrG9nN3Nb2zu5efv+gqWWiKGtQKaRqe0QzwSPWAA6CtWPFSOgJ1vKGV2m99cCU5jK6hVHMeiHpRzzglICR3LytixiK+Nqt3ZfT0EpD6MIsu5tlXhq6wpegsZsv2CV7CrxMnDkpoDnqbv6z60uahCwCKojWHceOoTcmCjgVbJLrJprFhA5Jn3UMjUjIdG88vWyCT4zi40Aq8yLAU/X3xJiEWo9Cz3SGBAZ6sZaK/9U6CQQXvTGP4gRYRGeLgkRgkDi1CftcMQpiZAihipu/YjogilAwZuaMCc7iycukWS45Z6XKTaVQvZzbkUVH6BidIgedoyqqoTpqIIoe0TN6RW/Wk/VivVsfs9aMNZ85RH9gff0Asi6cbA==</latexit>
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gg → HH: electroweak? 

When targeting % precision, EW or mixed QCD-EW effects must be fully under control. 

Bi, Huang, Huang, Ma, Yu, 2311.16963

4-5% on inclusive cross section 

10-15% on distributions 

NLO EW effects are known fully numerically: 
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Analytic versus numerical? 
Rapid progress is happening on both the analytical and numerical 
fronts. Each has clear strengths and limitations — but their 
synergy is driving remarkable advances in precision calculations.

Analytic Numerical 

Fast, efficient Slow, less efficient

Arbitrary precision Limited precision (less so recently) 

Complexity increases dramatically with 
the number of scales involved 

More suitable for multi-loop and multi-
scale problems 

Analytic control of function (logs etc), 
allows insight into the result and control 

Hard to extract analytic structure (limits, 
etc.) 
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Approximate ttH at NNLO 

35

Two-loop pp → ttH amplitudes still missing. 


Idea: approximate with amplitudes with a soft 
Higgs emitted off heavy quarks 

Test the procedure 
at NLO

‣approximation not that great and works better for qq then gg channel

Catani et al., 2210.04846 



Approximate ttH at NNLO 

36

Two-loop pp → ttH amplitudes still missing. 


Idea: approximate with amplitudes with a soft 
Higgs emitted off heavy quarks 

Catani et al., 2210.04846 

Size of approx. 
NNLO

‣ but two-loop corrections are very small (below a %)



Approximate ttH at NNLO 
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⇒ estimated uncertainty on 
the total cross section at the 
few percent level 

Interesting to validate this 
once full NNLO is available 

Catani et al., 2210.04846 



Approximate ttW at NNLO 
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Buonocore et al., 2306.16311 

Two approximations (“soft W” and “massification”) estimate missing 
two-loop ttW corrections, yielding 10% accuracy at NLO and similar 
results at NNLO, even outside their ideal validity.

Clever approximations enable precision for key processes (ttH, ttW, 
ttZ, …) crucial to constrain SM parameters (yt, gttZ, …).



N3LO status
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Parton shower
Parton shower: 

Energy degradation of 
particles from the hard 

collision, producing 
more particles during 

evolution

from Ravasio-Ferrario

Modelling QCD processes, event simulation, background estimates, unfolding, detector simulation, … 

Parton showers are ubiquitous at the LHC 
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Evolution variable (e.g. kt, angle …)  

Hard scale Soft scale 

First parton showers in the ‘80s. Yet, for a very long time accuracy of 
parton showers not clear: uncertainty assessed by using different tools. 

41

Single algorithm for arbitrary observables:  using recursively 1  2 
splittings, parton showers describe highly complex final states 

→

Marchesini, Webber ’87; Bengtsson, Sjostrand ’86

Parton showers 



Design principle for modern parton showers:  

All elements of the shower should respect the absence of 
crosstalk between disparate scales, i.e. it should respect 
QCD factorisation 

Ingredients/ambiguities: 


• Splitting kernels / matrix elements


• Ordering variable 


• Recoil 


• Vetoed region  


• Colour/spin treatments


• …  
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Dipole recoil in kt-
ordered shower: 
emission 2 takes 
recoil from 1. This is 
wrong in a large 
phase space region 

42

Key elements of showers 



to be moderate for relatively inclusive observables like
event shapes [5]. In contrast, here we see that non-NNLL
showers differ from NNLL accuracy with coefficients
of order one. That suggests a potential non-negligible
phenomenological effect.
Figure 4 compares three PanGlobal showers with

ALEPH data [78] using Rivet v3 [79], illustrating
the showers in their NLL and NNLL variants, with
αMS
s ðMZÞ ¼ 0.118 for both. We use 2-jet NLO matching

[74], and the NODS color scheme [6], which guarantees
full-color accuracy in terms up to NLL for global event
shapes. Our showers are implemented in a pre-release of
PanScales [80] v0.2.0, interfaced to Pythia v8.311 [3] for
hadronization, with nonperturbative parameters tuned to
ALEPH [78,81] and L3 [82] data (starting from the Monash
13 tune [83], cf. Ref. [72] Sec. 5; the tune has only a modest
impact on the observables of Fig. 4). The impact of the
NNLL terms is significant and brings the showers into good
agreement with ALEPH data [78], both in terms of
normalization and shape. Some caution is required in
interpreting the results: given that the logarithms are not
particularly large at LEP energies, NLO 3-jet corrections
(not included) may also play a significant role and should
be studied in future work. Furthermore, the PanGlobal
showers do not include finite quark-mass effects. Still,
Fig. 4 suggests that NNLL terms have the potential to
resolve a long-standing issue in which a number of dipole
showers (including notably the Pythia 8 shower, but also the
PanGlobal NLL shower) required an anomalously large
value of αsðmZÞ≳ 0.130 [83] to achieve agreement with
the data.
The parton showers developed here are expected to

achieve NNLL (leading-color) accuracy also for nonglobal
event shapes such as hemisphere or jet observables, and
αnsLn−1 (NSL) accuracy [54,62–64,68,85,86] for the soft-
drop [87,88] family of observables, in the limit where either
their zcut parameter is taken small or βSD > 0. (We have not

carried out corresponding logarithmic-accuracy tests,
because the small zcut limit renders them somewhat more
complicated than those of Figs. 2 and 3. In the case of
nonglobal event shapes, there exist no reference calcula-
tions.) This is in addition to the NSL accuracy for energy
flow in a slice [89–91] and αnsL2n−2 (NNDL) accuracy for
subjet multiplicities [92] that was already achieved with the
inclusion of double-soft corrections [29].
Next objectives in the programme of bringing higher

logarithmic accuracy to parton showers should include
incorporation of full triple-collinear splitting functions (as
relevant for experimentally important observables such as
fragmentation functions), the extension to initial-state
radiation, and logarithmically consistent higher-order
matching for a variety of hadron-collider processes. The
results presented here, a significant advance in their own
right, also serve to give confidence in the feasibility and
value of this broad endeavor.
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FIG. 4. Results for the Thrust and Durham y23 [84] observables
with the PanGlobal showers compared to ALEPH data [78], using
αsðMZÞ ¼ 0.118. The lower (middle) panel shows the ratios of
the NNLL (NLL) shower variants to data.
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Novel parton showers reaching NLL 
and even NNLL accuracy 

across the boundary (Ref. [72], Sec. 3)

F PS

F resum ¼ 1þ 8CFT2ðv; vhcÞ
!
hΔyi −

1

βobs
hΔln kti

"
; ð11Þ

with vhc ≡ v½1=ð1þβobsÞ&. Concentrating on the right-hand half
of the Lund plane in Fig. 1, it encodes the fact that a
positive y drift increases the number of events that pass the
constraint VðfkgÞ < v, because emissions to the left of the
boundary move to the right of the boundary, and vice versa
for a positive ln kt drift.
We are now in a position to write the ratio of ΣðvÞ in the

shower as compared to a resummation. Assembling the
contributions discussed above into Eq. (1) yields

ΣPSðvÞ
ΣresumðvÞ

− 1 ¼ 8CF

#
−hΔyiT2ðv; 1Þ

þ ½hΔyiþ hΔln kti&T2ðvhc; 1Þ

þ hΔln kti
!

1

βobs
T2ðv; vhcÞ − T2ðvhc; 1Þ

"

þ
!
hΔyi −

1

βobs
hΔln kti

"
T2ðv; vhcÞ

$
¼ 0;

ð12Þ

up to NNLL. The lines account, respectively, for the shower
contributions to ΔK1, B2, K2 [using Eq. (10) and then
trading rapidity and kt integrations] and F . The fact that
they add up to zero ensures shower NNLL accuracy for
arbitrary global event shapes. The last line necessarily
involves real double-soft emissions in the soft-collinear
region, thus tying the other three lines (which just involve
the Sudakov nonemission probability) to the shower’s
double-soft emissions, as anticipated below Eq. (3). The
connection with the ARES NNLL formalism [51,52,58] is
discussed in Ref. [72], Sec. 4.
Besides the analytic proof, we also carry out a series of

numerical verifications of the NNLL accuracy of several
parton showers with the above elements, using a leading-
color limit 2CF ¼ CA ¼ 3. These tests help provide con-
fidence both in the overall picture and in our specific
implementation for final-state showers. Figure 2 shows a
suitably normalized logarithm of the ratio of the cumulative
shower and resummed cross sections, for a specific
observable, the two-to-three jet resolution parameter, y23,
for the Cambridge jet algorithm [73] in Z → qq̄ (left) and
H → gg (right) processes. Focusing on the PGsdf

βPS¼0 shower,
the plots show results with various subsets of ingredients. A
zero result indicates NNLL accuracy. Only with 2-jet NLO
matching [74], double-soft corrections [29], B2 [67,68]
terms, 3-loop running of αs [75,76], K2 contributions
[58,66], and the drift correction of this Letter does one
obtain agreement with the known NNLL predictions

[52,77]. For this shower and observable, the drift correction
dominates.
Tests across a wider range of observables and shower

variants are shown in Fig. 3 for a fixed value of
λ ¼ αs ln v ¼ −0.4. With the drifts and all other contribu-
tions included, there is good agreement with the NNLL
predictions [45–52,58,61,77].
Earlier work on NLL accuracy had found that the

coefficients of NLL violations in common showers tended

FIG. 2. Test of NNLL accuracy of the PanGlobal (PGsdf
β¼0)

shower for the cumulative distribution of the Cambridge y23
resolution variable, compared to known results for Z → qq̄ [52]
(left) and H → gg [77] (right). The curves show the difference
relative to NNLL for various subsets of ingredients. Starting from
the red curve, DS additionally includes double soft contributions
and 2-jet NLO matching; 3l includes 3-loop running of αs and
the Kresum

2 term. B2 in the legend refers only to its resummation
part, Bint;NLO

2 . Including all effects (blue line) gives a result that is
consistent with zero, i.e., in agreement with NNLL.

FIG. 3. Summary of NNLL tests across observables and shower
variants. Results consistent with zero (shown in green) are in
agreement with NNLL. The observables correspond to the event
shapes used in Ref. [5] and they are grouped according to the
power (βobs) of their dependence on the emission angle. All
showers that include the corrections of this Letter agree
with NNLL.
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Knowledge from resummations of event shapes crucial to achieve 
these goals and validate them 

Modern parton showers 



Modern parton showers 
The development of parton shower has seen a dramatic change in 
recent years. Key new elements of modern parton showers include  

• Improvements in the accuracy of the parton shower 

• Numerical procedure to validate the accuracy 

• Understanding that some parton showers have lower accuracy      
⇒ can be disregarded when assessing theory uncertainties 

A revolution in parton shower developments is 
ongoing. Will be crucial for Run 3, HL-LHC and FCC. 

ALARIC, DEDUCTOR, PANSCALES, HERWIG7, … 

44



Different methods developed. NNLOPS with leading logarithmic 
accuracy in the shower well understood

Not yet clear how to preserve accuracy of 
more accurate showers in the matching  

Parton shower matching
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Art versus automation
Automation is key to making precision scalable and accessible, but it 
can foster the misconception that precision is merely about brute force. 
Brute force is insufficient for LHC precision. Deep understanding & 
breakthroughs prerequisite for practical automation.  

The POWHEG BOX

PYTHIA
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Conclusion
Progress beyond expectations ⇒ remarkable success of theorists 

• Progress not due to cranking old machinery but driven by new 
ideas and developments of new calculational methods


• Strong complementary between numerical and analytical methods

Many calculations eagerly awaited and in sight in the next five years  
[in the meantime, clever and robust approximations reduce theory uncertainties]

 Perturbative QCD well on track to keep up with experimental precision 
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