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Holographic Setup: A Simple Case

4D gravity with massless scalars

Sbg =
∫

dx4√−g
[
R− 2Λ +

2∑
i=1

(∂ψi)2
]

ds2 = 1
r2

[
−f(r)dt2 + dr2

f(r) + dx2 + dy2
]

Aµ

F = dA

r ∈ (0, rh]

f(r) = 1− m2r2

2 −
(

1− m2r2
h

2

)
r3

r3
h
, ψi = mxi

[Andrade, Withers ’14]

U(1) perturbation

S = −1
4

∫
dx4√−gF 2

dual←→
Conserved current

∂µJ
µ = 0
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Hydrodynamics and the Charge Diffusion Pole

Long-time, long-distance effective description at T ̸= 0

GR
µν(x− y) = −iθ(x0 − y0)⟨[Jµ(x), Jν(y)]⟩

Fourier space: ω, k ≪ T , k = kex

Longitudinal: GR
xx ∝ (−iω +Dk2 +O(k4))−1

Charge Diffusion Pole [Kovtun, Starinets ’05]

ω = −iDk2 +O(k4)
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IR Spectrum: a Tower of Critical Modes

BB in AdS4

Aµ

BH in AdS2 ×R2

near horizon

Aµ

Quasi-Normal Mode Spectrum
→ Ingoing at horizon
← Vanishing at boundary
⇒ Complex frequency spectrum
⇔

AdS/CFT
Poles of GR

µν(ω, k)
[Kovtun, Starinets ’05]

[Faulkner et al. ’09]

∼ T
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Hydrodynamics

vs Zero Temperature

◦ ω, k ≪ T

Charge Diffusion Pole
ω = −iD(T )k2 +O(k4)

ω, k ≪ T

◦ ω, k ≪ r−1
e , T = 0

[Edalati et al. ’09] [Davison, Parnachev ’13]

Quadratic Pole
ω = −iD(0)k2 +O(k4)

?

Two regimes not continuously connected
Try to understand diffusion, critical and quadratic modes
simultaneously
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Equation of Motion for the Longitudinal Sector

To answer this, let’s compute GR
xx

Probe perturbation

S = −1
4

∫
dx4√−gF 2 ⇒ ∇µF

µν = 0.

Az = 0
Aµ = aµ(r)e−iωt+ikx

Gauge invariant combinations

Ex = ωax + kat

Ey = ωay

Ex, Ey decoupled

Longitudinal EoM[
fE′

x

ω2 − k2f

]′
+ Ex

f
= 0
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Solve the EoM: Matching Procedure [Davison, Parnachev ’13]

◁
ω2r2

f2 ,
k2r2

f
≪ 1

[
fE′

x

ω2 − k2f

]′
+ Ex

f
= 0

[
fE′

x

ω2 − k2f

]′
+ Ex

f︸ ︷︷ ︸
O(ω0,k0)

= 0

▷ rh − r ≪ rh ≲ re

Zoom in near horizon [Faulkner et al. ’09]

r = re− ϵ
r2

e
3ζ , t = ϵ−1τ

⇒ T ∼ ω ∼ ϵ

ds2 =
ϵ→0

1
3ζ2

[
−f2dτ2 + dζ2

f2

]
+ 1
r2

e

[
dx2 + dy2

]
+O(ϵ)

Scaling for quadratic mode beyond hydrodynamics
ϵ ∼ k2 ∼ ω ∼ T ≪ m
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Matching and GR
xx

Leading order matching

GR
xx = ω2 +O(ϵ3)

−iω + rek2 +O(ϵ2)

Next-to-leading order matching

GR
xx =

ω2
(
1− k2r2

e G
3

)
iω − k2re + k2re

6 (4πTre + 2(k2r2
e + iωre)G + 3k2r2

e log 3)

G = π cot
(
iω

2T

)
+ γ + ψ

(
iω

2πT

)
− log

( 9
4πTre

)
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Results: Spectrum of the Longitudinal Sector
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Conclusion

Summary
Analytic Green function for ω ∼ T
Irrelevant deformations are crucial
Low-T quadratic mode very different from Diffusion mode
beyond hydrodynamics
Pole ‘Snatching’

Outlook
Class of AdS2 ×R2 spacetimes
Effective action

End
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Appendix: Outer Region

[
fE′

x

ω2 − k2f

]′
+ Ex

f
= 0

⇓

Formal Solution

Ex = E0 + E1
k2 − ω2

(
k2r − ω2

∫ r

0

dr1
f(r1)

)
+
∫ r

0
dr1

(
k2 − ω2

f(r1)

)∫ r1

0
dr2

Ex(r2)
f(r2)

k2 ∼ ω ∼ T ∼ ϵ E(O)
x =

∑
n≥0

ϵnE
(O)
x,n≥0 Ei =

∑
n≥0

ϵnE(n)
i
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Appendix: Inner Region

(r, t)→ (ζ, τ), k2 → ϵk2, E(I)
x =

∑
n≥0

ϵnE
(I)
x,n≥0

DE(I)
x,0 ≡

[
d2

dζ2 −
2
ζh

1
f2(ζ)

d
dζ + ω2

f2(ζ)2

]
E

(I)
x,0 = 0

DE(I)
x,n≥0 = S(n)[E(I)

x,n−1, . . . E
(I)
x,0 ]

E
(I)
x,0 = c

(0)
+ eiωζh arctanh ζ/ζh + c

(0)
− e−iωζh arctanh ζ/ζh

E
(I)
x,0 = c

(0)
+ eiωr⋆ + c

(0)
− e−iωr⋆

E
(I)
x,0 = c

(0)
+ eiωr⋆ +�����

c
(0)
− e−iωr⋆ since Aµ ∼ e−iω(t−r⋆)

Tortoise coordinates

r⋆ =
∫ dr
f(r) = ϵ−1ζh arctanh ζ/ζh +O(ϵ0)
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Appendix: Matching and GR
xx

r = re − ϵ
r2

e
3ζ ⇒ Mixing of orders

1∑
n=0

ϵnE(O)
x,n =

ϵ→0
E(0)

0 + E(0)
1 re − E(0)

1
ω2

k2 ζ

E
(I)
x,0 =

ωζ≪1
c

(0)
+ + c

(0)
+ iωζ

Leading order matching

GR
xx = ω2 +O(ϵ)

−iω + rek2 +O(ϵ)
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