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Introduction
and motivation



Entanglement entropy
From quantum mechanics to holography

* |WW) pure state. Select a region A4, then the
reduced density matrix p, = Trz [W)(W|.
lts von Neumann entropy is the
entanglement entropy: Sorkin '83

Sy = —=Tra(palogps)
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—
Entanglement entropy e

From quantum mechanics to holography

* |WW) pure state. Select a region A4, then the t A
reduced density matrix p, = Trz [W)(W|. eI

Its von Neumann entropy is the \]V[di/

entanglement entropy: Sorkin ’83

* Givena (d — 1)-dimensional
Sy = —=Try(pglogp,) region A, find a codimension-2
extremal surface y, in the bulk
spacetime, anchored on dA.
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Motivation

* Emergence of spacetime:
entanglement wedge reconstruction.
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Field-theoretical quantity related to
the emergence of the time direction?

* Especially rare are observables
that probe the black hole interior.

CFT,
CFTg

* What can we say on one-sided
probes of the black hole interior?
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The holographic dual to
timelike entanglement



How do we define timelike entanglement?

. . . ] 2 2 Doi, Harper, Mollabashi,
* CFT, result and its analytic continuation as Ax“ — At < O: Takayanagi, Taki ’23

C VAx? — At? Analytic continuation T C \/|Ax2 — At?| CTT
> S, = §log

Sq = §log . . + i
N
~_
NB: in this talk, we will be aghostic on
CYA the general field theory definition of
. A timelike entanglement.
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Geometric interpretation of timelike entropy

* Considera(d — 1)-dim. timelike region A. Heller, FO, Serantes *24

* Find a complex codimension-2 extremal

surface Y4 in a complexified bulk,
anchored on dA (real boundary). Then: K //—\?
~
M _ Area[yff] ?
A d+1
4GIE, ) vS A
t
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Geometric interpretation of timelike entropy

* Considera(d — 1)-dim. timelike region A. Heller, FO, Serantes *24

* Find a complex codimension-2 extremal
surface Y4 in a complexified bulk,

anchored on 04 (real boundary). Then: ( /——\?
~
5,(4T) N Area[yff] 1
d+1
4GIE, ) yffl A
+ Matches with analytic continuation of all t
known closed form expressions. e ]\/[
+ Can be applied to any spacetime. k@Md“ MJ



Timelike entanglement
and the black hole interior



Probes of the black hole interior?

e Strip subsystem A. Metric:

2

ds? = Z%(—f(z) dt® + ]% + dxi)

,\¢
f(Z)=1_<Z>
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Probes of the black hole interior?

A
Heller, FO, % :solutions of f(z) =0
* Strip subsystem A. Metric: Serantes 24 X : critical solutions having z = const Z
) e 1.5:- o e p
2 2 X 2
ds =— —f(z) dt +m+dxl : ]
1.0f vacuum connected d il
1 * branch i
z\* ~—~ 0.5} i |z,| = o0
f(Z)=1— Z_ l\? L
H
T 00F A0 *
* New: multiple g -
p—{ - V. B
surfaces! ; N 1 Ar=0
e Vacuum- —1-0;‘ vacuum disconnected ‘ |z, = o0
disconnected ones _15F Af — o Lt ;
probe a complexified "_'1' T B R ‘;1

black hole interior.
Re(z/zn) 5/7



Probes of the black hole interior? ... o scomes 2

(to appear)

Interior from analytic continuation

t

Imé&
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Probes of the black hole Interior? ... co sconee s

Im 6

* New phase transitionin
spacelike entanglement!

(to appear)

Slightly (6) before crossing the lightcone:

Zt/ZH 6/7



Im(z¢/zn)

Probes of the black hole interior?
Interior from analytic continuation

1.5f

-0.5)
-1.0f

~1Li5F

1.0f
0.5}

0.0}

vvvvvvvvvvvvvvvvvvvvvvvvvv

At = o

1 Ar—=0
1zl =

t

{1 At—>0

vacuum connected
branch
*
vacuum disconnected 1z
branch ]
At = o
-1 0 1 2 3 4
Re(z/zn)

* Dominant contributions
continue to timelike entropy.

e Subdominant contributions
continue to the « BH interior ».

Heller, FO, Serantes ’25
(to appear)

Slightly (6) before crossing the lightcone:

2/ 2
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Summary and outlook

* Timelike entanglement entropy is understood geometrically only in a

complexified bulk spacetime.

* One-sided holographic probes that arise from
a phase transition in spacelike entanglement (
can reach a complexified black hole interior.

QCMM
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Summary and outlook

* Timelike entanglement entropy is understood geometrically only in a

* One-sided holographic probes that arise from

a phase transition in spacelike entanglement <
canreacha : ~_
* Relation to two-sided settings? g
* Complex holographic probes:
an (almost) unexplored landscape. t
* Field theoretical realisations? CM 41 \i{_dy
Tensor networks, Gaussian fields.

Carignano, Marimén, Tagliacozzo ’23, ... ;
/7



Thank you!



Supplemental slides I

ans®
ans®
------
-----
.
-----

o At
ronsera [_EM’ENT], at constant x = 0.
R I

* We look for a geodesic joining two timelike-separated
points at the boundaryz = ¢ = 0:

Im 2|
1 1 A
z(A) =i |[-At? — g% cschAi, t(1) = |=At? —&e2tanhA m
4 4 o
* The boundary conditions are at: Re A

([

At im —Am
Am = log . + > + 0(¢)
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Supplemental slides

* An interesting path:
along paths TAand 1B: z,t € R; along path 2: z,t € i R.

Im A

1B Am

1A Re/1

25/32



Supplemental slides

* Another example:
along paths 1TAand 1B: z,t € R;
along paths 2A and 2B: z,t = const;

along path
Im A |
t [it A
1B omn
\ 2B
/ 7 LTt Z, 2A| 1A
—A, Re A
AdS; EAdS,

26 /32



Supplemental slides

e Metric and mass-function:

_ —(1 -m() z%) dv* — 2dv dz + dx?

ds?
2

a
m(v) = 5 (1 4+ tanhyv)

* [t represents the formation of a black brane of

temperature T = +/a/2m on atimescale 1/y by
the gravitational collapse of a shell of null dust.




Supplemental slides I

* Thin-shell limit in AdS;-Vaidya: analytically solvable.

° The Shell iS deflned by (matching at real v). Y ________________________ I
Foraregion A = [t; — At/2,t; + At/2] we have:

[ 21log(AD), te < —At/2

[ 2 ry(2t; + At ry(2t; + At At
—im+ {4 2log ESinh<H( C4 )>—cosh<H( Z )>(tc—7>] —At/2 < t; < At)2

(2 TH
~ 2log E sinh (A_t)] tc > At/2

Balasubramanian, Bernamonti, Craps, Keranen,

Keski-Vakkurif, Muller, Thorlacius, Vanhoofd ’12 At

=
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Supplemental slides

* Approaching Re S_f(‘T) 1.0
the thin-shell s
limit (y — o0). -
0.8 — y=1
— y=2
y=4
—— V=8
----- y=oo
A T
1.0 ~0.5 0.5 10 2At
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Supplemental slides
Timelike entanglement in SAdS,,

 Pick the surface with
minimal real part of
the area?

Prescription P1

Area[yﬂ

(T) .
S, "= min
A Re Area[y] 4G16d+1)

Im(z/zp)

1.5

1.0}

0.5

0.0

-0.5

-1.0

-1.5

% : solutions of f(z)=0

SAdS, . critical solutions having z = const
- At - o0
: vacuum connected

* branch
- At — 0 *
- *
branch

o At > 00

-1 0 1 2 3

1 Atr— 0

11z = o0

1 At >0

12| = o0



Supplemental slides

Timelike entanglement in SAdS, Arog =l (A_ %)
* Problem: the UV/IR -
correspondence is \\ [
violated! \ 4l
N [
* Possible resolution: S

\ 21

\
Prescription P2 N
\O

S/ET) _ Area[yff] .
4G1$/d+1) -

for a y such that upon analytic

continuation SEIT) reduces to
standard entanglement entropy.




Supplemental slides

* Connection with «temporal entanglement » in tensor networks:

Entropies
. = Tzl
L (LI
_ Trz|RXR]
R T T(RIR)
. Pseudoentropy E
__ TrplRXL]

Banuls, Hastings, Verstraete '09; Hastings, Mahajan ’23;
Carignano, Marimon, Tagliacozzo ’23



Supplemental slides

Tensor network evaluation of timelike entanglement entropy:

Ising, Bo=0.4 . .
0.5 9: Pe 7AT Carignano, Marimon,
0.12 A "'“ Tagliacozzo ’23

”
» i
Z 0.4 = 0.10 ™ :
0] 0]
o o ® ‘®
2 v 0.08
L y £ T=6
0.3 T=6 - s T=10 ll
/ T=10 ‘ 0.06 T=14
' T=14 T=18
T=18 \ 0.04 emCFT
0.2 ] | &) e
0.00 0:25 0.50 0.75 1.00 0.00 0.25 0.50 0.75 1.00
t/T

tT

Can we do more? Quenches and time-dependent
backgrounds can be explored with tensor networks.

Foligno, Zhou, Bertini ’23
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