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+*+ On acceleration
% C-thermodynamics

*» Acceleration in 3D




Acceleration is when an object is not travelling on a geodesic.

VT ok T

... but this does not mean time dependence!

Start in 4D AdS to build a picture:

— R?(d©? + sin” ©d¢’




For an observer at R=R; in AdS, the tangent vector is purely
timelike:

1 0
1= > Ot
Ji+ 5

but the acceleration is radial:
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/2 Or

A=V7T =



The magnitude of the acceleration is
related to Ry :
’ ‘A|2 L R%/€4
14 R2/¢?
Al?
Ry =
V1 — A242




BLACK HOLE

The slowly accelerating black hole
iIn AdS is displaced from centre. It
has a conical deficit running from
the horizon to the boundary. The
string tension provides the force
that hold the black hole off-centre.




This accelerating black hole in 4D is described by the C-metric

: s > e
ds® = Q72| f(r)dt” - %r) - <g(9) +g(0) sin’ 97?)
Where
f= (1_2_m)(1_A2T2)+ﬁ
r 2

g=1+2mAcosb
() =1+ Arcosf

f determines horizon structure —
black hole / acceleration /




As a check, set m to zero:
[f(’l“) dt? . dr? TZCZQ%I}

o o f(r) 21— A2
ds” = (1+ Ar cos0)2 fr)=1 2
& using the coordinate transformation
R? 1 1 — A%0°%)r? /0? in 6
T == * )r/ : Rsin@:rsm
Iz (1 — A2%42)Q? ()

we get back to global AdS




oM an off-centre
perspective. An observer /.
hovering away from
centre of AdS is
accelerating.




Once mA is nonzero, g = 1 + 2mA cos 8 distorts the 2-
sphere:

1+ 2mA)?
¢ 00 03, oc o + | — S 2442
1 —2mA)?

e 0> dsg 4 o<d92+( KT ) (m — 6)*d¢?
This is a conical deficit, which we associate to a cosmic string
with tension
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Introduce K so that ¢ has a uniform periodicity. The tension of




LACK HOL

Suppose K = 1+2mA, then
puy =0, p_=mA/K

S0 as m increases, A decreases for the
same tension.

Recall that the lower the acceleration, the
closer to the centre of global AdS.

Al?

Ry

V11— A2 If an accelerating black hole accretes, it
drops further down, if it evaporates, it



A string could form emerging from a black hole when a
phase transition gives mass to a previously massless U(1)
gauge boson.

‘E

Monopole Confined flux.




To illustrate the process of finding a first law, simplify to
Schwarzschild-AdS with a deficit:

fr) K*

Black hole horizon defined by =0, look at small changes in f.
Horizon still defined by f(r) = O.

2
Flr +0r) = fra)orse — 2™ Tisg—

’m 63*

2 2
ds® = f(r)dt* ar {d@Z + sin? qub }




The temperature has its usual expression from a Euclidean
calculation, the entropy is given by the area of the horizon,
which is affected by K:

T = f'(ry)/4nm




1
Tension is related to K: b= (1 — —)

K
SO easily get 5 K
H= 4K

Finally - 3 v 43




Putting together:
2K
0 = (T55+2( —r+)5,u+V5P—5(E))
T+ K
So identify M — m

K

Then also get Smarr relation:

M =215 — 2P




The term multiplying the variation in tension is a
“thermodynamic length”

A=TyL —m

Reinforces interpretation of M as enthalpy, if black
hole grows, it swallows some string, but has also
displaced the same amount of energy from
environment.




The accelerating, rotating, charged Kerr-AdS black hole is
obviously more algebraically complex, but the principle is the
same (we need to introduce a rescaling of the time coordinate)

2 2 in2 2
16% 1 {f [dt sin%’dgp} X 2 S 162 _ h(6) sin“0 {adt _ +a2>d_g0} 1

H? a K £(r) h(6) S o K

This will rescale temperature, and also changes computations of
the mass.

2m  a®+ 62:| r
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h(0) =1+ 2mAcosf + [Az(a2 + e?)




Expand the metric near the boundary (Fefferman-Graham):

= —At-> F,(&)2"
COSHz.f—I—ZGn (&) 2™

1
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F, and G, determined by the requirement that

1
ds® = —0?dz* + ") [%w + zQ\I!W + zBMW] dztdz” + O(2?)




For the boundary metric, get:

(1= ACg(©)" o (1=A£9(Q) o g
o2 FF () FE(€)9(©)

2

(&) (1 — A202g(¢))

2
KFEE) 0

And for the boundary fluid stress tensor:
(7)) = diag{pg, —pr/2 + 11, pg/2 — 11}

where PE = m(1 — A%029)3/%(2 — 3A%(%g)
@



CONICAL DEFICIT




Integrate up the boundary stress-energy to get the mass:

Y

m
M:/PEﬁ:?

What is alpha? Setting m (and other charges) to zero, and
demanding that the boundary is a round 2-sphere gives

a=/1— A202

Get a consistent first law with corrections to V and TD
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J=—, Q=0 —Q, Q=
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82 - 3Ka | (1— A%r2) (14 a2A2)=
r m 24 a2/ + % (1 — A222)]  AC(Z + a2/0?)
Ay = — F

a(l+Ary) « (14 a?A?)=2

a(l + a2A?)




“CHEMICAL” EXPRESSIONS

The expressions for the thermodynamic parameters are not
particularly illuminating & analysis is facilitated by expressing
the chemical potentials in terms of thermodynamical
charges, rather than geometrical quantities like r,.

This reveals that it is more natural to think in terms of an
overall average deficit, and the differential deficit that
produces acceleration. We therefore encode these as:

A=1=2u +p-) = =

(b= —pg) _ mA  mA
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AS 3PS
2 _ T/~ -
M? = == [(1+ 3A)(1+

8PS BC’zA)}

3A 2PS
8PS ,
T) —4c?,

AS 8PS
T_SWM[OA_&S>(1+

Keeping NP regular, looks
like acceleration increases
T, although have to bear in
mind that tension reduces
entropy for a given metric

T

.




AWKING-FAGE

With a simple deficit (uncharged nonrotating black hole) it looks
like A is almost irrelevant; the Gibbs free energy: G = M-TS is

AS 8PS 8PS
G = 14 1
ot (52 ) (15
A decreases the free energy — though the HP transition remains
at the same T.







However, once we have
acceleration the picture
changes.

What does Hawking-
Page mean with
acceleration”




For small/low P black
holes, the C-term
becomes significant,
and zeros the enthalpy
(here shown for pure
acceleration).




This same phenomenon leads to snapping swallowtails: as
the charge of an accelerating charged black hole drops, a
swallowtail forms, then snaps at a critical Q.
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INEQUALITY

The |soperimetric Inequality in Mathematics says that
the minimal boundary length enclosing a given area is a
circle (or suitable higher dimensional generalisation).
This is a problem if true for thermodynamic volume and
black holes, since it would say that a round black hole
would minimize area for a given volume — but entropy
should be maximized! Cvetic et al conjectured that
black hole satisfied a reverse of this mathematical
iInequality, and demonstrated its validity for known
examples.




8PS
Focus on uncharged case: (“” - 3A )

A 2 _7T2J2
M2=—S(1—|—a:) [1—|—a:—|—4y—40—] (y_AQSQ)
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& combine the expressions
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ISOPERIMETRIC INEQUALITY

A M2 3IrMV  202\° C?2
S T R

252 2 T

This expression implies

2 2\ 2 2 2 4
A M < MV 207 < It MV AN 3V (z)
AS 252 x? 252 Am S

hence a new inequality appropriate for conical deficit black
holes:




How far can we push these ideas in 3 dimensions?

In 3D we have two
different types of solution:
a point mass (conical
deficit) and the BTZ "black
hole”, i.e. 3D AdS with
Identifications.

The equivalent of a string
one dimension down IS a




From the geometry perspective

2

dR?
dshas = (1+ %)dﬂ “om (402 + singbQ)
22

3D AdS drops ¢ — can we do the same here”?

ds? = 072 | f(rar? — S~ —r*( S+ g

dr? ( d6?
f(r) g(0)




We can look for an exact solution in 3D with the same type
of structure:

dy? dx?

s = PO = B4~ o)

With general solution: Q(z) =c+bz +az®, Py)= A21 7 Q(y)

Which, after coordinate rescaling/shifts reduces to:

Class | Q(x) P(y) Maximal range of x
I 1-2? | 5z + W —1) lz| <1
I [22-1| gp+(1—-9?)| z>1lorz< -1
1+ 22 (

R




Take each in turn. The first class looks very similar to the 4D
C-metric (r=-1/Ay, t = at/A, X = cos(¢/K))

ds?

~ 1 AR dr? o dg?
1+ Arcos(¢/K))? [f( )042 f(r) Kz]

f('r) — 1+(1 _A2£2)£2

Slow Acceleration Al < 1 No horizon




The presence of K now indicates both a conical deficit (the
particle) and a domain wall at ¢==xm=, i.e. codimension 1
defect. The conical deficit at r=0 has a natural mass:

1 ] 1

m,. — — _

C 4 K
Because of the nonzero extrinsic curvature along ¢==* m,
(thanks to A) there is a wall of tension =

0.06 -

0.04 -

0.02




We can do the same coord
transformation as in the 4D
slow acceleration case, to
get the same sort of
picture:

A determines the
displacement from origin,
and x, both the particle




Can follow the same Fefferman-Graham prescription as for
4D, giving the expected boundary metric:

_ w(£)? [de_Azgz dg’ ]

And, integrating the holographic energy, get the mass:

M = —i (E — arctan cot (E) )

8

2 V- A2




Compare to “particle” mass from conical deficit:




Although these have been derived as, and look like, “new”
solutions, we know that in 3D, gravity does not propagate,
SO any “vacuum” solution has to be locally equivalent to
AdS. The transformation formulae for the various solutions
are quite lengthy, but give an interesting alternative

viewpoint, and help with understanding the “BTZ” family of
solutions.













Recall the BTZ black hole is an
identification of the Rindler wedge:

Blue lines are constant ¢, and have
zero extrinsic curvature, so can cut
and paste along ¢—lines to form
the BTZ black hole. T




Looking at BTZ from the exact solution perspective:

1 dt> dr?

05 = gy [P e RCE | (5230%)

F(r) = —m?(1 = Ar) + 75 |

Q(r,v) =1+ Ar cosh(mg)

A “skews” the constant ¢
lines, changing the way AdS is
sliced and adding extrinsic






Because the distorted ¢—
lines now wrap back to the
Rindler wedge horizon, for
some values of ¢ we get
an “additional” horizon
(different portions of the
bulk Rindler horizon).




Hiding within class | is a new BTZ-like solution. If Al>1,
have a horizon at 5 1

Yn = 1— A2/2
For the accelerating particle, we usually take y<-y,, with
y ~ -1/Ar, but can also have y € (yp, x) € (xy,1)

To make this look more familiar, take

At !
_a7 y_Ap7

K = 7/ arccos (x4 ) > 7/ arccos (yp) > 2

x = cos (¢p/K)

where

So that this solution is clearly disconnected from the



flp) =1— (A2 —1)p*/¢2

Plotting this solution in
global coordinates

— shows a clear parallel
with BTZ. This time
however, there IS No
continuous link to the
BTZ metric.




Finally, the class 3 solutions
don’t allow for an identification
of a single bulk with a wall,
Instead we take 2 bulk copies
a la Randall-Sundrum to form
a braneworld.







» Have shown how to derive black hole thermodynamics with
conical deficits, including acceleration.

= Conjugate variable for tension is Thermodynamic Length
» Classified all possible 3D AdS solutions with “acceleration”.

» Class | are (mostly) accelerating “particles”; Class Il are
generalized accelerating BTZ; Class lll are braneworld-type
solutions.

= Have found a new solution (in Class |) that is BTZ in nature
but disconnected parametrically from BTZ.




