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• There	is	a	tension	of	 	between	the	experimental	average	
for	 	and	the	SM	prediction,	with	the	HVP	contribution	
evaluated	via	dispersion	integrals	and	 	cross	section	data:
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[Aoyama	et	al.,	Phys.	Rep.	887	(2020)	1]
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[Aoyama	et	al.,	Phys.	Rep.	887	(2020)	1]

• There	is	a	tension	of	 	between	the	HVP	contribution	
evaluated	from	 	cross	section	data	and	from	a	single	
lattice	calculation:

2.1σ
e+e−

[Borsányi	et	al.	(BMW	Collab.),	Nature	593	(2021)	7857]
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µ = (236.16 ± 1.09) · 10�10

[HW,	arXiv:2306.04165]
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• There	is	a	tension	of	 	in	the	window	observable	
evaluated	from	 	data	and	four	lattice	calculations

3.8σ
e+e−

<latexit sha1_base64="M0SjMyBIxjc7g23BT4wTZeslBEg="></latexit>

awin
µ

���hlati � awin
µ

���
e+e� = (6.8 ± 1.8) · 10�10 [3.8�]

[HW,	arXiv:2306.04165]
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μ
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Primary	observable	in	lattice	calculations:		vector	correlator	G(t)
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awin
µ

���
lat > awin

µ

���
e+e� suggests	that	 	is	enhanced	relative	to	R(s)lat R(s)e+e−

awinμ jmodel ¼ ðahvpμ ÞIDjmodel ¼ 231.9 × 10−10; ðB4Þ

ðahvpμ ÞLDjmodel ¼ 384.8 × 10−10; ðB5Þ

ahvpμ jmodel ¼ 672.7 × 10−10: ðB6Þ

Given the omission of the aforementioned channels, these
values are quite realistic.4 Here we only use the model to
provide the partition of the quantities above into three
commonly used intervals of

ffiffiffi
s

p
, in order to illustrate what

the relative sensitivities of these quantities are to different
energy intervals. These percentage contributions are given
in Table IV, along with the corresponding figures for the
subtracted vacuum polarization:

Π̄ðQ2Þ≡ ΠðQ2Þ − Πð0Þ ¼ Q2

12π2

Z
∞

0
ds

RðsÞ
sðsþQ2Þ

: ðB7Þ

The model yields for this quantity the value 385.5 × 10−4 at
Q2 ¼ 1 GeV2. We expect the fractions in the table to be
reliable with an uncertainty at the 5%–7% level.
The model value for the intermediate window is best

compared to the sum of Eqs. (33) and (34). The difference
is ð1.8% 1.4Þ × 10−10, which represents agreement at the
1.3σ level. The main reason the R-ratio model agrees better
with the lattice result than a state-of-the-art analysis [48] is
that the model does not account for the strong suppression
of the experimentally measured R ratio in the region 1.0 <ffiffiffi
s

p
=GeV < 1.5 relative to the parton-model prediction.

This observation suggests a possible scenario where the
higher lattice value of awinμ as compared to its data-driven
evaluation is explained by a too pronounced dip of the R
ratio just above the ϕ meson mass. In such a scenario,
the relative deviation between the central values of ahvpμ

obtained on the lattice and using eþe− data would be
smaller than for awinμ by a factor of about 1.5, given the
entries in Table IV. Indeed, it has been shown [50] that the

central values of the BMW Collaboration [20] cannot be
explained by a modification of the experimental RðsÞ ratio
below s ¼ 1 GeV2 alone.

2. Model estimate of ð∂=∂m2
KÞa

win;s
μ ðm2

π;m2
KÞ

In Ref. [62], we have used two closely related R-ratio
models for the strangeness correlator and the light-quark
contribution to the isoscalar correlator:

Rl
I¼0ðsÞ ¼

Aω

18
m2

ωδðs −m2
ωÞ þ

Nc

18
θðs − s0Þ

"
1þ αs

π

#
;

ðB8Þ

RsðsÞ ¼
Aϕ

9
m2

ϕδðs −m2
ϕÞ þ

Nc

9
θðs − s1Þ

"
1þ αs

π

#
;

ðB9Þ

with

ffiffiffiffiffi
s0

p ¼ 1.02 GeV;
ffiffiffiffiffi
s1

p ¼ 1.24 GeV; ðB10Þ

mω ¼ 0.78265 GeV, mϕ ¼ 1.01946 GeV and [100]

Aω

18
¼ 9π

α2
ΓeeðωÞ
mω

¼ 7.33ð24Þ
18

; ðB11Þ

Aϕ

9
¼ 9π

α2
ΓeeðϕÞ
mϕ

¼ 5.86ð10Þ
9

: ðB12Þ

The threshold values s0 and s1 have been adjusted to
reproduce the corresponding lattice results for ahvpμ . The
model R ratios of Eqs. (B8) and (B9) were used [62] in
the linear combination ð18Rl

I¼0 − 9RsÞ in order to model
the SUð3Þf -breaking contribution Π08, which enters the
running of the electroweak mixing angle. Our model for
this linear combination also obeys an exact sum rule,R∞
0 dsð18Rl

I¼0 − 9RsÞ ¼ 0, within the statistical uncertain-
ties. We now evaluate the window quantity for the models
of Eqs. (B8) and (B9). For the strangeness contribution, we
have

awin;sμ ¼ ð27.6% 0.3statÞ × 10−10; ðB13Þ

TABLE IV. Fractional contributions in percent from different regions in
ffiffiffi
s

p
to ahvpμ and the partial quantities

ðahvpμ ÞSD;ID;LD, as well as the subtracted vacuum polarization at scale Q2 ¼ 1 GeV2, according to the R-ratio model
given in Ref. [49]. Note that this model includes neither the charm nor final states containing a photon, such as π0γ.

ffiffiffi
s

p
interval ahvpμ ðahvpμ ÞSD ðahvpμ ÞID ðahvpμ ÞLD Π̄ð1 GeV2Þ

Below 0.6 GeV 15.5 1.5 5.5 23.5 8.2
0.6 to 0.9 GeV 58.3 23.1 54.9 65.4 52.6
Above 0.9 GeV 26.2 75.4 39.6 11.1 39.2
Total 100.0 100.0 100.0 100.0 100.0

4For orientation, the charm contribution to ahvpμ is 14.66ð45Þ ×
10−10 [17], and the π0γ channel contributes 4.5ð1Þ × 10−10 [3].
Adding these to Eq. (B6), the total is 691.9 × 10−10, con-
sistent within errors with the White paper evaluation of
693.1ð4.0Þ × 10−10.

WINDOW OBSERVABLE FOR THE HADRONIC VACUUM … PHYS. REV. D 106, 114502 (2022)

114502-19
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s = 600 − 900 MeV



Hartmut	Wittig

What	else	can	we	learn	from	 	?awin
μ

55

<latexit sha1_base64="04fCdWvv8aMULColFv2XdDL6NB4="></latexit>

p
s = 600 � 900 MeV:

R(s)lat

R(s)e+e� = 1 + ✏ )
(ahvp
µ )lat

(ahvp
µ )e+e�

⇡
(awin
µ )lat

(awin
µ )e+e�

= 1 + 0.6✏

[Mainz/CLS,	Cè	et	al.,	et	al.,	PRD	106	(2022)	114502]	• Phenomenological	model	for	 -ratio	predictsR

<latexit sha1_base64="b6UXUmbEnYAYSS4KpJ3/VrJk5yo="></latexit>

(awin
µ )lat/(awin

µ )e+e� = 1.030(8) )• Lattice	average	vs.	 -ratio:R

				 	is	enhanced	by	5%	relative	to	 	for		⇒ R(s)lat R(s)e+e−
s = 600 − 900 MeV

• If	confirmed,	it	would	imply	that	BMW’s	estimate	might	be	too	low…. 
(see	discussion	in	Colangelo,	Hoferichter,	Stoffer,	Phys.	Lett.	B814	(2021)	136073)
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Figure 12. Left, upper panel: ratio of the hadronic running ∆–had computed by BMWc [21]
divided by our results, for five di�erent momenta. In addition to the total contribution, we show
the isovector (I = 1), isoscalar (I = 0) and charm quark components. Left, lower panel: the total
hadronic running ∆–(5)

had from various phenomenological estimates [12, 31, 134] and the lattice result
of ref. [21], normalized by the result of this work. Right: Compilation of results for the four-flavor
∆–had lattice computations [6, 21] (above) and the five-flavor ∆–(5)

had phenomenological estimates
(below) at selected values of Q2. The gray vertical error band for the result of this work includes
the small bottom quark contribution as an additional systematic error, see section 5.1 for details.

result in our comparison since the disconnected contribution has not been determined in
that reference.

In the lower left panel of figure 12 we show the ratios of three recent phenomenological
determinations of ∆–(5)

had(≠Q2) and the rational approximation of our result as continuous
curves. Our result lattice results for ∆–had(≠Q2) includes the contributions from u, d, s

and c quarks. In order to account for the contributions from bottom quarks that are needed
to complete the estimate for ∆–(5)

had(≠Q2), we use results by the HPQCD collaboration
for the lowest four time moments of the HVP [135]. We determine the contribution from
bottom quarks by constructing Padé approximants from the moments, which results in a
few-permil e�ect on the total hadronic running of the coupling (up to 2.6 permil at the
largest Q2 = 7 GeV2). This e�ect is larger than the 0.4 permil e�ect reported for the HVP
contribution to the muon g ≠ 2 [136] due to the fact that the running coupling scale Q2

is not well separated from the bottom quark mass, in contrast to the muon mass case.8
However, this e�ect is a small fraction of the percent-level total error on ∆–had(≠Q2) and
we include it as an additional source of systematic error.

Results from Davier et al. [12, 137] (labellel “DHMZ data”), Keshavarzi et al. [31, 138]
(KNT18 data), and based on Jegerlehner’s alphaQEDc19 software package [13, 134] show
good agreement among each other, but are between 3 and 6 % lower than our estimate.9

8
As a crosscheck, we have reproduced the bottom quark contribution to the muon g ≠ 2 reported by

HPQCD [136].

9
The estimate of ∆–(5)

had(≠Q2
) in the space-like region corresponding to ref. [12] was kindly provided

– 36 –

[Cè	et	al.,	JHEP	08	(2022)	220,	arXiv:2203.08676]
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HPQCD [136].

9
The estimate of ∆–(5)

had(≠Q2
) in the space-like region corresponding to ref. [12] was kindly provided
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and [3]. The estimate based on the Adler function in ref. [3] is shown as a green diamond. Blue symbols
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does not use the Higgs mass. The gray band represents our final result quoted in eq. (8).

4. Conclusions

We presented a computation of the hadronic contribution to the running of the electromagnetic
coupling U. Our result is obtained on the lattice for space-like &2 up to ⇡ 7 GeV2 and it is slightly
larger but still compatible with an earlier calculation by BMWc. However, there is a significant
tension with the predictions based on the data driven method.

Combining our result obtained in the &2 = (5 ± 2) GeV2 range with pQCD, we obtain an
estimate for �U (5)

had("
2
/ ) that does not rely on experimental hadronic cross section data as input. This

result is consistent with and of similar precision as estimates employing the data-driven approach.
Moreover, we observe no significant tensions between our lattice result and global EW fits.
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4. Conclusions
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Figure 15. Comparison between the Adler functions obtained from pQCD, the DHMZ compilation
of e+e� data and the lattice results of Ref. [14].
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e
� data and the lattice average that we are using as input. We will study this

perspective in more detail below. New precise results from novel methods agreeing

with the lattice average [99] suggest that such a large disagreement is unlikely. The

third possible explanation for the tension at large Q
2 values, appears to be possible

unaccounted systematic e↵ects in the dispersive evaluation of the Adler function (see

Fig. 13 for the various contributions to this evaluation and to its uncertainty).

6 Nonperturbative corrections to the perturbative Adler function

We aim to assess up to which level power corrections can account for the deviations observed

in the previous section between the Adler function emerging from e
+
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Slight	tension	of	1–2σ	between	data-driven	evaluation	and	QCD
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Fig. 15. Comparison of results for aHVP, LO
µ [⇡⇡ ], evaluated between 0.6GeV and 0.9GeV for the various experiments..

Fig. 16. Ratios of cross sections [82] from KLOE-2012 to KLOE-2008 (top left), KLOE-2010 to KLOE-2008 (top right), and KLOE-2012 to
KLOE-2010 (bottom). The green bands indicate the uncommon systematic uncertainty in the respective ratios.

while KLOE-2010 is more in agreement. On the other hand, above 0.7GeV SND agrees well with BABAR, while both KLOE
measurements are below by 2–3%. If these observations could provide some hints for understanding the KLOE–BABAR
discrepancy, it is clear that still more experimental investigations with high precision are needed for further progress in
this crucial ⇡+⇡� contribution. The new SND results are not yet included in the data combinations discussed in this WP
version, but will be added later after they are carefully examined and accepted for publication.

Tensions in the K+K� channel. Tensions among data sets are also present in the K+K� channel (see top panel of Fig. 18
for a display of the available measurements). A discrepancy up to 20% between BABAR [142] and SND [155] was observed
for masses between 1.05 and 1.4GeV. Fortunately the problem has been resolved with the most recent SND result [77],
although the origin of the previous systematic shift is not discussed. It looks like the older SND results should be discarded.
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And	finally….
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Fig. 15. Comparison of results for aHVP, LO
µ [⇡⇡ ], evaluated between 0.6GeV and 0.9GeV for the various experiments..

Fig. 16. Ratios of cross sections [82] from KLOE-2012 to KLOE-2008 (top left), KLOE-2010 to KLOE-2008 (top right), and KLOE-2012 to
KLOE-2010 (bottom). The green bands indicate the uncommon systematic uncertainty in the respective ratios.

while KLOE-2010 is more in agreement. On the other hand, above 0.7GeV SND agrees well with BABAR, while both KLOE
measurements are below by 2–3%. If these observations could provide some hints for understanding the KLOE–BABAR
discrepancy, it is clear that still more experimental investigations with high precision are needed for further progress in
this crucial ⇡+⇡� contribution. The new SND results are not yet included in the data combinations discussed in this WP
version, but will be added later after they are carefully examined and accepted for publication.

Tensions in the K+K� channel. Tensions among data sets are also present in the K+K� channel (see top panel of Fig. 18
for a display of the available measurements). A discrepancy up to 20% between BABAR [142] and SND [155] was observed
for masses between 1.05 and 1.4GeV. Fortunately the problem has been resolved with the most recent SND result [77],
although the origin of the previous systematic shift is not discussed. It looks like the older SND results should be discarded.
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Issues
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Badly	needed	next	steps	

• Independent	check	of	the	HVP	result	by	BMWc	with	comparable	precision

			in	preparation→

• Sort	out	the	tension	among	 	cross	section	datae+e−

			new	analysis	of	BaBar	data	in	progress;	CMD-3	result	is	being	scrutinised→

• Clarify	the	role	of	 -decay	data	as	alternative	to	τ e+e−
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Adler	function	approach,	aka.	“Euclidean	split	technique”
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But	what	about	electroweak	precision	data?
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Figure 2: Compilation of results for �U (5)
had ("

2
/ ). The first two data points (red symbols) are the lattice results

of ref. [7]. Green circles denote results based the data-driven method in, from top to bottom, refs. [1, 16], [2],
and [3]. The estimate based on the Adler function in ref. [3] is shown as a green diamond. Blue symbols
represent the results from global EW fits, published in refs. [17–21]. The upper triangle point from ref. [20]
does not use the Higgs mass. The gray band represents our final result quoted in eq. (8).

4. Conclusions

We presented a computation of the hadronic contribution to the running of the electromagnetic
coupling U. Our result is obtained on the lattice for space-like &2 up to ⇡ 7 GeV2 and it is slightly
larger but still compatible with an earlier calculation by BMWc. However, there is a significant
tension with the predictions based on the data driven method.

Combining our result obtained in the &2 = (5 ± 2) GeV2 range with pQCD, we obtain an
estimate for �U (5)

had("
2
/ ) that does not rely on experimental hadronic cross section data as input. This

result is consistent with and of similar precision as estimates employing the data-driven approach.
Moreover, we observe no significant tensions between our lattice result and global EW fits.
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• Agreement	between	lattice	QCD	and	 -ratio	estimateR

• Contradiction	with	tension	observed	at	low	energies?
Not	in	the	correlated	difference!
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