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work in collaboration with

D Albandea, P Hernandez, R Kenway, J Marsh-Rossney, A Ramos,
M Wilson

seminal work by MIT group

and more work by Bacchio et al, and Lehner & Wettig

for details, see papers [ldd et al 21], [albandea et al 23], [albergo et al 19], [bacchio et al 22], [lehner & wettig 23]
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https://arxiv.org/abs/2105.12481
https://arxiv.org/abs/2302.08408
https://arxiv.org/abs/1904.12072
https://arxiv.org/abs/2212.08469
https://arxiv.org/abs/2302.05419


focus on two applications

• sampling of field configurations

• inversion of the Dirac operator

• crucial ingredients for simulations of LFT on exascale machines?

• significant progress in the last 4 years

• understand the ingredients and the recipe
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Monte Carlo sampling

〈O〉 =
1

Z

∫
Dφ e−S(φ)O(φ)

↪→
{
φ(1), . . . , φ(N)

}
∼ p(φ) =

1

Z
e−S(φ) (physical/target distribution)

estimator for 〈O〉

Ō =
1

N

N∑
n=1

O
(
φ(n)

)
Var[Ō] =

2τO
N

Var[O] , τO =
1

2
+
∑
t

ΓO(t)

ΓO(0)

ΓO(t) = 〈O(n+t)O(n)〉 − 〈O〉2

critical slowing down

τO ∼ ξ̂zO , τtop ∼ exp
(
cξθ
)
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trivializing flows

change of variables in the path integral [luscher 09]

φ = F(φ̃) =⇒ F∗(φ̃)xy =
∂φx

∂φ̃y

Dφ = Dφ̃ detF∗(φ̃)

yields

Z =

∫
Dφ e−S(φ) =

∫
Dφ̃ e−SF (φ̃)

SF (φ̃) = S
(
F(φ̃)

)
− log detF∗(φ̃)

SF = const =⇒ trivial theory!
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https://arxiv.org/abs/0907.5491


normalizing flows à la MIT

generative model using latent variables [albergo et al 19]

φ = fθ(z) , z ∼ r(z) (easy/latent distribution)

=⇒ φ ∼ pθ(φ) = r
(
f−1
θ (φ)

)
|det f∗θ |−1 (model distribution)

model fθ using Neural Networks, find best transformation

θ̄ = arg max
θ
DKL (pθ|p)

DKL (pθ|p) =

∫
Dφ pθ(φ) log

pθ(φ)

p(φ)
= Ez∼r(z) [S (fθ(z))− log det f∗θ (z)]

use fθ to generate candidate configurations + Metropolis accept/reject
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https://arxiv.org/abs/1904.12072


expressivity vs usability: coupling layers

z v1
g1(z)

vi vi+1
gi+1(vi)

. . . vI. . . = φ

z ∼ r(z) vi ∼ pi(vi) φ ∼ pθ(φ)

fθ = gI ◦ gI−1 ◦ . . . ◦ g1

vi+1 = gi(vi)

↪→ vi+1,x =

{
vi,x , x ∈ ΛPi
Ci,x

(
vi,x; NNθ(v

P
i )
)
, x ∈ ΛAi

easy to invert and easy to compute the Jacobian

log

∣∣∣∣∂gi∂vi

∣∣∣∣ =
∑
x∈ΛAi

log

∣∣∣∣∂Ci,x∂vi,x

∣∣∣∣
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acceptance
Metropolis test/exact algorithm

A
(
φ→ φ′

)
= min

(
1,
q(φ|φ′)
q(φ′|φ)

p(φ′)

p(φ)

)
for normalizing flows

q(φ′|φ) = pθ̄(φ
′)

pθ̄(φ
′) = p(φ′) =⇒ A

(
φ→ φ′

)
= 1

τO ≥
1

Eφ∼pEφ′∼pθ̄ [A (φ→ φ′)]
− 1

2

rejection ↔ correlation
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scalar field theory
lattice action

S(φ) =
∑
x∈Λ

[
−β
∑
µ

φx+µφx + φ2
x + λ

(
φ2
x − 1

)2]

observables

M =
∑
x

φx

χ =
1

|Λ|
〈(
M − 〈M〉

)2〉
G(x) =

1

|Λ|
∑
y

〈φy+xφy〉 − 〈φ〉2

G(t) ∼ cosh

(
t− L/2

ξ̂

)
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training efficiency

acceptance depends on parameters and the size of the system

same training for all couplings: 16K iterations, 16K batch size
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architecture
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architecture

one affine block, one RQS block, 32k iterations

Φtrain = batch size× iterations
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cost scaling
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diminishing returns
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flow HMC
• use a normalizing flow to generate an approximate trivializing map

F = f−1
θ̄

• perform an HMC simulation in the ’flow’ variables

〈O〉 =
1

Z

∫
Dφ̃ e−SF (φ̃)O

(
f−1
θ̄

(φ̃)
)

• Markov chain of φ̃ configurations{
φ̃1, . . . , φ̃N

}
∼ e−SF

• apply f−1
θ̄

to obtain a Markov chain

{φ1, . . . , φN} ∼ e−S
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affine/CNN layers

affine layer

gi({φP , φA}) = {φP , φA � es(i)(φP ) + t(i)(φP )}

Jacobian matrix ∣∣∣∣det
∂gi(φ)

∂φ

∣∣∣∣ =
∏
xA

es
(i)
x (φP )

CNN parametrization

s(i)
x (φP ) = tanh

 ∑
y∈[− k−1

2
, k−1

2 ]
2

w(i)(y)φPx−y


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training

τM,FHMC = 74.4(3), τM,HMC = 100.4(2).
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larger volumes
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scaling at fixed architecture
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scaling with k ∼ ξ
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learning gradient flows
build the map by integrating a flow eq in configuration space

U̇t = Zt(Ut)Ut

where

[Za(Ut)](x, µ) = −∂ax,µS̃(Ut, t)

S̃(Ut, t) =
∑
i

ci(t, θ)Wi(Ut)

Fθ(V ) = Ut

[bacchio et al 22]

learn parameters by gradient descent given a cost function

C(θ) = 〈SFθ(V )〉

↪→ adjoint state method (Lagrange multiplier)
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https://arxiv.org/abs/2212.08469


numerical results

• model A: 2t × 7W

• model B: 10t × 42W

• quality of the model:

ESS =
1

〈w(V )2〉 ∈ [0, 1] , w(V ) =
p(V )

q(V )
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numerical results
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NN as preconditioners
precondition the Dirac equation

Du = b −→ (DM)
(
M−1u

)
= b

construct a preconditioner using different types of layers [lehner & wettig 23]

• (L)PTC: ψa(x) =
∑

b,pWab(x)Tpφb(x)
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https://arxiv.org/abs/2302.05419


restriction/prolongation

ψ̃(y) =
∑

x∈B(y)

W (y, x)φ(x)

ψ(x) = W (y, x)†ψ̃(y)
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hi-mode preconditioner

C = |MDWCv − v|2

generate training samples:

(v,DWCv)
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transfer learning
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lo-mode preconditioner

coarse-grid operator

D̃ = RDWCP

C =
∣∣∣M̃D̃v − v

∣∣∣2
generate training samples:(

v, D̃v
)
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outlook

• ML provides interesting ways to define maps

• can be used for generative models/trivializing maps

• scaling of the cost of training

• test on systems with nontrivial topology

• tool to scale to large volumes, fine lattice spacings
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