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Outline of the talk

1. Whg are radiative corrections relevant for new physics searches?

2. HOW are radiative corrections included in lattice calculations?

3. What observables have been computed?



1. Why

Indirect searches of new physics using CKM matrix unitarity constraints

Vaud  Vus Vb in the Standard Model:
VCKM — Vcd Vcs Vcb
Vi Vie Vi) Vaal® T 1VasP +[Vis” =1




1. Why

Indirect searches of new physics using CKM matrix unitarity constraints

Vaud  Vus Vb in the Standard Model:
VCKM — Vcd Vcs Vcb 9 9 9
Via Vie Vi |Vud| T ‘Vus‘ + |Vub‘ =1

Matrix elements can be extracted e.qg. from leptonic and semileptonic decays of mesons
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Leptonic and semi-leptonic decays from lattice QCD

Ne=24+141

Ne=241

Nf¢=2

FLAG 2021

f+/frs

FLAG average for Ne=2+1+1

ETM 21
H CalLat 20
FNAL/MILC 17

H— ETM 14E
FNAL/MILC 14A

—— 1 ETM 13F

HPQCD 13A

MILC 13A

MILC 11 (stat. err. onIY
—1— ETM 10E (stat. err. only)

HlH FLAG average for N;=2+1
—— QI\CIIRISF/UKQCD 16

1= . RBC/UKQCD 14B
e RBC/UK8

H»—_EP_H Laiho 11
ILC 10

bin 08
BC/UKQCD 08

H—lH

|—

— - !

»—1—« HPQCD/UKQCD 07
—+H H— MILC 04

- FLAG average for Ny=2
HH ETM 14D (stat. err. only)

gt ETM 105 (stat. err. only)
stat. err. on
™ 09 Y

; } E
E { QCDSF/UKQCD 07

1.14

1.18 1.22 1.26

Frct/frt = 1.1934 (19)

FLAG2021 f_|_ (O) ar Xiv:2111.09849

FLAG average for N,=2+1+1

FNAL/MILC 18
ETM 16
FNAL/MILC 13E

2+1+1

N =

FLAG average for N,=2+1

PACS 19
JLQCD 17

= RBC/UKQCD 15A
RBC/UKQCD 13
FNAL/MILC 121
JLQCD 12

JLQCD 11
{1+ RBC/UKQCD 10

il

N¢

gl
| ¥m

H—Ell—H RBC/UKQCD 07

FLAG average for N,=2

L
(] I ETM 10D (stat. err. only)
i ETM 09A

Nf=2

— @ H Kastner 08
@ l Cirigliano 05
: Jamin 04
; @ i Bijnens 03
5 @ l Leutwyler 84

non-lattice
O

0.95 0.97 0.99 1.01

f27(0) = 0.9698 (17)

Rm——————

LA

_— — = —

N fr/frand fi7

F,avw,mAve,ag,ngGmpN lattice QCD with sub percent precision!

(0) determined from




Vs

Tests of the Standard Model
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Tests of the Standard Model

FLAG 2021
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(recent proposal in [V.Cirigliano et al., 2208.11707]: K,3/K,.2)

* improve predictions of radiative corrections
and isospin-breaking effects



QED and isospin-breaking effects

Current level of precision requires the inclusion of isospin breaking (IB) corrections

O strong effects

o electromagnetic effects

F(K — ng) Vus

2

(7w — lvy) X V.,

> currently quoted corrections in the PDG come from yPT

d
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My — mg)qep # 0

(

fi

I

a =% 0

)2(1 + 0Rkr)

[(K — mlvg) o< |Vas|? | f27(0)]7 (1 + 0R%,)

V.Cirigliano & H.Neufeld, PLB 700 (2011)

> these are fully non-perturbative (structure dependent)

> first-principle lattice calculations are possible!




2. How

Computing QED corrections on the lattice is challenging:

> long-range interactions don't like finite volumes with boundary
conditions

> finite-volume effects can be sizeable and power-like

> logarithmic infrared divergences arise in virtual/real decay rates

> QCD and QCD+QED are different theories which require separate
renormalisation and scale-setting  A.Portelli @Monday




Charged states in a finite box

Gauss law: only zero net charge is allowed in a finite volume with periodic boundary conditions

Q:/dngo(t,x):/ dSXV°E(t,X)!:O



Charged states in a finite box

Gauss law: only zero net charge is allowed in a finite volume with periodic boundary conditions

Q:/dngo(t,x):/ dSXV°E(t,X)!:O

Possible solutions:

QED.L QEDc
00 00
-------- cooeo
00 00 o 6. 6.6
® O X 00 ‘ ’ ‘ ‘
o0 0 00 ’ ‘ ‘ ‘
o0 0 00
Oy = 21 {Z3/L,7)T) QL = (2Z° +n)r/L
remove spatial zero-mode use massive photon 1, employ C* boundary conditions
of the photon field
M.Hayakawa & S.Uno, PTP 120 (2008) M.G.Endres et al., [1507.08916] AS.Kronfeld & U.-J.Wiese, NPB 357 (1991)

B.Lucini et al., JHEP 1602 (2016)



Charged states in a finite box
QED,

e Spatial zero-mode of the photon field is removed at each timeslice

Il ik-x
O o 0 00 /dSX Aut,x) =0 —> AZV(I):V>4>4A7W(I“)€I€ (non-local)
ko k=0
O O 0 00
® & < 0 O * Long-distance translates into power law finite-size effects
O ® 0 0 0 O(L) = O )I/illliglligl Z—/d% _
. . ‘ ‘ ‘ — O | L | L2 | L3 ™ e e g X 2 —

 Finite-size effects well studied for hadron masses and leptonic decays

S.Borsanuyi et al., Science 347 (2015) V.Lubicz et al., PRD g5 (2017) Z.Davoudi et al., PRD g9 (2019)
Z.Davoudi & M.Savage, PRD go (2014)  N.Tantalo et al., [1612.00199] MDC et al., PRD 105 (2022)



Implementing QCD+QED on the lattice

> RM123 perturbative approach G.M.de Divitiis et al. (RM123), PRD 87 (2013)

(O) = / DP O e P2 = (O)igo + (AS Oigo + . ..

Pros: only evaluate QCD observables

Cons: need to compute many diagrams, also disconnected: O @ 6 5

S.Borsanuyi et al., Science 347 (2015)

> Full QCD+QED lattice simulations

20000

Pros: simpler observables: ) e

10000

AM_%[MeV?]

Cons: need of dedicated gauge configurations
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3. What

inclusive leptonic decays 3. RM123S calculation (QED) O.Giusti et al., PRL 120 (2018)
MDC et al., PRD 100 (2019)
a b. RBC-UKQCD calculation (QED) P.Boyle et al., JHEP 02 (2023)
c. Recent proposal with QEDco N.Christ et al., [2304.08026]
real photon emission virtual photon emission inclusive semileptonic decays
[eptonic decagg ) leptonic decags ”
v~

q1 Vs A

_|_
. ¢ d1 o+
P
pt < K T
Vg

q2
q2 Ve



inclusive leptonic decays of light pseudoscalar mesons

d1

1%
q2 ¢

12



« I'(K,,) and () separately
o Twisted Mass fermions
e multiple volumes and 3 lattice spacings

 unphysical pion masses (3 230 MeV)

1904.08731
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Isospin-breaking corrections to light-meson leptonic
decays from lattice simulations at physical quark
masses
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E e ratio F(Kﬂz)/ F(”Mz)
ek

e Domain Wall fermions

 single volume and lattice spacing
e physical quark masses
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Decay rate at O(«)

When including radiative corrections many subtleties arise, for example:

o IR divergences appear in intermediate steps of the calculation F. Bloch & A. Nordsieck, PR 52 (1937) 54
r )
F(PKQ) = lim < @% —+ >
AIR—>O L )
IR finite IR divergent IR divergent

o new UV divergences: include QED corrections to the renormalization of the weak Hamiltonian

o the decay constant fp, becomes an ambiguous and unphysical quantity: one needs to

introduce a scheme to give a meaning to "QCD" or "iso-QCD"



Decay rate at O(«)

The RM123+Soton recipe

L(Fe2) A}iﬂo{ @i% @Z§’<

IR finite IR divergent IR divergent

F. Bloch & A. Nordsieck, PR 52 (1937) 54

15



Decay rate at O(«)

The RM123+Soton recipe

F(Fr) = i, @ﬁ - @'Q }

IR finite IR finite

+ lim

AIR—>O

F. Bloch & A. Nordsieck, PR 52 (1937) 54

N. Carrasco et al., PRD g1 (2015)
V. Lubicz et al., PRD g5 (2017)
D. Giusti et al., PRL 120 (2018)

MDC et al., PRD 100 (2019)

(@ + &)

IR finite

15



Decag rate at O (a) F. Bloch & A. Nordsieck, PR 52 (1937) 54

N. Carrasco et al., PRD g1 (2015)
V. Lubicz et al., PRD g5 (2017)
D. Giusti et al., PRL 120 (2018)

. MDC et al., PRD 100 (2019)
The RM123+SOtOﬂ recipe (for negligible structure-dependence in real photon emission)

(point-like approximation)

e = i { @O~ @5 |+ m { @5+ @
IR0 ( Air —0 y

IR finite IR finite IR finite

15



Decag rate at O (a) F. Bloch & A. Nordsieck, PR 52 (1937) 54

N. Carrasco et al., PRD g1 (2015)
V. Lubicz et al., PRD g5 (2017)
D. Giusti et al., PRL 120 (2018)

. MDC et al., PRD 100 (2019)
The RM123+SOtOﬂ recipe (for negligible structure-dependence in real photon emission)

(point-like approximation)

v = g { @O - @5 )+ { @+ @
L—oo | m~—0 /

on the lattice (QED.)

in perturbation theory

15



Decag rate at O (a) F. Bloch & A. Nordsieck, PR 52 (1937) 54

N. Carrasco et al., PRD g1 (2015)
V. Lubicz et al., PRD g5 (2017)
D. Giusti et al., PRL 120 (2018)

MDC et al., PRD 100 (2019)
The RM123+SOtOﬂ recipe (for negligible structure-dependence in real photon emission)

(point-like approximation)

v = g { @O - @5 )+ { @+ @
L—oo | m~—0 /

on the lattice (QED.)

in perturbation theory

Possible extensions:

> improving finite-volume scaling of the virtual decay rate MDC et al., PRD 105 (2022)

. 1 1 1 _ 1
P\J/Jlrt(L)_aem y10g10g(mPL)+3/0‘|‘yl | e+ Yn, NO(( >

i mpL Y2 (mpL>2 | (mpL)”_ mpL)”+1

"universal” structure-dependent

> compute structure-dependent real phOtOﬂ emission on the lattice .M. de Divitiis et al., [1908.10160]  C. Kane et al., [1907.00279 & 2110.13196)]

R. Frezzotti et al., PRD 103 (2021) D. Giusti et al., [2302.01298]
A. Desiderio et al., PRD 102 (2021) R.Frezzotti et al., [2306.05904

15



Real photon emission and structure dependence

D+ @5 = [@<2 + @] (1 mpan s ran)
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Real photon emission and structure dependence

@.iféi + @:S;i = SR, (AE) +6R;°(AE) + RN (AE)

T e2[] T u2[y] Kealy) K20y
SRy (+) 0.0411 (19) (+) 0.0341 (10)
0 Ryt (AET ™) —0.0651 —0.0258 —0.0695 —0.0317
ORP(AET) || 5.4 (1.0) x 10~ 2.6 (5) x 1010 1.19 (14) 2.2 (3) x 107?
ORI (AED ™) || —4.1 (1.0) x 107° | —=1.3 (1.5) x 107® || —9.2 (1.3) x 10~* | —6.1 (1.1) x 10°

AE™ (MeV)

69.8

29.8

246.8

235.5

() Not yet evaluated by numerical lattice QCD+QED simulations.

Confirmed by numerical

lattice calculation

A. Desiderio et al., PRD 102 (2021)
R. Frezzotti et al., PRD 103 (2021)
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Decay rate at O(a) [ {@63 @-Q}

Virtual decay rate o the lattice

)

5./4[) 5mp 02

2 2\ 2
D(Py) = T (1 + 6Rp) » rgee:%mg(l mﬁ) mplfeol’ » ORp = ( :

PDG convention

e O0Ap from the correction to the (bare) matrix element M (pe) = U r, pe; ve, s, pu| Ow | P, 0)
e OMp correction to the meson mass

e (O0Z correction to the renormalization of the weak operator Oy MDC et al., PRD 100 (2019) & MDC@Lattice201g

Apo mpo 2o

)

17



Decay rate at O(«)

Virtual decay rate

[(Pp) =T% (1+6Rp) » I =

PDG convention

e O0Ap from the correction to the (bare) matrix element M (pe) = U r, pe; ve, s, pu| Ow | P, 0)
e OMp correction to the meson mass

e (O0Z correction to the renormalization of the weak operator Oy MDC et al., PRD 100 (2019) & MDC@Lattice201g

Our target:

17



From correlators to matrix elements

18



From correlators to matrix elements

Iy - -
----- - — — |
@‘@ = i
o L V2 /
f————- —|
Tree-level decay amplitude:
O ZP,OAP,O —mp ot —mp Q(T—t) . . T
GBL® = 014°0)¢! (=)0} — “2EZLU emmrot _emmroT=0L 75, = (P.p=0}6'|0)c
P,0

Z2
OO () > 2RO [emeat 4 emror-n) a
mro (]
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Non-factorisable QED corrections

The lepton in a finite volume

19



Non-factorisable QED corrections

The lepton in a finite volume

< T e
—
100 I I T T T T T
*  [Si(t, —pe|0)13
Lo o [Silt, —P(‘O)Pu(p,)]w )
. *[Sut —POPu-po)is |
\*' '3,
k'\ “«(
R N 4
POE \.\ ‘/r:.
. \.\* “/f. . o
®. . S o Al s
101 i ®e
0 =7/T . |
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t/a

_ _ _tE, Ur(
\\@/EA/\\@ = S0pe) = Z {_e 200 | 2

P¢)Vr(Pe) L elf0T o —(T—1) Ee Ur(—Pe)Ur(—Pe) « 1
1 — e~ TE¢pifT

We can select specific components using projectors:

. va(pe) —

+ Pu(—py) =

Pu(pe) = 1ut(—Pe)ut(—pe) + vs(Pe)Ts(Pe) Y [vr(Pe)0r(Pe)]

Put—py) = {us(—Pe)is(—Pe) + vs(Pe)0s(Pe)} " [tr (—Pe)r (—Po)]
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IB corrections to the decay amplitude
B R TR G R =
b Q . L O . L o0, 0 . a0 . o O
LGRS O LR G LG S LG L

Both RM123S and RBC-UKQCD calculations are performed in the electro-quenched approximation:
sea quarks electrically neutral

21



IB corrections to the decay amplitude
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IB corrections to the decay amplitude

qi1 q1
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Results for 0 Rz

RM123-Soton | ._¢_¢
MDC et al., PRD 100 o
(2019) -

V. Cirigliano et al.,
PLB 700 (201)

this work | — o

this work (w/o FVE) - e

—0.02 —-0.015 —-0.01 —0.005
5RK7T

RM123S: O Rr = —0.0126 (14) 4PT: SRy, = —0.0112(21)

® Qur recent result is compatible with previous
lattice calculation (RM123S) and with yPT

e The error is dominated by a large systematic
uncertainty related to finite-volume effects

Solid evidence that 0 Ri» can be computed from first principles non-perturbatively on the lattice!

22



Prospects for |Vus/Vud|

A speculative exercise on the error budget

~

ud

: F(Kgg) M?(Jr (M[2{—I- o M,LZDL)Q

[(me2) M2, (M2, — Mi+)2

d exp

(1 —+ 5RK7T)

e |[et us use l IR =

—0.0086 (13)(39),1. )

[fK,O/fW,O]

’Vus/vud‘

FLAG21 241 average

1.1930 (33)

0.23154 (28)exp (15)sR (45)sR.vol. (65) £,

e From RMi123+Soton calculation | 0 Rk = —0.0126 (14)

fx.0/ fr 0]

‘Vus/vud|

FLAG19 2+1+41 average

1.1966 (18)

0.23131 (28)exp (17)s1 (35),

. » the uncertainty on [fx,0/fx0.

dominates in the error budget

starts being competitive with the

experimental one

| > if improved, precision from lattice
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Finite-volume QED effects

Leptonic decay rate

o(L) = Diree {1 +2 % Y(L)}

Y(L) — }/log(L) + YO | Yl f Y2

V. Lubicz et al., PRD g5 (2017)
N. Tantalo et al., [1612.0019gv2]
MDC et al., PRD 105 (2022)

24



Finite-volume QED effects

Leptonic decay rate

o(L) = Diree {1 +2 % Y(L)}

1 1
Y (L) = Yiog(L) + Yo - 7 Y1 A (mpL)? Y,

Y\(L/a = 48) ~ —3.96

V. Lubicz et al., PRD g5 (2017)
N. Tantalo et al., [1612.0019gv2]
MDC et al., PRD 105 (2022)
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Finite-volume QED effects

Leptonic decay rate

o(L) = Diree {1 +2 % Y(L)}

1 1 1

Y (L) = Yiog(L) + Yo mpLY1 (mpL)2 2 (mpL)3

Y(L/a = 48) ~ —3.96
57%
Y2(L/a = 48) ~ —6.20

V. Lubicz et al., PRD g5 (2017)
N. Tantalo et al., [1612.0019gv2]
MDC et al., PRD 105 (2022)
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Finite-volume QED effects

Leptonic decay rate

o(L) = Diree {1 +2 % Y(L)}

1 1 1 1
Y(L) =— Ylog(L) + Yo — Y: (mpL)2 pt

*7 (mpL)?

Y(L/a = 48) ~ —3.96
57%
Y(L/a = 48) ~ —6.20

—54%
Y 2)PY(L /o = 48) ~ —2.83

Finite volume scaling should be carefully studied!

V. Lubicz et al., PRD g5 (2017)
N. Tantalo et al., [1612.0019gv2]
MDC et al., PRD 105 (2022)

Y A il -YPP + O(1/L%) + O(e™ %)
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Current status

Finite volume effects produce large
systematic uncertainty

(0Rix = —0.0086 (13)(39) ol
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Current status

Finite volume effects produce large
systematic uncertainty

SRicr = —0.0086 (13)(39)vor.

repeat the calculation on
multiple volumes & take
infinite volume limit

1
(mpL)? | _ adopt or develop QED formulations
compute missing effects with reduced finite volume effects

at O(1/L%)

structure-dependent

25



Infinite volume reconstruction
QEDco

* An alternative approach is to compute radiative corrections as a convolution of hadronic
correlators with infinite-volume QED kernels

N.Asmussen et al., [1609.08454] X.Feng & L.Jin, PRD 100 (2019)

N.Christ et al., [2304.08026
T.Blum et al., PRD g6 (2017) [2304 ]

and other quantities...
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Infinite volume reconstruction  Feng & L.in. PRD 100 (2010
QEDoo

0 ts o0

AO = / dt / d°x H(t,x) forp(t,X)

single-hadron state dominance

Separate correlator into short and long distance part:

AO = AOY) + AOW _ 5

0,v

AO) = / dt / d°x H(t,x)fqep(t, %) / dt / d*x H"(t,x) forp (t, X) Exponentially suppressed
_ _ L3
i & > finite-volume effects

AOW :/ dt/d3x H(t,x)fqep(t,x) %/ d3x HE(t, x) Foep(ts, x) > contributions of states
Ls L3 with higher energy
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Infinite volume reconstruction

QEDwo
14 v v
T w T mt T // ™t T //
K-V y
+ + A
p u %u*
A B C
v 1%
wt x / wt / 7
:—%ﬂ»\\ . > Y )
MNZ 7
D E
= Diagram A:

W.p,0

HZ ot 2. %) = [ 0 (OIT(IY ()M (s, 7+ R)JEM (12, ) (D))
» Diagram B and D:
Hup(x) = Hid(xe. X) = (0IT{4(0)J5" (x)}|m(0))
» Diagram C and E (f; = 130 MeV):

HO = HY6,, = (0]JY(0)m(0)) = —imnfrly.

from Luchang Jin's talk @Edinburgh May 30, 2023

N.Christ et al., [2304.08026]

Method applied to leptonic decay rates:
* Logarithmic IR divergences appear
* BUT they cancel analytically between diagrams

* numerical calculation is ongoing...

The method is appealing given the large finite-
volume effects in QED, at O(1/L")

... systematics under control?
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real photon emission in leptonic decays

~
q1

)+
p+ <
Vy

q2

Pt — 7T+,K+,D;I_ /- €+,,LL+
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PRD 103, 014502 (2021)
First lattice calculation of radiative leptonic decay
rates of pseudoscalar mesons

A. Desiderio ,1 R. Frezzotti ,1 M. Garofalo ,2 D. Giusti ,3’4 M. Hansen ,5 V. Lubicz ,2
G. Martinelli®,® C. T. Sachrajda,’ F. Sanfilippo,” S. Simula®,* and N. Tantalo'

first calculation of P* — £*vy for pion and kaon

+ D_ in part of the kinematical range (E, < 0.4 GeV)

PRD 103, 053005 (2021)
Comparison of lattice QCD + QED predictions for radiative leptonic decays
of light mesons with experimental data

R. Frezzotti ,1 M. Garofalo ,2’3 V. Lubicz® ,2 G. Martinelli,4 C.T. Sachrajda,5 F. Sanﬁ]jppo,6
S. Simula®,® and N. Tantalo'

comparison of lattice results with experimental
measurements

good agreement with KLOE on K — ev,y

3-40 tensions on K — 74 (also among experiments)

PRD 107, 074507 (2023)

Methods for high-precision determinations of radiative-leptonic decay form
factors using lattice QCD

Davide Giusti ,1 Christopher F. Kane ,2 Christoph Lehner,1 Stefan Meinel ,2 and Amarjit Soni’

study of D — £ Tvy with different "3d" method
improved control of systematic uncertainties
but single lattice spacing

ar Xiv:2306.05904

Lattice calculation of the D, meson radiative form factors over the full kinematical range

R. Frezzotti and N.Tantalo
Dipartimento di Fisica and INFN, Unwversita di Roma “Tor Vergata”,
Via della Ricerca Scientifica 1, 1-00188 Roma, Italy

G. Gagliardi, F.Sanfilippo, and S.Simula
Istituto Nazionale di Fisica Nucleare, Sezione di Roma Tre,
Via della Vasca Navale 84, I-00146 Rome, Italy

V.Lubicz and F.Mazzetti
Dipartimento di Matematica e Fisica, Universita Roma Tre and INFN, Sezione di Roma Tre,
Via della Vasca Navale 84, I-00146 Rome, Italy

G. Martinelli

Physics Department and INFN Sezione di Roma La Sapienza,
Piazzale Aldo Moro 5, 00185 Roma, Italy

C.T. Sachrajda
Department of Physics and Astronomy, University of Southampton,
Southampton SO17 1BJ, UK

new calculation of D — Z* vy on full kinematical range



The hadronic matrix element

5,
Hi(p-k,k* . , Hy(p -k, k?) [(p-k—kz)k“ —k2(p—k)“]
H™ (k,p) = V) k2gM — KRR A — k)Y
o(bp) = =, R p-kE-ap P
F ) k; k2 v /4 ) k7k2 % 1%
’ V% ) e "kypg A A% ) (p-k—k*)g" — (p— k)K"
D, D,
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Extraction of the form factors
Axial form factor £,

0.09

0.08

0.07

0.06

1
R (t, k) = _2E
~

[(Rzléll (ta k, O) o R1141 (ta 0, O))

%%%%%%khﬁ@%@ﬂﬂﬂﬁﬂ

B96, 2 = 0.5 -

ev
o
e

o

<

©
o
®wo g8 5 g

°¢@%%%§

B64, 2, = 0.1 -
B967 .’137 — O.]. —e—

;ﬁﬁhﬁﬂﬂﬁ##HhHH“h

10

15

20 25 30
t/a

35

40

45

0.1

+ (R?f (t,k,0) — R?42(t7 0, O))]

» Fa(zy)

0LtKLT /2

0.07

50.06 :

0.05}

0.04

0.03 }

0.02

0.09 +

0.08 |

Spline interpolation ===
This work -~
Phys. Rev. D 103, 014502 (2021) ~&-

0.2

0.4

0.6 0.8 | I
R.Frezzotti et al., [2306.05904]
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Extraction of the form factors

Vector form factor Fy,

1
Ry(t, k) = o (Ry(t, k,0) — Ry (¢, k,0)) — Fy(x.)
z
0,023
282‘; . B64, Ty = 0.5 -
06l & B96, 2. = 0.5 —- _ )
007 W _
3222 @% % % % % } [1]7¢4 } @’ ’@ 002 ;
-0.029 - ‘Fb{ﬁ)({) ‘{’ (}) } o) QIG ] ® @ [0
003, “’@M@WMHHWMH %H | sl o "
0031 ‘}‘ 006 ?
450032 1 ' 1 . ' S | @
,Q? 0.04 ° ~ 0.0% 3 Spline interpolation
00 ®, B64, 2 = 0.1 —- | This work -6~
006 %%% BO6, 2 = 0.1 - 01 + Phys. Rev. D 103, 014502 (2021)
0.07! B
0.08 oy 012 4
0.09 @‘#”H% %
o H ] ##M#Mﬁ% #HH }H ‘ 014 0.2 0.4 06 08 i
-0.11 Ty
012 - 5 5= 2 % 10 1 R.Frezzotti et al., [2306.05904]
t/a
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virtual photon emission in leptonic decays

0=

o+
d1 o+
pt <
42 Ve
+ _ )T + _ T T
P™ =D, (M =e

material from Giuseppe Gagliardi's talk @Nepsi23 (Pisa Feb 16, 2023)

yesterday on arXiv: R.Frezzotti et al., [2306.07228]
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Analytical continuation to Euclidean spacetime  from c.GagliardieNepsizs

0 o0
HEY (k, 0) = / dt P (0| J3, (0) T (t, k) | P(0) ) + /O dt P (0|Jbn (t, k) T3, (0) | P(0) )

— OO
W
v
Hy | (k) HLY (k)

Inserting a complete set of states between the two currents:

pr = —k, |r) = Dy"U, Dy*~°U

0|J%, (0)|r)(r|Jh (k)| P(O
Hﬁ}fl(k)=—iz< | gr(j\gj_lle _)\ie( )>,

T

, Pn =+k, |n) =Dy*D, Uy*U

ng k)n){(n|JX P
HY () = iy ) E<E|7v_v7(;g)| (0))

n

« 1st TO: E, > \/MZ + |k|? = E, + E, — Mp >0 v

«» 2nd TO: E,, — E, <O if V k? > M,, [mass of the vector state |n)] x :

Threshold at: \/k2, = min(Mv,,, Mv,)) => E, . = \/k? + k2.
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Reconstruction of smeared hadronic amplitudes

First calculation done in G.Gagliardi et al., Phys. Rev. D 105 (2022) for kaon decay with unphysical
setup: my < 2m_ such that two-pion internal states are always heavier than the external state

Proposal: use ie-prescription as smearing parameter J.Bulava & M.T.Hansen, PRD 100 (2019)
R.Bricefio et al., PRD 101 (2020)

Re/Im [ZHMU S(E’Yak E)] / dE’ MVQS(E/ k) KRe/Im(E, ’Yae)
0

X
KRe(:E7 E) — 72 4 €2
/.,LI/S(t k)_/ dE/ MVS(E, k)e—Et
€
0 KIm(xa 6) — xz _|_€2

Cio(t, k) = (0

T (t, k) Jy (0)| P(0))

» HTL method to reconstruct H(E},, k,c) from C(t, k) M.Hansen, N.Tantalo & A.Lupo PRD gg (2019)
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Reconstruction of smeared hadronic amplitudes from 6.Gsgliardienepsizs

Vector part of the hadronic tensor

.
0 ’Y_MDS

0.2, semi-transparent bands are predictions from ¢-meson pole dominance

o °

00251 ¢/Mp, = 0.30+ €/Mp,_ = 0.20
— 0.02 e/Mp, = 0.25-+ €¢/Mp_=0.15

—0.01 | 0.2 | 0.4 | 0.6 | 0.8 | 1




inclusive semi-leptonic decays
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QED corrections to semileptonic decays

int ext
omMfT T T T : e_(wﬂ'ﬁ — Wy
.12:- : | | | -
| growing exponentials if w., < w7

_ 0.08}
0.06 |-
0.04}

0.02 -

0.00F,

.. spectral reconstruction?

Additional difficulties arise compared to leptonic decays:
® integration over three-body phase-space

® problems of analytical continuation when intermediate states
lighter than external ones go on shell:

)(tre—tm)

These states should be identified and subtracted.

All becomes more problematic for decays of heavy mesons!

... infinite-volume QED?
N.Christ et al., [2304.08026]
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QED corrections to semileptonic decays

beta decay?

the "Holy grail”
cit. G.Martinelli

Additional difficulties arise compared to leptonic decays:
® integration over three-body phase-space

® problems of analytical continuation when intermediate states
lighter than external ones go on shell:

o (Wi =W ) (tre—tu)

growing exponentials if wl) < W

These states should be identified and subtracted.

All becomes more problematic for decays of heavy mesons!

... spectral reconstruction? ... infinite-volume QED?
N.Christ et al., [2304.08026]
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4. Where are we ...

® Current tensions in CKM unitarity require a combined effort of theory and experiments
* New lattice results for 0 R from calculation with DWF at the physical point

* Finite volume effects have to be carefully studied, including order 1/L?
(looking forward to seeing results with different QED prescriptions: QED¢, QED,,, QED__)

® Many processes can be studied and many techniques are being developed

... and where to go?

(15[ o)

k40

) i
0 @.{M
0 2

investigate & tame finite- study different weak further explore spectral
volume effects processes reconstruction techniques
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Thank you



