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Radiative corrections to weak decays on the lattice

Lattice Gauge Theory Contributions to 
New Physics Searches
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Outline of the talk
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1.  Why are radiative corrections relevant for new physics searches?

2.  How are radiative corrections included in lattice calculations?

3.  What observables have been computed?
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<latexit sha1_base64="qB/gsMb4k0A2h8eVzyeY22Tqfbs="></latexit>

VCKM =

0

@
Vud Vus Vub

Vcd Vcs Vcb

Vtd Vts Vtb

1

A

Indirect searches of new physics using CKM matrix unitarity constraints

in the Standard Model:
<latexit sha1_base64="1/jGzrSrsAB60USj7GFaLHV2NJY="></latexit>

|Vud|2 + |Vus|2 + |Vub|2 = 1

1. Why
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<latexit sha1_base64="qB/gsMb4k0A2h8eVzyeY22Tqfbs="></latexit>

VCKM =

0

@
Vud Vus Vub

Vcd Vcs Vcb

Vtd Vts Vtb

1

A

Indirect searches of new physics using CKM matrix unitarity constraints

in the Standard Model:
<latexit sha1_base64="1/jGzrSrsAB60USj7GFaLHV2NJY="></latexit>

|Vud|2 + |Vus|2 + |Vub|2 = 1

Matrix elements can be extracted e.g. from leptonic and semileptonic decays of mesons
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<latexit sha1_base64="4k8genq1K6MeAkRXUQ5clDmxsxM="></latexit>
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<latexit sha1_base64="+c3yw4bd1tgBWBXzJVqPG61yoKw="></latexit>u

<latexit sha1_base64="g/SA0sNSf/V8cUhkxDbgJlImn8g="></latexit>

d

<latexit sha1_base64="1ZGO/wztOFgfoHbmhNbzGVBqd0g="></latexit>
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<latexit sha1_base64="Lbnx2UYTBFQ31kB2/o3E4IFEyu4="></latexit>s

<latexit sha1_base64="FENv5oBJr7ux3TnNxecXkU9blIo="></latexit>

Vus

<latexit sha1_base64="+c3yw4bd1tgBWBXzJVqPG61yoKw="></latexit>u

<latexit sha1_base64="g/SA0sNSf/V8cUhkxDbgJlImn8g="></latexit>

d

1. Why



Leptonic and semi-leptonic decays from lattice QCD
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         and            determined from  
lattice QCD with sub percent precision!

<latexit sha1_base64="UrC+5PEOFJzgSA+kgUG2hQFAkiI="></latexit>

fK/f⇡
<latexit sha1_base64="XcQjZa6KX+qEpAwaBKDM1yx9vSk="></latexit>

fK⇡
+ (0)

arXiv:2111.09849

<latexit sha1_base64="92OxKAIl93u5ki+MIB8rS7jzMsM=">AAACGHicbZBNS8NAEIY39avWr6hHL8EiVJA2sUXtQSh6EbxUsB/QxLLZbtqlu0nY3Qgl5Gd48a948aCI1978N27aHLQ6sOzDOzPMzOuGlAhpml9abml5ZXUtv17Y2Nza3tF399oiiDjCLRTQgHddKDAlPm5JIinuhhxD5lLcccfXab7ziLkggX8vJyF2GBz6xCMISiX19YrtBnQgJkx9sdePbx/skCUVRXZIZnxpla16tWaflKz6cdLXi2bZnIXxF6wMiiCLZl+f2oMARQz7ElEoRM8yQ+nEkEuCKE4KdiRwCNEYDnFPoQ8ZFk48OywxjpQyMLyAq+dLY6b+7IghE+nuqpJBORKLuVT8L9eLpHfhxMQPI4l9NB/kRdSQgZG6ZAwIx0jSiQKIOFG7GmgEOURSeVlQJliLJ/+F9mnZOitX72rFxlVmRx4cgENQAhY4Bw1wA5qgBRB4Ai/gDbxrz9qr9qF9zktzWtazD36FNv0GHFGfGw==</latexit>

fK±/f⇡± = 1.1934 (19)
<latexit sha1_base64="MMsYFWVXA/pqzcF8j67YsGaEs9k=">AAACEnicbVDLSgMxFM3UV62vqks3wSK0KMOMSh8LoehGcFPBPqAzDplMpg3NPEgyQhn6DW78FTcuFHHryp1/Y/pYaOuBkMM593LvPW7MqJCG8a1llpZXVtey67mNza3tnfzuXktECcekiSMW8Y6LBGE0JE1JJSOdmBMUuIy03cHV2G8/EC5oFN7JYUzsAPVC6lOMpJKcfMlyI+aJYaC+1HeO79MbK6ajolGCF9DQa+Va1TopmpXSyMkXDN2YAC4Sc0YKYIaGk/+yvAgnAQklZkiIrmnE0k4RlxQzMspZiSAxwgPUI11FQxQQYaeTk0bwSCke9COuXijhRP3dkaJAjLdWlQGSfTHvjcX/vG4i/aqd0jBOJAnxdJCfMCgjOM4HepQTLNlQEYQ5VbtC3EccYalSzKkQzPmTF0nrVDfL+tnteaF+OYsjCw7AISgCE1RAHVyDBmgCDB7BM3gFb9qT9qK9ax/T0ow269kHf6B9/gAGWJsb</latexit>

fK⇡
+ (0) = 0.9698 (17)



Tests of the Standard Model
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Different tensions in the            plane:
<latexit sha1_base64="o9NDsf2+FmkXs/vAJc3dI6tkGXg="></latexit>

Vus-Vud

<latexit sha1_base64="FSeodkMbUiO40ALDGvhyDRP+Adc=">AAACFXicbVDLSgMxFM3UV62vqks3wSK40DJTRbsRim5cVrAP6NSSSdM2NJkZkjtCmfYn3Pgrblwo4lZw59+YaYto64HAyTn3cu89Xii4Btv+slILi0vLK+nVzNr6xuZWdnunqoNIUVahgQhU3SOaCe6zCnAQrB4qRqQnWM3rXyV+7Z4pzQP/FgYha0rS9XmHUwJGamWPhtWWKwn0lIyj0fCu8PMTBGB07OALXMgXXc27krSyOTtvj4HniTMlOTRFuZX9dNsBjSTzgQqidcOxQ2jGRAGngo0ybqRZSGifdFnDUJ9Ippvx+KoRPjBKG3cCZZ4PeKz+7oiJ1HogPVOZrKxnvUT8z2tE0Ck2Y+6HETCfTgZ1IoEhwElEuM0VoyAGhhCquNkV0x5RhIIJMmNCcGZPnifVQt45y5/cnOZKl9M40mgP7aND5KBzVELXqIwqiKIH9IRe0Kv1aD1bb9b7pDRlTXt20R9YH98wPZ7L</latexit>

|Vu|2latt � 1 = 2.8�
<latexit sha1_base64="xEGoTglp+aB7ll/VrsMztsI4IXo=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1gEVyWpoi6LbtxZwT6gjWEynbRDZyZhZiKUNOCvuHGhiFu/w51/47TNQlsPXDiccy/33hPEjCrtON9WYWl5ZXWtuF7a2Nza3rF395oqSiQmDRyxSLYDpAijgjQ01Yy0Y0kQDxhpBcPrid96JFLRSNzrUUw8jvqChhQjbSTfPhg3/WT8UPXTbjxAQkc8vc0y3y47FWcKuEjcnJRBjrpvf3V7EU44ERozpFTHdWLtpUhqihnJSt1EkRjhIeqTjqECcaK8dHp+Bo+N0oNhJE0JDafq74kUcaVGPDCdHOmBmvcm4n9eJ9HhpZdSESeaCDxbFCYM6ghOsoA9KgnWbGQIwpKaWyEeIImwNomVTAju/MuLpFmtuOeV07uzcu0qj6MIDsEROAEuuAA1cAPqoAEwSMEzeAVv1pP1Yr1bH7PWgpXP7IM/sD5/APrvlig=</latexit>

|Vu|2

<latexit sha1_base64="6dPUrf1iQNIyvIIoC8voa5ORe6c="></latexit>

|Vu|2f+,�PDG20 � 1 = 5.6�
<latexit sha1_base64="xEGoTglp+aB7ll/VrsMztsI4IXo=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1gEVyWpoi6LbtxZwT6gjWEynbRDZyZhZiKUNOCvuHGhiFu/w51/47TNQlsPXDiccy/33hPEjCrtON9WYWl5ZXWtuF7a2Nza3rF395oqSiQmDRyxSLYDpAijgjQ01Yy0Y0kQDxhpBcPrid96JFLRSNzrUUw8jvqChhQjbSTfPhg3/WT8UPXTbjxAQkc8vc0y3y47FWcKuEjcnJRBjrpvf3V7EU44ERozpFTHdWLtpUhqihnJSt1EkRjhIeqTjqECcaK8dHp+Bo+N0oNhJE0JDafq74kUcaVGPDCdHOmBmvcm4n9eJ9HhpZdSESeaCDxbFCYM6ghOsoA9KgnWbGQIwpKaWyEeIImwNomVTAju/MuLpFmtuOeV07uzcu0qj6MIDsEROAEuuAA1cAPqoAEwSMEzeAVv1pP1Yr1bH7PWgpXP7IM/sD5/APrvlig=</latexit>

|Vu|2

<latexit sha1_base64="FJWYrp1BFBa169PCTKzM2BcPvmw="></latexit>

|Vu|2f+,Hardy20
� 1 = 3.1�

<latexit sha1_base64="xEGoTglp+aB7ll/VrsMztsI4IXo=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1gEVyWpoi6LbtxZwT6gjWEynbRDZyZhZiKUNOCvuHGhiFu/w51/47TNQlsPXDiccy/33hPEjCrtON9WYWl5ZXWtuF7a2Nza3rF395oqSiQmDRyxSLYDpAijgjQ01Yy0Y0kQDxhpBcPrid96JFLRSNzrUUw8jvqChhQjbSTfPhg3/WT8UPXTbjxAQkc8vc0y3y47FWcKuEjcnJRBjrpvf3V7EU44ERozpFTHdWLtpUhqihnJSt1EkRjhIeqTjqECcaK8dHp+Bo+N0oNhJE0JDafq74kUcaVGPDCdHOmBmvcm4n9eJ9HhpZdSESeaCDxbFCYM6ghOsoA9KgnWbGQIwpKaWyEeIImwNomVTAju/MuLpFmtuOeV07uzcu0qj6MIDsEROAEuuAA1cAPqoAEwSMEzeAVv1pP1Yr1bH7PWgpXP7IM/sD5/APrvlig=</latexit>

|Vu|2

<latexit sha1_base64="rt2VYolT9C+HSZGKMRx8yITl2io=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRbBi8uuFfUiFL14rGA/oLuUbJq2oUl2SbJCWfo3vHhQxKt/xpv/xrTdg7Y+GHi8N8PMvCjhTBvP+3YKK6tr6xvFzdLW9s7uXnn/oKnjVBHaIDGPVTvCmnImacMww2k7URSLiNNWNLqb+q0nqjSL5aMZJzQUeCBZnxFsrBSc+TdVtxpoNhC4W654rjcDWiZ+TiqQo94tfwW9mKSCSkM41rrje4kJM6wMI5xOSkGqaYLJCA9ox1KJBdVhNrt5gk6s0kP9WNmSBs3U3xMZFlqPRWQ7BTZDvehNxf+8Tmr612HGZJIaKsl8UT/lyMRoGgDqMUWJ4WNLMFHM3orIECtMjI2pZEPwF19eJs1z1790qw8XldptHkcRjuAYTsGHK6jBPdShAQQSeIZXeHNS58V5dz7mrQUnnzmEP3A+fwBSIJCW</latexit>�1 = 3.3�
<latexit sha1_base64="xEGoTglp+aB7ll/VrsMztsI4IXo=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1gEVyWpoi6LbtxZwT6gjWEynbRDZyZhZiKUNOCvuHGhiFu/w51/47TNQlsPXDiccy/33hPEjCrtON9WYWl5ZXWtuF7a2Nza3rF395oqSiQmDRyxSLYDpAijgjQ01Yy0Y0kQDxhpBcPrid96JFLRSNzrUUw8jvqChhQjbSTfPhg3/WT8UPXTbjxAQkc8vc0y3y47FWcKuEjcnJRBjrpvf3V7EU44ERozpFTHdWLtpUhqihnJSt1EkRjhIeqTjqECcaK8dHp+Bo+N0oNhJE0JDafq74kUcaVGPDCdHOmBmvcm4n9eJ9HhpZdSESeaCDxbFCYM6ghOsoA9KgnWbGQIwpKaWyEeIImwNomVTAju/MuLpFmtuOeV07uzcu0qj6MIDsEROAEuuAA1cAPqoAEwSMEzeAVv1pP1Yr1bH7PWgpXP7IM/sD5/APrvlig=</latexit>

|Vu|2

<latexit sha1_base64="lnKLpim0D6N5g835hDsE0L4JdSA=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRbBi8uuivUiFL14rGA/oLuUbJq2oUl2SbJCWfo3vHhQxKt/xpv/xrTdg7Y+GHi8N8PMvCjhTBvP+3YKK6tr6xvFzdLW9s7uXnn/oKnjVBHaIDGPVTvCmnImacMww2k7URSLiNNWNLqb+q0nqjSL5aMZJzQUeCBZnxFsrBSc+Te+Ww00GwjcLVc815sBLRM/JxXIUe+Wv4JeTFJBpSEca93xvcSEGVaGEU4npSDVNMFkhAe0Y6nEguowm908QSdW6aF+rGxJg2bq74kMC63HIrKdApuhXvSm4n9eJzX96zBjMkkNlWS+qJ9yZGI0DQD1mKLE8LElmChmb0VkiBUmxsZUsiH4iy8vk+a561+5Fw+XldptHkcRjuAYTsGHKtTgHurQAAIJPMMrvDmp8+K8Ox/z1oKTzxzCHzifP1UwkJg=</latexit>�1 = 1.7�
<latexit sha1_base64="xEGoTglp+aB7ll/VrsMztsI4IXo=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1gEVyWpoi6LbtxZwT6gjWEynbRDZyZhZiKUNOCvuHGhiFu/w51/47TNQlsPXDiccy/33hPEjCrtON9WYWl5ZXWtuF7a2Nza3rF395oqSiQmDRyxSLYDpAijgjQ01Yy0Y0kQDxhpBcPrid96JFLRSNzrUUw8jvqChhQjbSTfPhg3/WT8UPXTbjxAQkc8vc0y3y47FWcKuEjcnJRBjrpvf3V7EU44ERozpFTHdWLtpUhqihnJSt1EkRjhIeqTjqECcaK8dHp+Bo+N0oNhJE0JDafq74kUcaVGPDCdHOmBmvcm4n9eJ9HhpZdSESeaCDxbFCYM6ghOsoA9KgnWbGQIwpKaWyEeIImwNomVTAju/MuLpFmtuOeV07uzcu0qj6MIDsEROAEuuAA1cAPqoAEwSMEzeAVv1pP1Yr1bH7PWgpXP7IM/sD5/APrvlig=</latexit>

|Vu|2

Experimental and theoretical control of these quantities 
is of crucial importance to solve the issue
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Different tensions in the            plane:
<latexit sha1_base64="o9NDsf2+FmkXs/vAJc3dI6tkGXg="></latexit>

Vus-Vud

<latexit sha1_base64="FSeodkMbUiO40ALDGvhyDRP+Adc=">AAACFXicbVDLSgMxFM3UV62vqks3wSK40DJTRbsRim5cVrAP6NSSSdM2NJkZkjtCmfYn3Pgrblwo4lZw59+YaYto64HAyTn3cu89Xii4Btv+slILi0vLK+nVzNr6xuZWdnunqoNIUVahgQhU3SOaCe6zCnAQrB4qRqQnWM3rXyV+7Z4pzQP/FgYha0rS9XmHUwJGamWPhtWWKwn0lIyj0fCu8PMTBGB07OALXMgXXc27krSyOTtvj4HniTMlOTRFuZX9dNsBjSTzgQqidcOxQ2jGRAGngo0ybqRZSGifdFnDUJ9Ippvx+KoRPjBKG3cCZZ4PeKz+7oiJ1HogPVOZrKxnvUT8z2tE0Ck2Y+6HETCfTgZ1IoEhwElEuM0VoyAGhhCquNkV0x5RhIIJMmNCcGZPnifVQt45y5/cnOZKl9M40mgP7aND5KBzVELXqIwqiKIH9IRe0Kv1aD1bb9b7pDRlTXt20R9YH98wPZ7L</latexit>

|Vu|2latt � 1 = 2.8�
<latexit sha1_base64="xEGoTglp+aB7ll/VrsMztsI4IXo=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1gEVyWpoi6LbtxZwT6gjWEynbRDZyZhZiKUNOCvuHGhiFu/w51/47TNQlsPXDiccy/33hPEjCrtON9WYWl5ZXWtuF7a2Nza3rF395oqSiQmDRyxSLYDpAijgjQ01Yy0Y0kQDxhpBcPrid96JFLRSNzrUUw8jvqChhQjbSTfPhg3/WT8UPXTbjxAQkc8vc0y3y47FWcKuEjcnJRBjrpvf3V7EU44ERozpFTHdWLtpUhqihnJSt1EkRjhIeqTjqECcaK8dHp+Bo+N0oNhJE0JDafq74kUcaVGPDCdHOmBmvcm4n9eJ9HhpZdSESeaCDxbFCYM6ghOsoA9KgnWbGQIwpKaWyEeIImwNomVTAju/MuLpFmtuOeV07uzcu0qj6MIDsEROAEuuAA1cAPqoAEwSMEzeAVv1pP1Yr1bH7PWgpXP7IM/sD5/APrvlig=</latexit>

|Vu|2

<latexit sha1_base64="6dPUrf1iQNIyvIIoC8voa5ORe6c="></latexit>

|Vu|2f+,�PDG20 � 1 = 5.6�
<latexit sha1_base64="xEGoTglp+aB7ll/VrsMztsI4IXo=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1gEVyWpoi6LbtxZwT6gjWEynbRDZyZhZiKUNOCvuHGhiFu/w51/47TNQlsPXDiccy/33hPEjCrtON9WYWl5ZXWtuF7a2Nza3rF395oqSiQmDRyxSLYDpAijgjQ01Yy0Y0kQDxhpBcPrid96JFLRSNzrUUw8jvqChhQjbSTfPhg3/WT8UPXTbjxAQkc8vc0y3y47FWcKuEjcnJRBjrpvf3V7EU44ERozpFTHdWLtpUhqihnJSt1EkRjhIeqTjqECcaK8dHp+Bo+N0oNhJE0JDafq74kUcaVGPDCdHOmBmvcm4n9eJ9HhpZdSESeaCDxbFCYM6ghOsoA9KgnWbGQIwpKaWyEeIImwNomVTAju/MuLpFmtuOeV07uzcu0qj6MIDsEROAEuuAA1cAPqoAEwSMEzeAVv1pP1Yr1bH7PWgpXP7IM/sD5/APrvlig=</latexit>

|Vu|2

<latexit sha1_base64="FJWYrp1BFBa169PCTKzM2BcPvmw="></latexit>

|Vu|2f+,Hardy20
� 1 = 3.1�

<latexit sha1_base64="xEGoTglp+aB7ll/VrsMztsI4IXo=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1gEVyWpoi6LbtxZwT6gjWEynbRDZyZhZiKUNOCvuHGhiFu/w51/47TNQlsPXDiccy/33hPEjCrtON9WYWl5ZXWtuF7a2Nza3rF395oqSiQmDRyxSLYDpAijgjQ01Yy0Y0kQDxhpBcPrid96JFLRSNzrUUw8jvqChhQjbSTfPhg3/WT8UPXTbjxAQkc8vc0y3y47FWcKuEjcnJRBjrpvf3V7EU44ERozpFTHdWLtpUhqihnJSt1EkRjhIeqTjqECcaK8dHp+Bo+N0oNhJE0JDafq74kUcaVGPDCdHOmBmvcm4n9eJ9HhpZdSESeaCDxbFCYM6ghOsoA9KgnWbGQIwpKaWyEeIImwNomVTAju/MuLpFmtuOeV07uzcu0qj6MIDsEROAEuuAA1cAPqoAEwSMEzeAVv1pP1Yr1bH7PWgpXP7IM/sD5/APrvlig=</latexit>

|Vu|2

<latexit sha1_base64="rt2VYolT9C+HSZGKMRx8yITl2io=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRbBi8uuFfUiFL14rGA/oLuUbJq2oUl2SbJCWfo3vHhQxKt/xpv/xrTdg7Y+GHi8N8PMvCjhTBvP+3YKK6tr6xvFzdLW9s7uXnn/oKnjVBHaIDGPVTvCmnImacMww2k7URSLiNNWNLqb+q0nqjSL5aMZJzQUeCBZnxFsrBSc+TdVtxpoNhC4W654rjcDWiZ+TiqQo94tfwW9mKSCSkM41rrje4kJM6wMI5xOSkGqaYLJCA9ox1KJBdVhNrt5gk6s0kP9WNmSBs3U3xMZFlqPRWQ7BTZDvehNxf+8Tmr612HGZJIaKsl8UT/lyMRoGgDqMUWJ4WNLMFHM3orIECtMjI2pZEPwF19eJs1z1790qw8XldptHkcRjuAYTsGHK6jBPdShAQQSeIZXeHNS58V5dz7mrQUnnzmEP3A+fwBSIJCW</latexit>�1 = 3.3�
<latexit sha1_base64="xEGoTglp+aB7ll/VrsMztsI4IXo=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1gEVyWpoi6LbtxZwT6gjWEynbRDZyZhZiKUNOCvuHGhiFu/w51/47TNQlsPXDiccy/33hPEjCrtON9WYWl5ZXWtuF7a2Nza3rF395oqSiQmDRyxSLYDpAijgjQ01Yy0Y0kQDxhpBcPrid96JFLRSNzrUUw8jvqChhQjbSTfPhg3/WT8UPXTbjxAQkc8vc0y3y47FWcKuEjcnJRBjrpvf3V7EU44ERozpFTHdWLtpUhqihnJSt1EkRjhIeqTjqECcaK8dHp+Bo+N0oNhJE0JDafq74kUcaVGPDCdHOmBmvcm4n9eJ9HhpZdSESeaCDxbFCYM6ghOsoA9KgnWbGQIwpKaWyEeIImwNomVTAju/MuLpFmtuOeV07uzcu0qj6MIDsEROAEuuAA1cAPqoAEwSMEzeAVv1pP1Yr1bH7PWgpXP7IM/sD5/APrvlig=</latexit>

|Vu|2

<latexit sha1_base64="lnKLpim0D6N5g835hDsE0L4JdSA=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRbBi8uuivUiFL14rGA/oLuUbJq2oUl2SbJCWfo3vHhQxKt/xpv/xrTdg7Y+GHi8N8PMvCjhTBvP+3YKK6tr6xvFzdLW9s7uXnn/oKnjVBHaIDGPVTvCmnImacMww2k7URSLiNNWNLqb+q0nqjSL5aMZJzQUeCBZnxFsrBSc+Te+Ww00GwjcLVc815sBLRM/JxXIUe+Wv4JeTFJBpSEca93xvcSEGVaGEU4npSDVNMFkhAe0Y6nEguowm908QSdW6aF+rGxJg2bq74kMC63HIrKdApuhXvSm4n9eJzX96zBjMkkNlWS+qJ9yZGI0DQD1mKLE8LElmChmb0VkiBUmxsZUsiH4iy8vk+a561+5Fw+XldptHkcRjuAYTsGHKtTgHurQAAIJPMMrvDmp8+K8Ox/z1oKTzxzCHzifP1UwkJg=</latexit>�1 = 1.7�
<latexit sha1_base64="xEGoTglp+aB7ll/VrsMztsI4IXo=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1gEVyWpoi6LbtxZwT6gjWEynbRDZyZhZiKUNOCvuHGhiFu/w51/47TNQlsPXDiccy/33hPEjCrtON9WYWl5ZXWtuF7a2Nza3rF395oqSiQmDRyxSLYDpAijgjQ01Yy0Y0kQDxhpBcPrid96JFLRSNzrUUw8jvqChhQjbSTfPhg3/WT8UPXTbjxAQkc8vc0y3y47FWcKuEjcnJRBjrpvf3V7EU44ERozpFTHdWLtpUhqihnJSt1EkRjhIeqTjqECcaK8dHp+Bo+N0oNhJE0JDafq74kUcaVGPDCdHOmBmvcm4n9eJ9HhpZdSESeaCDxbFCYM6ghOsoA9KgnWbGQIwpKaWyEeIImwNomVTAju/MuLpFmtuOeV07uzcu0qj6MIDsEROAEuuAA1cAPqoAEwSMEzeAVv1pP1Yr1bH7PWgpXP7IM/sD5/APrvlig=</latexit>

|Vu|2

Experimental and theoretical control of these quantities 
is of crucial importance to solve the issue
Experimental

• improve predictions of radiative corrections 
and isospin-breaking effects

theoretical

• new measurements (e.g. at NA62) 
(recent proposal in  [V.Cirigliano et al., 2208.11707]:              )

<latexit sha1_base64="+WY1j8dXUAVGSsryk2SWdv8izrw=">AAAB+3icbZDLSsNAFIZPvNZ6i3XpZrAIrmrSirosuhHcVLAXaEOYTKft0MkkzEzEEvIqblwo4tYXcefbOG2z0NYfBj7+cw7nzB/EnCntON/Wyura+sZmYau4vbO7t28flFoqSiShTRLxSHYCrChngjY105x2YklxGHDaDsY303r7kUrFIvGgJzH1QjwUbMAI1sby7dKdn/bCpJadzQFVM98uOxVnJrQMbg5lyNXw7a9ePyJJSIUmHCvVdZ1YeymWmhFOs2IvUTTGZIyHtGtQ4JAqL53dnqET4/TRIJLmCY1m7u+JFIdKTcLAdIZYj9RibWr+V+smenDlpUzEiaaCzBcNEo50hKZBoD6TlGg+MYCJZOZWREZYYqJNXEUTgrv45WVoVSvuRaV2f16uX+dxFOAIjuEUXLiEOtxCA5pA4Ame4RXerMx6sd6tj3nripXPHMIfWZ8/H9mT2w==</latexit>

Kµ3/Kµ2



Current level of precision requires the inclusion of isospin breaking (IB) corrections 

strong effects 

electromagnetic effects

QED and isospin-breaking effects

6

<latexit sha1_base64="UcDknyWUhdZtWjz8YUGDgxKrXqk="></latexit>

[mu �md]QCD 6= 0
<latexit sha1_base64="6ynlvDcSEOPhR5JGkDXtJCtnAHY="></latexit>

↵ 6= 0

<latexit sha1_base64="9sA1Z1Op85f0e539Nw37KxwZ/f0="></latexit>

�(K ! ⇡`⌫`) / |Vus|2 |fK⇡
+ (0)|2

�
1 + �R`

K⇡

�
<latexit sha1_base64="0baSG7XFfA6Ny5N38j5c5s7pH+Y="></latexit>

�(K ! `⌫`)

�(⇡ ! `⌫`)
/

|Vus|2

|Vud|2

✓
fK
f⇡

◆2�
1 + �RK⇡

�

‣ currently quoted corrections in the PDG come from PT            V.Cirigliano & H.Neufeld, PLB 700 (2011) 

‣ these are fully non-perturbative (structure dependent) 

‣ first-principle lattice calculations are possible!

χ

<latexit sha1_base64="plI9XrRuYvys1mgGz7B2jv+H2u4=">AAAB+3icbVDNS8MwHE39nPWrzqOX4hAEYbQK6kUcevE4wX3AWkeapltY2oQkFUfpv+JlB0W8+jd49yL+N6bbDrr5IOTx3u9HXl7AKZHKcb6NhcWl5ZXV0pq5vrG5tW3tlJuSpQLhBmKUiXYAJaYkwQ1FFMVtLjCMA4pbweC68FsPWEjCkjs15NiPYS8hEUFQaalrlb2A0VAOY31lHif3R3nXqjhVZwx7nrhTUrn8MC/46Musd61PL2QojXGiEIVSdlyHKz+DQhFEcW56qcQcogHs4Y6mCYyx9LNx9tw+0EpoR0zokyh7rP7eyGAsi3h6MoaqL2e9QvzP66QqOvczkvBU4QRNHopSaitmF0XYIREYKTrUBCJBdFYb9aGASOm6TF2CO/vledI8rrqn1ZNbp1K7AhOUwB7YB4fABWegBm5AHTQAAo/gCTyDFyM3Rsar8TYZXTCmO7vgD4z3H8k4l+0=</latexit>

⇡+

<latexit sha1_base64="Mef+SNz7UcCfldUa87xWTObJveM=">AAAB/XicbVDLSsNAFJ3UV219xMfOTbAKrkqioC6LblxWsA9oQphMJu3QySTMo1BD8VfcuFDEpX6Af+DOD9G1k7YLbT0wzOGce5kzJ0gpEdK2P43CwuLS8kpxtVReW9/YNLe2myJRHOEGSmjC2wEUmBKGG5JIitspxzAOKG4F/cvcbw0wFyRhN3KYYi+GXUYigqDUkm/uukFCQzGM9ZW5TPlurEa+WbGr9hjWPHGmpFI7+Hp9H5S/67754YYJUjFmElEoRMexU+llkEuCKB6VXCVwClEfdnFHUwZjLLxsnH5kHWoltKKE68OkNVZ/b2QwFnlAPRlD2ROzXi7+53WUjM69jLBUSczQ5KFIUUsmVl6FFRKOkaRDTSDiRGe1UA9yiKQurKRLcGa/PE+ax1XntHpyrdu4ABMUwR7YB0fAAWegBq5AHTQAArfgHjyCJ+POeDCejZfJaMGY7uyAPzDefgA3EZon</latexit>⌫µ

<latexit sha1_base64="gzotNZkP2fA3V/lE4kq3uYtadYA=">AAAB+3icbVBPS8MwHE39O+e/Oo+KBIcgCKNVUI9DLx43cH9grSNN0y0sbUqSiqP06Nfw4kERr8I+hzc/g1/CdNtBNx+EPN77/cjL82JGpbKsL2NhcWl5ZbWwVlzf2NzaNndKTckTgUkDc8ZF20OSMBqRhqKKkXYsCAo9Rlre4Dr3W/dESMqjWzWMiRuiXkQDipHSUtcsOR5nvhyG+kqdMLk7ybpm2apYY8B5Yk9Jubo/qn8/HoxqXfPT8TlOQhIpzJCUHduKlZsioShmJCs6iSQxwgPUIx1NIxQS6abj7Bk80ooPAy70iRQcq783UhTKPJ6eDJHqy1kvF//zOokKLt2URnGiSIQnDwUJg4rDvAjoU0GwYkNNEBZUZ4W4jwTCStdV1CXYs1+eJ83Tin1eOavrNq7ABAWwBw7BMbDBBaiCG1ADDYDBA3gCL+DVyIxn4814n4wuGNOdXfAHxscPZGyYYA==</latexit>

µ+

<latexit sha1_base64="gzotNZkP2fA3V/lE4kq3uYtadYA=">AAAB+3icbVBPS8MwHE39O+e/Oo+KBIcgCKNVUI9DLx43cH9grSNN0y0sbUqSiqP06Nfw4kERr8I+hzc/g1/CdNtBNx+EPN77/cjL82JGpbKsL2NhcWl5ZbWwVlzf2NzaNndKTckTgUkDc8ZF20OSMBqRhqKKkXYsCAo9Rlre4Dr3W/dESMqjWzWMiRuiXkQDipHSUtcsOR5nvhyG+kqdMLk7ybpm2apYY8B5Yk9Jubo/qn8/HoxqXfPT8TlOQhIpzJCUHduKlZsioShmJCs6iSQxwgPUIx1NIxQS6abj7Bk80ooPAy70iRQcq783UhTKPJ6eDJHqy1kvF//zOokKLt2URnGiSIQnDwUJg4rDvAjoU0GwYkNNEBZUZ4W4jwTCStdV1CXYs1+eJ83Tin1eOavrNq7ABAWwBw7BMbDBBaiCG1ADDYDBA3gCL+DVyIxn4814n4wuGNOdXfAHxscPZGyYYA==</latexit>

µ+
<latexit sha1_base64="gzotNZkP2fA3V/lE4kq3uYtadYA=">AAAB+3icbVBPS8MwHE39O+e/Oo+KBIcgCKNVUI9DLx43cH9grSNN0y0sbUqSiqP06Nfw4kERr8I+hzc/g1/CdNtBNx+EPN77/cjL82JGpbKsL2NhcWl5ZbWwVlzf2NzaNndKTckTgUkDc8ZF20OSMBqRhqKKkXYsCAo9Rlre4Dr3W/dESMqjWzWMiRuiXkQDipHSUtcsOR5nvhyG+kqdMLk7ybpm2apYY8B5Yk9Jubo/qn8/HoxqXfPT8TlOQhIpzJCUHduKlZsioShmJCs6iSQxwgPUIx1NIxQS6abj7Bk80ooPAy70iRQcq783UhTKPJ6eDJHqy1kvF//zOokKLt2URnGiSIQnDwUJg4rDvAjoU0GwYkNNEBZUZ4W4jwTCStdV1CXYs1+eJ83Tin1eOavrNq7ABAWwBw7BMbDBBaiCG1ADDYDBA3gCL+DVyIxn4814n4wuGNOdXfAHxscPZGyYYA==</latexit>

µ+



2. How

7

Computing QED corrections on the lattice is challenging:

‣ long-range interactions don't like finite volumes with boundary 
conditions

‣ finite-volume effects can be sizeable and power-like

‣ logarithmic infrared divergences arise in virtual/real decay rates

‣ QCD and QCD+QED are different theories which require separate 
renormalisation and scale-setting    A.Portelli @Monday
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Charged states in a finite box

Gauss law: only zero net charge is allowed in a finite volume with periodic boundary conditions
<latexit sha1_base64="oQALwZP6v/ST1E8TNElqBWbrNnk="></latexit>

Q =

Z
d3x j0(t,x) =

Z
d3x r ·E(t,x) = 0

<latexit sha1_base64="EUhvUWiF1Pt4pbvCdEywUSoZjHg=">AAAB6HicbVDLTgJBEOzFF+IL9ehllJh4Irtq1CPRi0dI5JEAIbNDL4zMzm5mZk3Ihi/w4kFjvPpJ3vwbB9iDgpV0UqnqTneXHwuujet+O7mV1bX1jfxmYWt7Z3evuH/Q0FGiGNZZJCLV8qlGwSXWDTcCW7FCGvoCm/7obuo3n1BpHskHM46xG9KB5AFn1FipdtwrltyyOwNZJl5GSpCh2it+dfoRS0KUhgmqddtzY9NNqTKcCZwUOonGmLIRHWDbUklD1N10duiEnFqlT4JI2ZKGzNTfEykNtR6Hvu0MqRnqRW8q/ue1ExPcdFMu48SgZPNFQSKIicj0a9LnCpkRY0soU9zeStiQKsqMzaZgQ/AWX14mjfOyd1W+qF2WKrdZHHk4ghM4Aw+uoQL3UIU6MEB4hld4cx6dF+fd+Zi35pxs5hD+wPn8AWT5jK0=</latexit>

!
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Charged states in a finite box

Gauss law: only zero net charge is allowed in a finite volume with periodic boundary conditions
<latexit sha1_base64="oQALwZP6v/ST1E8TNElqBWbrNnk="></latexit>

Q =

Z
d3x j0(t,x) =

Z
d3x r ·E(t,x) = 0

<latexit sha1_base64="EUhvUWiF1Pt4pbvCdEywUSoZjHg=">AAAB6HicbVDLTgJBEOzFF+IL9ehllJh4Irtq1CPRi0dI5JEAIbNDL4zMzm5mZk3Ihi/w4kFjvPpJ3vwbB9iDgpV0UqnqTneXHwuujet+O7mV1bX1jfxmYWt7Z3evuH/Q0FGiGNZZJCLV8qlGwSXWDTcCW7FCGvoCm/7obuo3n1BpHskHM46xG9KB5AFn1FipdtwrltyyOwNZJl5GSpCh2it+dfoRS0KUhgmqddtzY9NNqTKcCZwUOonGmLIRHWDbUklD1N10duiEnFqlT4JI2ZKGzNTfEykNtR6Hvu0MqRnqRW8q/ue1ExPcdFMu48SgZPNFQSKIicj0a9LnCpkRY0soU9zeStiQKsqMzaZgQ/AWX14mjfOyd1W+qF2WKrdZHHk4ghM4Aw+uoQL3UIU6MEB4hld4cx6dF+fd+Zi35pxs5hD+wPn8AWT5jK0=</latexit>

!

Possible solutions:

<latexit sha1_base64="R+h8oyLCQRXXhXr23gKmQb7CAwU="></latexit>

⌦0
3 = (2Z3 + n̄)⇡/L

<latexit sha1_base64="J5C5pvs6NmUQ3w5o8poX0IdXjJM="></latexit>

⌦3 = 2⇡Z3/L<latexit sha1_base64="J5C5pvs6NmUQ3w5o8poX0IdXjJM="></latexit>

⌦3 = 2⇡Z3/L

QEDL QEDC*

use massive photon employ C* boundary conditions<latexit sha1_base64="2hqfUdXLxtnt9jE4cPM4hB+6PAk=">AAAB/nicdVBPS8MwHE3nvzn/VcWTl+AQPJV2m9Xdhl48TnCbsJaSptkWlrQlSYVRBn4VLx4U8ern8Oa3Md0mqOiDkMd7vx95eWHKqFS2/WGUlpZXVtfK65WNza3tHXN3ryuTTGDSwQlLxG2IJGE0Jh1FFSO3qSCIh4z0wvFl4ffuiJA0iW/UJCU+R8OYDihGSkuBeeCFCYvkhOsr54E3RJyjaWBWbavu2HXHgbblus1Tp6ZJzW42Gi50LHuGKligHZjvXpTgjJNYYYak7Dt2qvwcCUUxI9OKl0mSIjxGQ9LXNEacSD+fxZ/CY61EcJAIfWIFZ+r3jRxxWSTUkxypkfztFeJfXj9Tg3M/p3GaKRLj+UODjEGVwKILGFFBsGITTRAWVGeFeIQEwko3VtElfP0U/k+6Nctxrfp1o9q6WNRRBofgCJwAB5yBFrgCbdABGOTgATyBZ+PeeDRejNf5aMlY7OyDHzDePgF03JZ6</latexit>m�

M.Hayakawa & S.Uno, PTP 120 (2008) M.G.Endres et al., [1507.08916]
A.S.Kronfeld & U.-J.Wiese, NPB 357 (1991) 

B.Lucini et al., JHEP 1602 (2016)

remove spatial zero-mode 
of the photon field

<latexit sha1_base64="aY/bE0ckDhZn8mvw0iJJotQPBLQ="></latexit>

⌦4 = 2⇡{Z3/L,Z/T}

QEDm
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Charged states in a finite box
QEDL 

<latexit sha1_base64="J5C5pvs6NmUQ3w5o8poX0IdXjJM="></latexit>

⌦3 = 2⇡Z3/L

• Spatial zero-mode of the photon field is removed at each timeslice
<latexit sha1_base64="CJlac5Qa9ayyw9v0oh62b4/7NZM=">AAACG3icbZDLSgMxFIYzXmu9VV26CRZBQcpMK+pGqLpxWcHWQqeWTJrR0CQzJGfEMvQ93Pgqblwo4kpw4duYXkBt/SHw8Z9zyDl/EAtuwHW/nKnpmdm5+cxCdnFpeWU1t7ZeM1GiKavSSES6HhDDBFesChwEq8eaERkIdhV0zvr1qzumDY/UJXRj1pTkRvGQUwLWauWKPlfgSwK3Wqbt3nVpwEGY3vewj09avkx2YO/H3D12W7m8W3AHwpPgjSCPRqq0ch9+O6KJZAqoIMY0PDeGZko0cCpYL+snhsWEdsgNa1hURDLTTAe39fC2ddo4jLR9CvDA/T2REmlMVwa2s7+kGa/1zf9qjQTCo2bKVZwAU3T4UZgIDBHuB4XbXDMKomuBUM3trpjeEk0o2DizNgRv/ORJqBUL3kGhdLGfL5+O4sigTbSFdpCHDlEZnaMKqiKKHtATekGvzqPz7Lw578PWKWc0s4H+yPn8BicwoXQ=</latexit>Z

d3x Aµ(t,x) = 0

• Long-distance translates into power law finite-size effects
<latexit sha1_base64="gaftF2HHTAAtXxhyfeWUaXEeI/0="></latexit>

3 /
 
X

n 6=0

�
Z

d3n

!
= �1

• Finite-size effects well studied for hadron masses and leptonic decays

S.Borsanyi et al., Science 347 (2015) 
Z.Davoudi & M.Savage, PRD 90 (2014)

V.Lubicz et al., PRD 95 (2017)
N.Tantalo et al., [1612.00199]

Z.Davoudi et al., PRD 99 (2019) 
MDC et al., PRD 105 (2022)

<latexit sha1_base64="PvtMcS3pR5b1k045aOXUEJK2REw="></latexit>

��
µ⌫(x) =

1

V

X

k0

X

k 6=0

��
µ⌫(k) e

ik·x—> (non-local)

<latexit sha1_base64="UeH4xLU+SEKG/riMLcnrgHlKBxY="></latexit>

O(L) = O(1) + 0 +
1

L
+

2

L2
+

3

L3
+ . . .

<latexit sha1_base64="UeH4xLU+SEKG/riMLcnrgHlKBxY="></latexit>

O(L) = O(1) + 0 +
1

L
+

2

L2
+

3

L3
+ . . .



Implementing QCD+QED on the lattice
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‣ RM123 perturbative approach
<latexit sha1_base64="2ZVhiiejvdtGyDta5uqZ4/skDw0="></latexit>

hOi =

Z
D�O e�Siso��S = hOiiso + h�SOiiso + . . .

G.M.de Divitiis et al. (RM123), PRD 87 (2013)

Pros: only evaluate QCD observables

Cons: need to compute many diagrams, also disconnected:

‣ Full QCD+QED lattice simulations
S.Borsanyi et al., Science 347 (2015)

Pros: simpler observables:

Cons: need of dedicated gauge configurations
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3.  What

P+

`+

⌫`

q1

q2

inclusive leptonic decays

P+

�

`+

⌫`

q1

q2

real photon emission 
leptonic decays

K0 ⇡�

`+

⌫`

inclusive semileptonic decays

P+

`0+
`0�

`+

⌫`

q1

q2

virtual photon emission 
leptonic decays

a. RM123S calculation (QEDL) 

b. RBC-UKQCD calculation (QEDL) 

c. Recent proposal with QED  ∞

D.Giusti et al., PRL 120 (2018) 
MDC et al., PRD 100 (2019)

P.Boyle et al., JHEP 02 (2023)

N.Christ et al., [2304.08026]
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P+

`+

⌫`

q1

q2

inclusive leptonic decays of light pseudoscalar mesons

<latexit sha1_base64="kMqw3AFSKSURUmkKbxNIK6L6WsQ=">AAAB+nicbVDLSgNBEOyNr7i+Vj16GQyCEAm7KupFCHoRvEQwD0g2YXYymwyZfTAzGwhr/sSToCBe/RNP/o2TZA+aWNBQVHXT3eXFnEll299Gbml5ZXUtv25ubG5t71i7ezUZJYLQKol4JBoelpSzkFYVU5w2YkFx4HFa9wa3E78+pEKyKHxUo5i6Ae6FzGcEKy11LKvSLqJr1IpZu3iC7tvFjlWwS/YUaJE4GSlAhkrH+mp1I5IENFSEYymbjh0rN8VCMcLp2GwlksaYDHCPNjUNcUClm04vH6MjrXSRHwldoUJT9fdEigMpR4GnOwOs+nLem4j/ec1E+VduysI4UTQks0V+wpGK0CQG1GWCEsVHmmAimL4VkT4WmCgdlmnqFJz5nxdJ7bTkXJTOHs4L5ZssjzwcwCEcgwOXUIY7qEAVCAzhGV7hzXgyXox342PWmjOymX34A+PzB9smkZc=</latexit>

P+ = ⇡+,K+
<latexit sha1_base64="48ZoBszY42XaROy2sKZQ39khjSo=">AAAB9nicbVBNS8NAEJ34WeNX1aOXxSIIhZKoqBeh6MVjBfsBTVo22027dDcJuxuxhP4PT4KCePW/ePLfuG1z0NYHA4/3ZpiZFyScKe0439bS8srq2nphw97c2t7ZLe7tN1ScSkLrJOaxbAVYUc4iWtdMc9pKJMUi4LQZDG8nfvORSsXi6EGPEuoL3I9YyAjWRup4lPNOGV0jT6SdcrdYcirOFGiRuDkpQY5at/jl9WKSChppwrFSbddJtJ9hqRnhdGx7qaIJJkPcp21DIyyo8rPp1WN0bJQeCmNpKtJoqv6eyLBQaiQC0ymwHqh5byL+57VTHV75GYuSVNOIzBaFKUc6RpMIUI9JSjQfGYKJZOZWRAZYYqJNULZtUnDnf14kjdOKe1E5uz8vVW/yPApwCEdwAi5cQhXuoAZ1ICDhGV7hzXqyXqx362PWumTlMwfwB9bnD2L4kYQ=</latexit>

`+ = µ+



13

1904.08731

•  and  separately 

• Twisted Mass fermions 
• multiple volumes and 3 lattice spacings 
• unphysical pion masses (  230 MeV)

Γ(Kμ2) Γ(πμ2)

≳

2211.12865  
• ratio  /  

• Domain Wall fermions 
• single volume and lattice spacing 
• physical quark masses

Γ(Kμ2) Γ(πμ2)



Decay rate at 
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<latexit sha1_base64="3+cu1yyokes4niCOhTFPrS/11No="></latexit>

O(↵)

When including radiative corrections many subtleties arise, for example: 

IR divergences appear in intermediate steps of the calculation 
 
 
 

new UV divergences: include QED corrections to the renormalization of the weak Hamiltonian 

the decay constant   becomes an ambiguous and unphysical quantity: one needs to 

introduce a scheme to give a meaning to "QCD" or "iso-QCD"

fP,0

F. Bloch & A. Nordsieck, PR 52 (1937) 54 

<latexit sha1_base64="jZBzUp+GOxeUOZQv7HeQvimrc08="></latexit>

�(P`2) = lim
⇤IR!0

⇢
�0(⇤IR) + �1(⇤IR)

�<latexit sha1_base64="jZBzUp+GOxeUOZQv7HeQvimrc08="></latexit>

�(P`2) = lim
⇤IR!0

⇢
�0(⇤IR) + �1(⇤IR)

�<latexit sha1_base64="jZBzUp+GOxeUOZQv7HeQvimrc08="></latexit>

�(P`2) = lim
⇤IR!0

⇢
�0(⇤IR) + �1(⇤IR)

�

IR divergent IR divergentIR finite
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<latexit sha1_base64="3+cu1yyokes4niCOhTFPrS/11No="></latexit>

O(↵) F. Bloch & A. Nordsieck, PR 52 (1937) 54 

<latexit sha1_base64="jZBzUp+GOxeUOZQv7HeQvimrc08="></latexit>

�(P`2) = lim
⇤IR!0

⇢
�0(⇤IR) + �1(⇤IR)

�<latexit sha1_base64="jZBzUp+GOxeUOZQv7HeQvimrc08="></latexit>

�(P`2) = lim
⇤IR!0

⇢
�0(⇤IR) + �1(⇤IR)

�<latexit sha1_base64="jZBzUp+GOxeUOZQv7HeQvimrc08="></latexit>

�(P`2) = lim
⇤IR!0

⇢
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N. Carrasco et al., PRD 91 (2015) 
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Possible extensions: 

➤   improving finite-volume scaling of the virtual decay rate 

 

➤  compute structure-dependent real photon emission on the lattice G.M. de Divitiis et al., [1908.10160]    C. Kane et al., [1907.00279 & 2110.13196] 
R. Frezzotti et al., PRD 103 (2021)                   D. Giusti et al., [2302.01298]  
A. Desiderio et al., PRD 102 (2021)               R.Frezzotti et al., [2306.05904]

MDC et al., PRD 105 (2022)

"universal" structure-dependent
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A. Desiderio et al., PRD 102 (2021)
R. Frezzotti et al., PRD 103 (2021) 

Confirmed by numerical 
lattice calculation
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(⇤) Not yet evaluated by numerical lattice QCD+QED simulations.
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on the lattice

•             from the correction to the (bare) matrix element  

•             correction to the meson mass 

•             correction to the renormalization of the weak operator                                   
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Tree-level decay amplitude:
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The lepton in a finite volume
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The lepton in a finite volume

We can select specific components using projectors:
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without projection with projection
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−0.02 −0.015 −0.01 −0.005 0

δRKπ

• Our recent result is compatible with previous 
lattice calculation (RM123S) and with PT 

• The error is dominated by a large systematic 
uncertainty related to finite-volume effects
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Solid evidence that          can be computed from first principles non-perturbatively on the lattice!
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‣ the uncertainty on                
dominates in the error budget 

‣ if improved, precision from lattice 

starts being competitive with the 

experimental one

A speculative exercise on the error budget

Prospects for 
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Leptonic decay rate

Finite-volume QED effects
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V. Lubicz et al., PRD 95 (2017) 

N. Tantalo et al., [1612.00199v2] 

MDC et al., PRD 105 (2022)
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Finite volume scaling should be carefully studied!
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systematic uncertainty

repeat the calculation on 
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infinite volume limit 
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QED  ∞

• An alternative approach is to compute radiative corrections as a convolution of hadronic 
correlators with infinite-volume QED kernels

N.Asmussen et al., [1609.08454] 
T.Blum et al., PRD 96 (2017)

X.Feng & L.Jin, PRD 100 (2019)

and other quantities…

N.Christ et al., [2304.08026]
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Separate correlator into short and long distance part:

Exponentially suppressed 
 

>  finite-volume effects 
>  contributions of states  
   with higher energy

single-hadron state dominance
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N.Christ et al., [2304.08026]

Method applied to leptonic decay rates: 

• Logarithmic IR divergences appear 

• BUT they cancel analytically between diagrams 

• numerical calculation is ongoing… 
 

 

The method is appealing given the large finite-

volume effects in QEDL at  

 

                                          … systematics under control?
from Luchang Jin's talk @Edinburgh May 30, 2023
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real photon emission in leptonic decays
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• first calculation of  for pion and kaon 
+  in part of the kinematical range ( 0.4 GeV)

P+ → ℓ+νγ
Ds Eγ ≲

PRD 103, 053005 (2021)

PRD 103, 014502 (2021)

• study of  with different "3d" method 
• improved control of systematic uncertainties 
• but single lattice spacing 

D+
s → ℓ+νγ

PRD 107, 074507 (2023)

• comparison of lattice results with experimental 
measurements 

• good agreement with KLOE on  
• 3-4  tensions on  (also among experiments)

K → eνeγ
σ K → μνμγ • new calculation of  on full kinematical range D+

s → ℓ+νγ

arXiv:2306.05904



The hadronic matrix element
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Axial form factor FA

Extraction of the form factors
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R.Frezzotti et al., [2306.05904]



Vector form factor FV

Extraction of the form factors
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R.Frezzotti et al., [2306.05904]
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virtual photon emission in leptonic decays
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material from Giuseppe Gagliardi's talk @Nepsi23 (Pisa Feb 16, 2023)
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yesterday on arXiv:   R.Frezzotti et al., [2306.07228]



Analytical continuation to Euclidean spacetime
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from G.Gagliardi@Nepsi23



Reconstruction of smeared hadronic amplitudes

36

First calculation done in G.Gagliardi et al., Phys. Rev. D 105 (2022) for kaon decay with unphysical 
setup:  such that two-pion internal states are always heavier than the external statemK < 2mπ

Proposal:  use -prescription as smearing parameteriϵ

‣ HTL method to reconstruct  from H(Eγ, k, ϵ) C(t, k)

J.Bulava & M.T.Hansen, PRD 100 (2019) 
R.Briceño et al., PRD 101 (2020)  

M.Hansen, N.Tantalo & A.Lupo PRD 99 (2019)
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Reconstruction of smeared hadronic amplitudes
Vector part of the hadronic tensor

from G.Gagliardi@Nepsi23
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inclusive semi-leptonic decays
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QED corrections to semileptonic decays
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Additional difficulties arise compared to leptonic decays: 

• integration over three-body phase-space 

• problems of analytical continuation when intermediate states  
lighter than external ones go on shell: 
 
 
 
growing exponentials if            

These states should be identified and subtracted. 

All becomes more problematic for decays of heavy mesons! 
 
     … spectral reconstruction?        … infinite-volume QED?
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N.Christ et al., [2304.08026]
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the "Holy grail"
cit. G.Martinelli

beta decay?

N.Christ et al., [2304.08026]
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4.  Where are we …
• Current tensions in CKM unitarity require a combined effort of theory and experiments 

• New lattice results for           from calculation with DWF at the physical point 

• Finite volume effects have to be carefully studied, including order  
(looking forward to seeing results with different QED prescriptions:                              ) 

• Many processes can be studied and many techniques are being developed 
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 … and where to go?
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study different weak 
processes

further explore spectral 
reconstruction techniques
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