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Muon g - 2: Standard Model ;

A o A

116 584 718.931(104) 153.6(1.0) 6931(40) 92(19)
QED EW HVP,LO HLbL,preno.
a’,u a’,u au &'u

SM _ _QED HVP, LO HVP, NLO HVP, NNLO HLbL HLbL, NLO

% —Cl’u +Cl +Cl +Cl’u +a,u +a,u +a,u
= 116591 810(43)

aZXp' Ve 10 = 116592061 (41) HVP contributions dominate the theory uncertainty.

B et Most important piece in controlling the SM g-2 result.
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Muon g - 2: lattice vs dispersive HVP

lattice —B—
R-ratio —6—
BMWc'20 | - o
Mainz'19 | & B
FHM'19 | = . "NAL g2
ETM19 | = 155
RBC18 = | BMW, Iazice QCD | :Exper;nental:
BMWCc’17 } = Standard Model Average
DHMZ'19 | —o— . < i2c >
KNT'19 | = § - L o
CHHKS19 | - =+ nonewiphysics Sl
660 680 700 720 740 175 18 185 19 195 20 205 21 215
109 x atO‘HVP a, x 107 - 1165900

Crucial issue: discrepancy between lattice and dispersive results for HVP
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Muon g - 2: lattice vs dispersive HVP

BMWc'20 t
Mainz’'19 |
FHM19
ETM19
RBC'18 |
BMWc'17 |
DHMZ’19 |
KNT'19
CHHKS19 |

lattice —8—
R-ratio —6—

1]

..{i-..--

11

[

—o-
S
-

1]

no new:physics

660 680

700

720

1010 v aLO—HVP

w

740

17.5

au><109—1165900

Crucial issue: discrepancy between lattice and dispersive results for HVP

Problem: understand the origin of the discrepancy in detail.

Specific contributions (light-quark connected, disconnected, strange quark...)?
Specific energy regions or channels on the dispersive side?
Complicated comparison: Euclidean time correlators (lattice) versus time-like region data

BNL g-2
— @ |
FNAL g-2
< 150 >
! @ i @ j
BMW, lattice QCD Experimental
Standard Model Average
< 42¢ >
| ] i
White Paper
Standard Model
18 18.5 19 195 20 205 21 21.5
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Notation and conventions: dispetsive approach 5

7 Hadrowic Vacuum Polarization (HVP)
— QCD . . .
AP NTT @ o)) =i [ da 7GR )55 0)0)
a
2 1- 1 2
Im(s Y\ jEM = gﬂfyﬂu — gdfyﬂd — §§fyus - gé’yuc I
Usual dispersive representation el

I1(¢%) — I1(0) = ¢° /4002 ds S(jirr;l;[f)ze) \
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Notation and conventions: dispetsive approach 5

7 Hadrowic Vacuum Polarization (HVP)
U QCD | . .
Ay NTT @ - o)) =i [ da 0T GE )55 0)10)
had
p . had p—— —
2 1- 1 2
im(s A ]EM = gﬂ’mu — §d’md — §§’yus + géfyuc + -

Usual dispersive representation

/|

(¢?) — I1(0) = ¢ / e

4m?2 8(8 - q2 + ZG)

Optical theorem relates the imaginary part to the cross section for ete” — hadrons(+’y)
3s

R(s) = — 6D[eTe™ — hadrons(+7)]
Aoy
Leading order contribution to aEVP
da*m? [ K(s) 1
HVP _
A = TM 2 s 52 pEM(S) pEM(S) = 1272 R(s)

us
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Notation and conventions: dispetsive approach 6

2 2 o0 -
HVP _ 4a”my, s K(s) 1

H 3

32 PEM(S) IOEM(S) 1972 R(S)

a
2
mz

Compilation of R-ratio data

Jy
10000 r : Y(1s-65)
: —
| Vy(2s)
1000 Transition point'at 1.937 GeV 4
exclusive modes i
mtn~, 3m, 2nt 27 70y, pr ... 1 inclusive R(s)
@ 100 0 | ) .
= p/®
10 | | -
| JW e
1+ i T
Exclusive data Inclusive data
0.1 S - ' ' ' ]
1 10

Vs [GeV]
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Notation and conventions: dispersive approach

dalm? [ f((s) 1
G =g [, A5 pEm(s) pEM(S) = 755 R(s)

us

Compilation of R-ratio data

(see also Davier et al ’19, Jegerlehner ’| 6)

' ' ' T 1 i - |
Keshavarzi, Nomura, Teubner (KNT) ’19 Jy
10000 - l Y(1s-65]]
: —
i y(2s)

1000 K Transition pointiat 1.937 GeV 4

100 : - l

" | —_— inclusive R(s)

] — i q —

= o1 r E i
= oo - : i |

0.001 | — i o
_ = ,.i—— JW A

0.0001 r — :

1e-05 i —
0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 : .
Vs [GeV] : Inclusive data
w R et —— i . . . . . . o
1 10

Vs [GeV]
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Notation and conventions: lattice 7

Z/d3 MEIPNO) = 5 [ dsVEe T opa(s) >0

2
mz

Leading order contribution to aEVP
o ~
HVP _ K(s)  3vs [T 5
a,’ = 2/0 dt w(t)C(t) 7= Gt ), dt w(t) eV
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Notation and conventions: lattice 7

3
1 e e -
Ct)= 33 [ EetPE 0 O) = 5 [ dsV5e Y penls) (2> 0)
i=1 m2
Leading order contribution to aEVP
o0 N
HVP _ K(s)  3vs [T et
QY = o /O dt w(t)C(t) W e [ et

How can we best compare the lattice and dispersive approaches?
Not so simple, but the lattice splits the calculation in different contributions

Isospin symmetric

iigh&mquarw connected O O O O O

gives about 90% of

) connected light connected strange connected charm disconnected
the total 633.7(2.1)(4.2) 53.393(89)(68) 14.6(0)(1) -13.36(1.18)(1.36)
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Notation and conventions: lattice 7

C0 =33 [ @uP @0 0) =5 | s V5 peils) (60

2 Jom2

Leading order contribution to aEVP
o ~
HVP _ K(s)  3vs [T 3
a, = 2/0 dt w(t)C(t) 7= Gt ), dt w(t) e V!

How can we best compare the lattice and dispersive approaches?
Not so simple, but the lattice splits the calculation in different contributions

Isospin symmetric

Ligh%-quarw connected O O O O O

gives about 90% of

) connected light connected strange connected charm disconnected
the total 633.7(2.1)(4.2) 53.393(89)(68) 14.6(0)(1) -13.36(1.18)(1.36)

Can we get these quantities from data!

Diogo Boito



Notation and conventions: lattice

light-quark connected (Igc) contribution

I

T T T T T T T T T
|

BMW17 :

RBC/UKQCD18 :

ETMC18/19 o

PACS19 o

FHM19 —

Mainz19 =

ABGP19 a

BMW?20 -

LM20 .

ABGP22 :

610 630 650 670 690
aqu;IL % 1010

T M

disconnected contribution sconn + disconnected contribution
RBC/UKQCD18 = o
RBC/UKQCD 18 = o
BMW 17 —— BMWIT e
Mainz/CLS 20 (prelim.) = = Mainz19 : i
Mainz 19 = = |
B 20 L BMW?20 -
3 25 20 15 10 -5 25 30 35 40 45

agisconn;IL % 1010

T

sconn—+disc;IL % 1010

Ay

T

Can we get these quantities from data!
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1. Notation and definitions

2. Light-quark connected and strange plus light-quark
disconnected results from data

3. Sum rules
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10

the basic idea

EM current: u, d, and s quarks

| 2 |- 1 1 ] 1 ] |
]EM = U~ gqud — 35S = §(uyuu —dy,d) + g(u%ﬂ + dvy,d) — 25

i=1 1=0
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10

the basic idea

EM current: u, d, and s quarks

| 2 |- 1 1 ] 1 ] |
]EM = U~ gqud — 35S = §(uyuu —dy,d) + g(u%ﬂ + dvy,d) — 25

i=1 1=0
Considering the /=1 quark current in the isospin limit, only connected contributions

1

Z((@yﬂu _ nyud) () (@fy,uu _ CZ’V,ud) (y)) == x isospin 1 is purely

1
5 Ligh&*qu&ﬂ«f connected
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10

the basic idea

EM current: u, d, and s quarks

| 2 |- 1 1 ] 1 ] |
]EM = U~ gqud — 35S = §(uyuu —dy,d) + g(u%ﬂ + dvy,d) — 25

i=1 =0
Considering the /=1 quark current in the isospin limit, only connected contributions

1

Z((@yﬂu _ nyud) () (@fy,uu _ CZ’V,ud) (y)) == x isospin 1 is purely

1
5 Ligh&*qu&ﬂ«f connected

The =0 light-quark current in the isospin limit contains connected and disconnected terms

1 _ _ 1
+ (@ypu + dyd) () (Uyeu + dyd)(y)) = — T — X
36 K K K K 18 y—|_ 9 y
“rsconn—+di ql= 1. —
(™ = Ty — 5 Ty
azconn+disc — a/ll:O . é a/llzl

s—quark +light-quark disconnected (s+lgd)
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10

the basic idea

EM current: u, d, and s quarks

| 2 |- 1 1 ] 1 ] |
]EM = U~ gqud — 35S = §(uyuu —dy,d) + g(u%ﬂ + dvy,d) — 25

i=1 =0
Considering the /=1 quark current in the isospin limit, only connected contributions

1

Z((@yﬂu _ nyud) () (@fy,uu _ CZ’V,ud) (y)) == x isospin 1 is purely

1
5 Ligh&*qu&ﬂ«f connected

The =0 light-quark current in the isospin limit contains connected and disconnected terms

1 _ ) _ 1
—<(u7“u + dfyud)(x)(uvuu T d%td)(y» = — X y_l_ — X y
36 18 0
A . ; 1 . 10
sconn+disc __ yy7/=0 =1 Alge A T—1
gy = lem — 5 Hem gy = [T
. 1 10
sconn+disc __ /=0 _ — =1 lgc __ =Y I=1
a, a, 5 a, @ = 5
s—quark +light-quark disconnected (s+lgd) Light-quark connected (Lgc) Diogo Boito
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lqc and s+1qd cont. from data

Modes with well defined G-parity (unambiguous modes) give the dominant contribution

TABLEI. G-parity-unambiguous exclusive-mode contributions to a,I;O‘HVP for /s < 1.937 GeV from KNT2019.
Entries are in units of 107!, The notation “npp” is KNT2019’s shorthand for “non purely pionic”.

G=(-1)""

I =1 modes X alI;O’HVP]X x 1010 I = 0 modes X a,];O’HVP]X % 1010
Low-s ntn~ 0.87(02) Low-s 37 0.01(00)
AR 503.46(1.91) 7% (w, ¢ dominated) 4.46(10)
2n 21 14.87(20) 3z 46.73(94)
2t 20 19.39(78) 222770 (o w, 1) 0.98(09)
3737~ (o w) 0.23(01) 7t 1=37° (no 1) 0.62(11)
2022727 (no ) 1.35(17) 37137770 (no w, 1) 0.00(01)
atr=4x° (no n) 0.21(21) ny (o, ¢ dominated) 0.70(02)
nrta 1.34(05) nata~ 7’ (no ) 0.71(08)
2t 2n 0.08(01) o 0.30(02)
nrtan2n° 0.12(02) o(— npp)2n 0.13(01)
w(— % )n" 0.88(02) 02rx 2~ 0.01(00)
o(— npp)3n 0.17(03) ne 0.41(02)
wonr® 0.24(05) ¢ — unaccounted 0.04(04)
Total: 543.21(2.09) Total: 55.10(96)

Diogo Boito



lqgc and s+1qd cont. from data

11

Modes with well defined G-parity (unambiguous modes) give the dominant contribution

G

(~1)r+!

TABLE I. G-parity-unambiguous exclusive-mode contributions to a,L,O‘HVP for /s < 1.937 GeV from KNT2019.
Entries are in units of 1071°. The notation “npp” is KNT2019’s shorthand for “non purely pionic”.

I =1 modes X [aOHVP], x 1010 [ =0 modes X [ai O VP, % 1010
Low-s m+ 7 0.87(02) Low-s 37 0.01(00)
T 503.46(1.91) 7’y (w, ¢ dominated) 4.46(10)
2t 14.87(20) 3 46.73(94)
2t 270 19.39(78) 2212770 (no w, 1) 0.98(09)
3737~ (o w) 0.23(01) 77379 (no 7) 0.62(11)
27227 27° (no n) 1.35(17) 327377 7° (no w, n) 0.00(01)
atn42° (no n) 0.21(21) ny (o, ¢ dominated) 0.70(02)
netr” 1.34(05) nrtan~a’ (no w) 0.71(08)
2t 2n 0.08(01) o 0.30(02)
nat 20 0.12(02) w(— npp)2n 0.13(01)
(= 790 0.88(02) w2t 2 0.01(00)
o(— npp)3n 0.17(03) ne 0.41(02)
wonr® 0.24(05) ¢ — unaccounted 0.04(04)
Total: 543.21(2.09) Total: 55.10(96)

+ several ambiguous modes. External information can help (tau decays, Dalitz plot analyses...)

® Modes for which external information can help (often significantly) in reducing the separation uncertainty:

KK, KKn, KK2m

® Other ambiguous modes (maximally conservative separation): 50/50 with 100% error

(K K3m,nn, pp...)

® /s > 1.937 GeV: QCD perturbation theory + duality violations

® Small isospin-breaking contributions have to be subtracted to compare with lattice isospin-symmetric results

Diogo Boito



ambiguous channels

12

e K K- example of treatment of an ambiguous mode (expected to be dominated by /= 0)

From the data combination of KNTI9 we have the following total K K contribution

a

KK
7

‘tot

= 36.07 =

all results in units of 1010

- 0.29

conservative

50/50 separation

a

KK
L

I=1,0

— 18 18 X
mo\ximattg conservative

separa&écm s ot gqood
enough!

Diogo Boito



12

ambiguous channels

e K K- example of treatment of an ambiguous mode (expected to be dominated by /= 0)

From the data combination of we have the following total K K contribution

KK‘
M tot

= 36.07 +0.20 I fK — 18+ 18 X

50/50 separation v =1 ’()

a

mo\ximauj cownservakbive

sepma&imn s ot gqood

all results in units of 10~ 1Y j
enough.

® BaBar has measured the (purely I = 1) spectrum of 7 — K Ku.
With CVC we have a determination of /=1 ete™ — KK up to s = 2.76 GeV?
= ki (5 < 2.76 GeV?) = 0.764(33)

We then find, using results for s > 2.76 GeV?
KK ‘ _
al %) =0.852(94)

Subtracting from the total we find the /= 0 contribution

KK - enormous reduction in the
a’,u ‘I:O Bl 3522(30> uncertainty, from 1% to

0.3 - 09 umniks, , ,
Diogo Boito



inclusive region: perturbative QCD °

QCD perturbation theory is used in the inclusive region

3-0 ' ' ! | ! T T I T T T I T T T T
" e KNT18 (noBES-lldatay ~ ==--- ptQCD |
" @ KEDR T ]
2-8_' e BES i
| o BES
. e BES & )
2.0 e BES-II 7
~~ i i -
7

“ iﬁigfﬂﬁTL'__I_I_f_i_;;:_hlﬁi:_ﬁl_f g

2.4 2.6 2.8 3.0
E [GeV]

Some tension between pt. QCD and recent BES-III results (in magenta)
We add duality violation contributions and enlarge the pt. QCD error

Diogo Boito
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isospin breaking
Isospin breaking (IB) contributions must be subtracted to compare with isospin symmetric
lattice results.

To O(a, m,, — mg), pure I=0,1 EM only, mixed isospin is a combination of EM + strong IB

Pure /= 0,1 Electromagnetic (EM) IB contributions
Inclusive. Extracted from (a combination of) BMW results.

The only (small) lattice input to our final results

Mixed-isospin contribution (strong IB + EM)

Expected to be dominated by p — w interference

Results for the dominant 27 and 37 channels obtained from fits to data (VMD or dispersive).

O(1%) estimate for other, subdominant, channels used as an additional IB uncertainty.

(We safely ignore IB corrections to the already small contributions in the inclusive region.)

Diogo Boito



lqc and s+1lqd contributions from data °

lqc;IL

Example: breakdown of contributions to a y

(results based on KNT19)

a0 = 543.2(2.1) + 2.9(1.0) + 28.27(2) + 0.26(12) + 0.93(59) — 4.09(47)

(88% of this result comes from pi+pi-)

Diogo Boito



lqc and s+1lqd contributions from data °

lqc;IL

Example: breakdown of contributions to a y

(results based on KNT19)

ambiquous modes DVs
a0 = 543.2(2.1) + 2.9(1.0) + 28.27(2) + 0.26(12) + 0.93(59) — 4.09(47)
unambiquous pt. QCD EM IR MI IR

modes with I=1 above 1937 GeV

95% 0.46% 5.0% 0.15% -0.64%

(88% of this result comes from pi+pi-)

The DV central value is used as an uncertainty in the perturbative contribution in the final result.

Diogo Boito



lgc and s+1lqd contributions from data °

Example: breakdown of contributions to QIL?C;IL
ambiquous modes DVs
a0 = 543.2(2.1) + 2.9(1.0) + 28.27(2) + 0.26(12) + 0.93(59) — 4.09(47)
unambiquous pt. QCD
modes with I=1 above 1937 GeV
95% 0.46% 5.0% 0.15% -0.64%

The DV central value is used as an uncertainty in the perturbative contribution in the final result.

Final results of Iqc and s+lqd contributions to a;/V" from data

light-quark connected (Iqc) strange + light-quark disconnected (s+Iqd)
" =635.0(2.7)  (KNT) a®t 9t = 40.1(1.5)  (KNT)
a3 =638.1(4.1)  (DHMZ) a’t 9t = 38.7(2.0)  (DHMZ)

Diogo Boito



s+1lqgd cont. from data °

s-quark + light-quark disconnected contributions (strongly dominated by KK)
RBC/UKQCD 18I S I= - I-I -
BMW 17 | o
Mainz 19 | o
BMW 20 =
Data-based (KNT19) —e—
Data-based (DHMZ) ——e
2% 30 35 40 45
aiconn+disc;IL % 1010

-

No sign of tension in s + disconnected contribution

Diogo Boito



s+1lgd cont. from data "’

disconnected contributions

RBC/UKQCD 18 | o
BMW 17 —=
Mainz/CLS 20 (prelim.) | =
Mainz 19 | U i
BMW 20 —=
Data-based (KNT19) —e
Data-based (DHMZ) —e
| N N N | N N N | N N N | N N N | N N N
—30 —29 —20 —15 —10 —D
agisconn;IL % 1010

(here we use the average of lattice results for the s-quark connected contributions)

Diogo Boito



light-quark connected contribution from data

lqc;IL
7!
|ig ht-quark connected (88% of this result comes from pi+pi-)

Results for A

I T T T I T T T I T T T I
]

BMW17 | o
RBC/UKQCD18 | .

ETMC18/19 | .

PACS19 | .
FHM19 | o

Mainz19 | .
ABGP19 | o
BMW20 —e—

LM20 : o

ABGP22 | .

Data-based (KNT19) e
Data-based (DHMZ) o e
610 630 650 670 690
anC;IL % 1010

Tension between data and some of the lattice results (mainly BMW20)

18
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results for windows

e+e~ daka

|
=N

-8

»

a}j‘f(to,tl;A)zzfo LW (£ L. 1r: A) w(t)O(8) ) 17 (51 to, t1: A) e (5)

Latbtice resulks
RBC/UKQCD windows

HVP,LO _ [ . HVP,LOISD HVP,LO1W1 HVP,LO1LD
a/,l, T [a’,u ] + [a/,b ] + [a’u ]

Diogo Boito



results for windows

a¥ (to, t1; A) :2/0 LW (£ L. 1r: A) w(t)O(8)

RBC/UKQCD windows

0.8

0.6

0.4

0.2

Latbtice resulks

qHVP,LO _

7

0.8

0.6

0.4

0.2

|

HVP,LO
ay

PP+

HVP,LO
ay,

M+

Intermediate window (W1, black) has many advantages:

HVP,LO
ay

]LD

19
e+e~ daka

W (s;to,t1;A) pEm(S)

- cuts out lattice artifacts at short and long distance (lattice spacing, large volume)

- can be computed very precisely on the lattice

- all lattice collaborations are computing this quantity

- several recent results for the light-quark connected component (90% of the total)

Diogo Boito



results for windows

a¥ (to, t1; A) :2/0 LW (£ L. 1r: A) w(t)O(8)

RBC/UKQCD windows

0.8

0.6

0.4

0.2

Latbtice resulks

qHVP,LO _

7

0.8

0.6

0.4

0.2

|

HVP,LO
ay

]SD+[

HVP,LO
ay,

]W1_|_[

Intermediate window (W1, black) has many advantages:

19

ete~ data
K(s) .
ds 3(2 ) W (s;to,t1;A) pEm(S)
m2
aEVPquLD IIIII

@ RBC/UKQCD 23
—o— ETMC 22

@~  Mainz/CLS 22
H—0— ETMC 21

—0— BMW 20

—O0— RBC/UKQCD 18
-—T—1 Colangelo et al 22 (R-ratio)

230 235 240

aZYl x 1010

very good recent results exist for the
iIntermediate window

- cuts out lattice artifacts at short and long distance (lattice spacing, large volume)

- can be computed very precisely on the lattice

- all lattice collaborations are computing this quantity

- several recent results for the light-quark connected component (90% of the total)

Diogo Boito



20

light-quark connected intermediate window

o0 1 t— 1o t— 11
an(tO,tl;A):2/ dt W1(t;to, t1; A) w(t)C(t) W“?to’“;A)ﬁ(mh Y )
0

7
to =0.4fm, t; =1.0fm, A =0.15fm

light-quark connected lattice results

o = BMW 20

= i LM 20

. ] xQCD 23

= | ABGP 22

o : Mainz/CLS 22

0 1 ETMC 22

- Fermilab/HPQCD /MILC 23

— RBC/UKQCD 23

203 205 207 209
an,qu % 1010
v

several, recent, lattice results that are fully compatible and have small errors

Diogo Boito



20

light-quark connected intermediate window

o0 1 t— 1o t— 11
an(tO,tl;A):2/ dt W1(t;to, t1; A) w(t)C(t) W“?to’“;A)ﬁ(mh Y )
0

m
to =0.4fm, t; =1.0fm, A =0.15fm

light-quark connected lattice results

o = BMW 20

= i LM 20

. ] xQCD 23

= | ABGP 22

o : Mainz/CLS 22

0 1 ETMC 22

- Fermilab/HPQCD /MILC 23

— RBC/UKQCD 23

203 205 207 209
an,qu % 1010
v

several, recent, lattice results that are fully compatible and have small errors

What about data??

Diogo Boito
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light-quark connected intermediate window

Getting the Igc and s+lgd contributions to window quantities is straightforward provided we
have the exclusive channel spectra (which we do from KNT19)

We can still get the EM IB corrections for the intermediate window using BMW results. For
other windows we cannot and will neglect this sub-percent correction

Mixed-isospin IB contribution depend on fits to data (here dispersive) but can be
estimated for the dominant 27 and 37 channels

Diogo Boito



light-quark connected intermediate window )

Getting the Igc and s+lgd contributions to window quantities is straightforward provided we
have the exclusive channel spectra (which we do from KNT19)

We can still get the EM IB corrections for the intermediate window using BMW results. For
other windows we cannot and will neglect this sub-percent correction

Mixed-isospin IB contribution depend on fits to data (here dispersive) but can be
estimated for the dominant 27 and 37 channels

Following the same steps as before we find

a, ' =198.7(1.1) x 1071

Diogo Boito
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light-quark connected intermediate window

Light-quark connected: very significant tension between lattice
QCD and the dispersive approach

- BMW 20
—— LM 20
o ! YQCD 23
= ) ABGP 22
- Mainz/CLS 22
-— ETMC 22
—— Fermilab/HPQCD /MILC 23
= RBC/UKQCD 23
preliminary
—e—i Data-based BBGKMP 23
195 200 205 210
&E/l,lqc % 1010

accounts for nearly all the discrepancy in the total result
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light-quark connected intermediate window

Light-quark connected: very significant tension between lattice
QCD and the dispersive approach

'4.8'0 o BMW 20
4.50 = LM 20
3.80 & yQCD 23
3.30 0 ABGP 22
4.50 o Mainz/CLS 22
4.60 o ETMC 22
5.30 —a— Fermilab/HPQCD/MILC 23
6.10 - RBC/UKQCD 23
preliminary
S | ~ Data-based BBGKMP 23
195 | | 200 | | 205 | | 210

an,lqe % 1010

7

accounts for nearly all the discrepancy in the total result
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light-quark connected: other windows

t—1 t—1
W(t;to,t1;A) = 5 (tanh A 0 _ tanh X 1)

to=1.5fm, t; =1.9fm, A =0.15fm

aWV2(10 11 A) :2/ LWt to, 11: A) w(t)C (1)
0

v’
Similar advantages but more “long distance”; within the reach of chiral perturbation theory

light-quark connected from KNT19 R(s) data lattice results

W2,lqc __ —10
CLM qac — 9370(36) x 10 a/XVZ,qu _ 1021<24) > 10—10

B e

ay >'9° =100.7(3.2) x 10"

T
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1. Notation and definitions

2. Light-quark connected and strange plus light-quark
disconnected results from data

3. Sum rules

Diogo Boito
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lattice vs exp. data: new sum rules

One cannot get the spectral function locally from lattice data.

o0 > This Laplace transform cannot be inverted if all
C(t) = / dEE e ""p(E)  we have from the lattice is a discrete data set
Etn affected by errors (ill-posed problem).

® New set of sum rules for the comparison of spectral functions from experimental data and
lattice simulations

Diogo Boito
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lattice vs exp. data: new sum rules

One cannot get the spectral function locally from lattice data.

o0 > This Laplace transform cannot be inverted if all
C(t) = / dEE e ""p(E)  we have from the lattice is a discrete data set
Etn affected by errors (ill-posed problem).

® New set of sum rules for the comparison of spectral functions from experimental data and
lattice simulations

® Starting point is a narrow window on the spectral function (not in Euclidean time)

® Allows for the choice of weight functions that are well localized in energy

® Comparison between R-ratio data and lattice data

e Potentially useful in reconsidering results from tau decay, combining a more
precise tau decay vector spectral function
with future isospin-breaking results from the lattice

Diogo Boito



rational-weight sum rules

Consider a class of functions W, »(s) = p

26

_ amem—1) (85— 8tn)™

Hg:1(3 + Q%),

Q7 Euclidean and fixed.

n

L W ()T (—2) = (—1ym 2= 5 (@ sa)™

1 2
21 C ’ ! He;ék(Q% . Q%) (Qk)

= [ ds W (o))

th

Taking radius to infinity we get a relation between a
spectral function integral and an Euclidean quantity

Diogo Boito



26

rational-weight sum rules

_ amem—1) (85— 8tn)™

Consider a class of functions Wi, .(s) = u s+ OF Q7 Euclidean and fixed.
=1 14

_ 2 n 2

z=q 1 e (@) + sen)™
b de Wi (2)II(—2) = (~1)7 2D

2m Jc 1 HE;H:(Q% - Q5)

(Qx)

P — [ dsWaa(s)os)

th

Taking radius to infinity we get a relation between a
spectral function integral and an Euclidean quantity

In terms of lattice data for C(t) we get

exp. data Lattice resulks

[ dsWann(oots) = [ decdm ey e

Sth

n

(m,n) — (—1\™ 2(n—m—1) (Q%—i_sth)m (481n2(Qk3t/2) . 2)
D P | (e A S R

We can tune the profile of W(s) by adjusting the position of the poles.
Diogo Boito



rational-weight sum rules i

e — (S — Sth)m
Wm,n(s) _ Iu2(n m—1) =
Hﬁzl(s + Q%) W15(S)
Examples: choose Q7 = 0.25, 0.325, 0.4, 0.475, 0.55 GeV” and n =1, 2: Was(s)
1.0 1-5:' (1,5) '
| [ 6(2’5) I'
0.8 1.0} N
0.6 S _ :
I = 05 N
04/ | 5 .
] ; q
| 0.0 Lr_azf:‘\ 'l
02! NS
00k —0.5-'| . . . .
0 1 2 3 4
tin fm
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rational-weight sum rules

Winn(s)

_ ,2(n—m—1)

=

(s — sgn)™

HZ:1 (s + Q%)

Examples: choose Q7 = 0.25, 0.325, 0.4, 0.475, 0.55 GeV” and n =1, 2:

1.0

0.8

00 F

06| !
0.4 |+

0.2-|!

® KNT19 data

e Lattice: ABGP 22 Igc only! Central values should not be directly compared.
(4 lattice spacings, a=0.06, 0.09, 0.12, 0.15 fm, extrapolated to continuum limit)

weights in GeV 2

1.5}

Q
o

-0.5¢

N
o
—

o
o

(1,5)
I-\
(2,5) ‘
...... C ,I '
' 1
B 1
R 1
’ 1
! 1
1 1
¥ 1
1
’ 1
1 1
’ |
e Vi 1
N\ V4 1
S 1
~~~ P 1
= |
1
1
0 1 2 3 4

R-ratio rel. error || lattice rel. error
Wis || 0.4756(16) 0.3% 0.468(26) 5.6%
Was || 0.08912(34) 0.4% 0.0838(33) 3.9%

Large errors on the lattice side
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exponential-weight sum rules

Because C(t) = / dEE?*e "' p(E) t>0
Etn

weight functions in terms of exponentials provide a new type of sum rule

Exponentiol-weight sum rules

wy(E) = ijEze_Etj ) dEw,(E)p(E) = Z z;C(t5)

Diogo Boito
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exponential-weight sum rules

Because C(t) = / dEE?*e "' p(E) t>0
Etn

weight functions in terms of exponentials provide a new type of sum rule

Exponentiol-weight sum rules

" dBw, (E)p(E) = >, Clt)

SeamshGmmmeSIRTT

wn (F) = ijEze_Etj )
j=1

Ein

Strategy:
® Chose a physically interesting weight function (that we call the mold) 2E W (s = E?)

® Build an approximation to it using a small number of ¢; values (the cast) w(FE)

® Throw away the mold and work with the cast! Exact sum rule for the cast function.
One can chose t; such that C(t;) has small errors.

Diogo Boito
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exponential-weight sum rules

Given the mold function, minimize / dE|w, (E; {t;},{z;})/E* — ZI/V(EQ)/E‘2
T

which has the solution

Ew, th

n
xi =Y AZMf;  with A, = / T dEe~WHE f =2 / " dEe"EW(E?)/E
J=1 E

For a chosen set of time values this gives the coefficients T ;

Diogo Boito
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exponential-weight sum rules

Given the mold function, minimize / dE|wn(E; {t;}, {%})/E2 _ 2W(E2)/E‘2
Ein
which has the solution

n
xi =Y AZMf;  with A, = / T dEe~WHE f =2 / " dEe"EW(E?)/E
J=1 E

Ey, th

For a chosen set of time values this gives the coefficients T ;

,,,,,,,,,,,,,, 2\sWos(s)
t;=3,6,9,12,15GeV ' ~ 0.6, 1.2, 1.8, 2.4, 3 fm |
3 mold
-9y \ m===- cast
Whs:x; =34.0249, x, =870.640, x3=-5501.14, B
x; =9933.01, x5=—5284.24. |
1;
o T
| ‘05A a ‘10A a ‘15A a ‘2.OA a ‘25A a ‘30A a ‘3.5A
\/EinGeV 21
B e SewsemmmeSITT
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exponential-weight sum rules

lgc data from ABGP 22 lgc data from ABGP 22
055 1 - -_-—————
0.100 | ¥
0.53 + = I
0.095 +
i; 0.51 + ] %&
= * ' 0,000
;Eé 0.49 | = JT/' m% |
=047 - ' 250085
B i 0.080 + .
0.45 Linear it —— * Linear it —— 1
Quadratic fit —-—- | Quadratic fit —-—- |
P I B 0075 P N IR

0 0.000 0.005 0.010 0.015 0.020 0.025 0.000  0.005  0.010  0.015  0.020  0.025
a? [fm?] o2 [fm?]
systematic errors on the lattice still to be assessed
(pion mass mistuning, finite volume and taste breaking)
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exponential-weight sum rules

lgc data from ABGP 22 lgc data from ABGP 22
0.55
0.53
%') 0.51
st
= 0.49
N
= 0.47
045 1 Linear fit —— | ' - * Linear fit ——
I Quadratic fit —-—- | I Quadratic fit —-—- |
043 ......................... 0.075\\\\\\\\\\\\\\\\\\\\\\\\\
0.000 0.005 0.010 0.015 0.020 0.025 0.000 0.005 0.010 0.015 0.020 0.025

a? [fm?] a2 [fm?]
systematic errors on the lattice still to be assessed
(pion mass mistuning, finite volume and taste breaking)

e KNT19 data

e Lattice: ABGP 22 Igc only! Central values should not be directly compared.
(4 lattice spacings, a=0.06, 0.09, 0.12, 0.15 fm, extrapolated to continuum limit)

| expamem&iai
R{(s) data rational weiqght weiqht
R-ratio rel. error || lattice rel. error || lattice rel. error

Wis || 0.4756(16) | 0.3% | 0.468(26) | 5.6% | 0.496(17) | 3.4%
Was || 0.08912(34) |  0.4% || 0.0838(33) | 3.9% | 0.0798(18) | 2.3%
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improved exponential weights

Improving on the previous lattice errors

©.@)

The minimization of / dE|w, (E; {t;},{z;})/E* — QW(EQ)/E\Z
Etn

has the solution

n
xi =Y AZf; with A= / T dEe~G)E. f.—2 / " dEe"EW (E2)/E
=1 E

Ew th

Small eigenvalues of the matrix A can be removed using
AN =(1-DA+ 1,

This removes eigenvalues < A and reduce the range of the values of {z;}.

Diogo Boito
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improved exponential weights

Improving on the previous lattice errors

©.@)

The minimization of / dE|w, (E; {t;},{z;})/E* — ZW(EQ)/E\2
Etn

has the solution

n
X; = ZAi_jlfj with A, = /OO dEe(tit1)E 7= 2/00 dEe~"EW(E?)/E
j=1 £

Ew th

Small eigenvalues of the matrix A can be removed using
AN =(10-DA+ 1,

This removes eigenvalues < A and reduce the range of the values of {z;}.

Wysixg =44.8916,  x, =590.933,  x3=-3373.53, sigmiﬁto\mﬂv reduced values

A=10""°
xs =3716.86, x5 = 879.149. of x4 and xs

W, st x; =34.0249, x, =870.640, x3=-5501.14,
x4 =9933.01, x5=-5284.24.
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improved exponential weights

Price to pay: final cast less similar to the original mold
This is acceptable if we are interested in the general profile (zooming in a region in energy)

24/sW(s) | | | 24/s W(s)
50
4 -
40
mold
3 -
! X TT==- cast
----- - A cast
2 -
20
10 1k
ot T 0
0.5 1.0 15 2.0 2.5 3.0 3.5 0.5 1.0 15 2.0 2.5 3.0 35
Vs in GeV s in GeV
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improved exponential weights

Price to pay: final cast less similar to the original mold

This is acceptable if we are interested in the general profile (zooming in a region in energy)

2+s W(s)

24/sW(s)
50
40t
mold
Ly Y T===s cast
----- - A cast
20
10t
ortr N e T
05 1.0 15 2.0 25 3.0 35
Vs in GeV
0.48 + ]
@)
= 0.46 - ]
a'ef
g
=
n
<§ 0.44 + :
Linear fit —— + ]
0.42 - Quadratic fit —-—- 7
0.000 0.005 0.010 0.015 0.020 0.025
a? [fm?]

systematic errors on the
lattice still to be assessed

—~

Wss Sum Rule

0.5

0.080 L

1.0 1.5 20 2.5 3.0 3.5

s in GeV

- Linear fit —
- Quadratic fit —--- ¥

W25 |

70010 0015 0.020

a? [fm?]

0.000  0.005

lgc data from ABGP 22

0.025
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improved exponential weights

Lattice: ABGP 22 Igc only! Central values should not be directly compared.

) | , etx[ac:mem?:mi
R{s) daka rakional w&:igh?ﬁ %% wa&gh&
R-ratio rel. error || lattice rel. error | lattice rel. error

Wis || 0.4756(16) | 0.3% || 0.468(26) | 5.6% | 0.496(17) | 3.4%
Was || 0.08912(34) |  0.4% || 0.0838(33) | 3.9% | 0.0798(18) | 2.3%

iImproved exponential weights

lattice rel. error
Wys || 0.4669(68) 1.5%
Wos || 0.0824(10) 1.2%

Significant reduction in errors but still a factor ~3 to 5 larger than dispersive.
The procedure can still be fine tuned for a given data set.
Error reduction on the lattice data also expected.
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improved exponential weights: 1qc contribution

Merging the strategies: results for Iqc contribution with improved exponential-weight sum rules

lgc from KNT19 R(s) data ABGP Iqc lattice data
lqc —92 lgc  __ —2
[9° = 42.78(16) x 10 5.60 IW15 = 46.69(68) x 10
15
lqc -3
[9° = 78.85(46) x 1073 < 335 > Iy, =82.4(1.0) x 10
25
e ————E D= m—————————
Benton, DB, Golterman, Keshavarzi, systematic errors on the lattice still to be assessed

Maltman, and Peris, in preparation

Another indication of a tension between lattice and dispersive Iqc results
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lattice vs exp. data

® A potential application: BaBar/KLOE/(CMD-3) discrepancies

1400 : : - : . ‘ ‘ _2\sW(s)
g BESIII (15) ——=—

1200 | KLOE combination —=— - al
CMD-2 (06) H—=—ri
SND (04)

CMD-2 (03) ————

1000 |

800

2 Fitof all n*n” data

"z BaBar(09) N | ol

o’(e*e” — n*m) [nb]

600 |
: .—.‘5;.4.;,
400 oot 17
b
w00 | |
a) 07
0 1 1 1 1 1 | ‘] ‘ ‘ ‘ ‘ ‘
06 065 07 075 08 08 09 095 05 1.0 15 20 25 - 35
Vs [GeV] 5 e
B IR
B ——
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lattice vs exp. data

® A potential application: BaBar/KLOE/(CMD-3) discrepancies

_2\sWs)

1400

1200

o 1000
=

+ )

800
600 |

% 400 | L&

200

0 1 1 1 1 1 1 - I 1 1 1 1 1
06 065 07 075 08 085 09 0095 0.5 1.0 1.5 2.0 2.5 3.0 3.5

Js [GeV] Vs in GeV
Babar and KLOE exp. data ABGP Iqc data
I% (BABAR) — It7 (KLOE) = 0.0094(40). Ly, (rhs) = 0.4669(68)
It (BABAR) — It (KLOE) = 0.00150(51) Iy, (rths) = 0.0824(10)
A ——— ————tmmmeSSEROT AR b ett———__—

With smaller errors on the lattice side (factor of less than 2), exponential-weight sum rules can
already be used to investigate the KLOE/Babar/(CMD-3) discrepancies.
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conclusions *

® We have more than one discrepancy in g - 2:

experiment vs (dispersive based) Standard Model

lattice HVP vs dispersive (R-ratio) HVP
KLOE/Babar/CMD-3

® The method of windows is a very important tool in the investigation of these discrepancies.

® Work needed on the lattice but many results in excellent agreement (e.g., Igc int. window)

o Lattice/R-ratio discrepancy resides mostly in the light-quark connected contribution
which is dominated by pi+pi- on the data side (81%)

® New sum rules can help comparing lattice and R(s) data
® Exponential-weight sum rules can be tuned in order to reduce the error on the lattice side

® New sum rules may also be useful in a combination of tau data and lattice IB corrections
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conclusions

. e BMW20
. BNL 9-2 [ — LM 20
FNAL g-2
—a— xQCD 23
R T —— ABGP 22
b @ b L) | .
BMW, lattice QCD  Experimental e Mainz/CLS 22
Standard Model Average — ETMC 22
< o > —a— Fermilab/HPQCD /MILC 23
: ® : - RBC/UKQCD 23
White Paper
Standfard Modell | | | | | | —e—i Data-based BBGKMP 23
17.5 18 18.5 19 195 20 205 21 21.5 195 200 205 210
a, x 10° — 1165900 alVhlde x 1010
B ———————Cp D e ————SNRT
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