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and large parts of the two-pion intermediate states, both of which rely on data-driven approaches and are under good
control; (2) the model-dependent estimates for the sum of scalar, tensor, and axial-vector contributions, as well as
the impact of short-distance constraints; all of these still su↵er from significant uncertainties, which in the total have
been added linearly; (3) the c-quark contribution, which can be estimated using perturbative QCD, with a conservative
uncertainty estimate in view of the low scale and potential nonperturbative e↵ects. The final estimates for HLbL from
Table 15 (mainly based on Refs. [18–30] and, in addition to e+e� ! hadrons cross sections, the experimental input
from Refs. [90–109]) and HLbL at NLO [31] from Eq. (4.91) read as follows:

aHLbL
µ = (69.3(4.1) + 20(19) + 3(1)) ⇥ 10�11

= 92(19) ⇥ 10�11 , (8.7)

aHLbL, NLO
µ = 2(1) ⇥ 10�11 , (8.8)

where the first line gives the three pieces in the same order as discussed above and the total in the second line is
obtained by adding the central values of the three contributions and combining the errors in quadrature. The final
error is about 20% and is completely dominated by the model estimates of a numerically subdominant part of the
total.

The lattice determination of HLbL scattering is reviewed in Sec. 5. The lattice methodology for this quantity has
advanced significantly in the last years [110–116] and has now reached a mature stage, resulting in a calculation [32]
with reliable estimates of both statistical and systematic uncertainties (Eq. (5.49)):

aHLbL
µ = 78.7(30.6)stat(17.7)sys ⇥ 10�11 . (8.9)

There have been extensive checks between di↵erent groups working on the lattice HLbL as well as internal checks of
the calculations such as the regression against the leptonic loop or pion-pole contributions. These checks are explained
in detail in Sec. 5.

To obtain a recommendation for the full SM prediction we proceed as follows: for HLbL scattering, there is
excellent agreement between phenomenology and lattice QCD, to the extent that it is justified to consider a weighted
average. Taking into account that the lattice-QCD value does not include the c-quark loop, we first average the
light-quark contribution and add the c quark as estimated phenomenologically in the end. This produces

aHLbL
µ (phenomenology + lattice QCD) = 90(17) ⇥ 10�11 , (8.10)

and, using Eq. (8.8),

aHLbL
µ (phenomenology + lattice QCD) + aHLbL, NLO

µ = 92(18) ⇥ 10�11 . (8.11)

For HVP, the current uncertainties in lattice calculations are too large to perform a similar average and the future
confrontation of phenomenology and lattice QCD crucially depends on the outcome of forthcoming lattice studies.
For this reason, we adopt Eq. (8.3) as our final estimate, emphasizing that the uncertainty estimate already accounts
for the tensions in the e+e� data base. Combined with the QED and EW contributions, we obtain

aSM
µ = aQED

µ + aEW
µ + aHVP, LO

µ + aHVP, NLO
µ + aHVP, NNLO

µ + aHLbL
µ + aHLbL, NLO

µ

= 116 591 810(43) ⇥ 10�11 . (8.12)

This value is mainly based on Refs. [2–8, 18–24, 31–36], which should be cited in any work that uses or quotes
Eq. (8.12). It di↵ers from the Brookhaven measurement [1]

aexp
µ = 116 592 089(63) ⇥ 10�11 , (8.13)

where the central value is adjusted to the latest value of � = µµ/µp = 3.183345142(71) [775], by

�aµ := aexp
µ � aSM

µ = 279(76) ⇥ 10�11 , (8.14)
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aHVP,LO
µ
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Muon g - 2: Standard Model

aexp. avgµ = 0.00116592061(41) = 116592061(41)⇥10�11
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HVP contributions dominate the theory uncertainty.  
Most important piece in controlling the SM g-2 result.
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Muon g - 2: lattice vs dispersive HVP
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Figure 3: Comparison of recent results for the leading-order, hadronic vacuum polarization contribution
to the anomalous magnetic moment of the muon. See [7] for a recent review. Green squares are lattice
results: this work’s result, denoted by BMWc’20 and represented by a filled symbol at the top of the figure,
is followed by Mainz’19 [32], FHM’19 [33], ETM’19 [34], RBC’18 [19] and our earlier work BMWc’17
[14]. Errorbars are s.e.m. Compared to BMWc’17, the present work has increased the accuracy of the
scale-setting from the per-cent to the per-mill level; has decreased the statistical error from 7.5 to 2.3;
has computed all isospin-breaking contributions as opposed to estimating it, the corresponding error is
1.4 down from 5.1; has made a dedicated finite-size study to decrease the finite-size error from 13.5 to
2.5; has decreased the continuum extrapolation error from 8.0 to 4.1 by having much more statistics on
our finest lattice and applying taste improvement. Red circles were obtained using the R-ratio method
by DHMZ’19 [3], KNT’19 [4] and CHHKS’19 [5, 6]; these results use the same experimental data as
input. The blue shaded region is the value that aLO�HVP

µ
would have to have to explain the experimental

measurement of (gµ � 2), assuming no new physics.

8

Muon g-2 plot incl. BMW lattice QCD
the numbers in units 10�10:
a

the
µ = 11659181.0 ± 4.3 WP

a
the
µ = 11659195.4 ± 5.5 Lattice QCD [BMW]

a
exp
µ = 11659209.1 ± 6.3 BNL

a
exp
µ = 11659204.0 ± 5.4 FNAL

a
exp
µ = 11659206.1 ± 4.1 World average

F. Jegerlehner (g-2) Days 2021, May 31 - June 6 3

Crucial issue: discrepancy between lattice and dispersive results for HVP
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F. Jegerlehner (g-2) Days 2021, May 31 - June 6 3

Crucial issue: discrepancy between lattice and dispersive results for HVP

Problem: understand the origin of the discrepancy in detail.  
Specific contributions (light-quark connected, disconnected, strange quark…)? 
Specific energy regions or channels on the dispersive side?
Complicated comparison: Euclidean time correlators (lattice) versus time-like region data
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Notation and conventions: dispersive approach

QCD

Hadronic Vacuum Polarization (HVP)

(qµq⌫ � q2gµ⌫)⇧(q
2) = i

Z
d4x h0|T (jEM

µ (x)jEM
⌫ (0)|0i

<latexit sha1_base64="4pzVv3RFoXBIcRDhOL4/kkN+8QQ="></latexit>

jEM
µ =

2

3
ū�µu� 1

3
d̄�µd�

1

3
s̄�µs+

2

3
c̄�µc+ · · ·

<latexit sha1_base64="CQ3JNgbg11WW5wT/T1r9AStj9L4="></latexit>

Usual dispersive representation

⇧(q2)�⇧(0) = q2
Z 1

4m2
⇡

ds
1
⇡ Im⇧(s)

s(s� q2 + i✏)
<latexit sha1_base64="jMNDTtR7dcT8VIJa991/ScavbiU="></latexit>

Re(s)

Im(s)
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d4x h0|T (jEM
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⌫ (0)|0i
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jEM
µ =

2

3
ū�µu� 1

3
d̄�µd�

1

3
s̄�µs+

2

3
c̄�µc+ · · ·

<latexit sha1_base64="CQ3JNgbg11WW5wT/T1r9AStj9L4="></latexit>

Usual dispersive representation

⇧(q2)�⇧(0) = q2
Z 1

4m2
⇡

ds
1
⇡ Im⇧(s)

s(s� q2 + i✏)
<latexit sha1_base64="jMNDTtR7dcT8VIJa991/ScavbiU="></latexit>

Re(s)

Im(s)

aHVP

µ =
4↵2m2

µ

3

Z 1

m2
⇡

ds
K̂(s)

s2
⇢EM(s)

<latexit sha1_base64="WOWAl9/fTs/eq3j12WqRa6Ya4T0="></latexit>

⇢EM(s) =
1

12⇡2
R(s)
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R(s) =
3s

4⇡↵
�(0)[e+e� ! hadrons(+�)]
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Brodsky & de Rafael, ’68
Lautrup & de Rafael ‘68

Leading order contribution to aHVP

µ
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Optical theorem relates the imaginary part to the cross section for e+e� ! hadrons(+�)
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Notation and conventions: dispersive approach
aHVP

µ =
4↵2m2

µ

3

Z 1

m2
⇡

ds
K̂(s)

s2
⇢EM(s)

<latexit sha1_base64="WOWAl9/fTs/eq3j12WqRa6Ya4T0="></latexit>

⇢EM(s) =
1

12⇡2
R(s)

<latexit sha1_base64="UmYl31XFDL13r549li0liJlS+EI=">AAACD3icbVDLSsNAFJ34rPUVdelmsCh1U5Io6EYoiuBGqGIf0MQymU7aoZNJmJkIJeQP3Pgrblwo4tatO//GaZuFth64cDjnXu69x48Zlcqyvo25+YXFpeXCSnF1bX1j09zabsgoEZjUccQi0fKRJIxyUldUMdKKBUGhz0jTH1yM/OYDEZJG/E4NY+KFqMdpQDFSWuqYB67oR53UFSG8vM7K8vDMDQTCqZ2ltuPG9N7JbrXaMUtWxRoDzhI7JyWQo9Yxv9xuhJOQcIUZkrJtW7HyUiQUxYxkRTeRJEZ4gHqkrSlHIZFeOv4ng/ta6cIgErq4gmP190SKQimHoa87Q6T6ctobif957UQFp15KeZwowvFkUZAwqCI4Cgd2qSBYsaEmCAuqb4W4j3QeSkdY1CHY0y/PkoZTsY8qzs1xqXqex1EAu2APlIENTkAVXIEaqAMMHsEzeAVvxpPxYrwbH5PWOSOf2QF/YHz+ABx+m2w=</latexit>

exclusive modes
⇡+⇡�, 3⇡, 2⇡+2⇡�,⇡0�, ⌘⇡+⇡�...

<latexit sha1_base64="biJwJRH/zaGtrj0I15q0axmUHNs="></latexit>

 0.1

 1

 10

 100

 1000

 10000

 1  10

R
(s

)

√s [GeV]

Exclusive data

Transition point at 1.937 GeV

Inclusive data

ρ/ω
φ

J/ψ

ψ(2s)

Υ(1s−6s)

Compilation of R-ratio data

Keshavarzi, Nomura, Teubner (KNT) ’19

(see also Davier et al ’19, Jegerlehner ’16)

inclusive R(s)
<latexit sha1_base64="x+v7TL7wVQ/zXOrNVSxDcj+nwLI=">AAAB+XicbVDLTgJBEOzFF+Jr1aOXiWCCF7KLBz0SvXhEI48ECJkdGpgwO7uZmSUhG/7EiweN8eqfePNvHB4HBSvppFLVne6uIBZcG8/7djIbm1vbO9nd3N7+weGRe3xS11GiGNZYJCLVDKhGwSXWDDcCm7FCGgYCG8HobuY3xqg0j+STmcTYCelA8j5n1Fip67pcMpFoPkZSeCzqy0LXzXslbw6yTvwlycMS1a771e5FLAlRGiao1i3fi00npcpwJnCaaycaY8pGdIAtSyUNUXfS+eVTcmGVHulHypY0ZK7+nkhpqPUkDGxnSM1Qr3oz8T+vlZj+TSflMk4MSrZY1E8EMRGZxUB6XCEzYmIJZYrbWwkbUkWZsWHlbAj+6svrpF4u+Vel8kM5X7ldxpGFMziHIvhwDRW4hyrUgMEYnuEV3pzUeXHenY9Fa8ZZzpzCHzifPw8ckp0=</latexit>

6



Diogo Boito

Notation and conventions: dispersive approach
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⇢EM(s) =
1

12⇡2
R(s)

<latexit sha1_base64="UmYl31XFDL13r549li0liJlS+EI=">AAACD3icbVDLSsNAFJ34rPUVdelmsCh1U5Io6EYoiuBGqGIf0MQymU7aoZNJmJkIJeQP3Pgrblwo4tatO//GaZuFth64cDjnXu69x48Zlcqyvo25+YXFpeXCSnF1bX1j09zabsgoEZjUccQi0fKRJIxyUldUMdKKBUGhz0jTH1yM/OYDEZJG/E4NY+KFqMdpQDFSWuqYB67oR53UFSG8vM7K8vDMDQTCqZ2ltuPG9N7JbrXaMUtWxRoDzhI7JyWQo9Yxv9xuhJOQcIUZkrJtW7HyUiQUxYxkRTeRJEZ4gHqkrSlHIZFeOv4ng/ta6cIgErq4gmP190SKQimHoa87Q6T6ctobif957UQFp15KeZwowvFkUZAwqCI4Cgd2qSBYsaEmCAuqb4W4j3QeSkdY1CHY0y/PkoZTsY8qzs1xqXqex1EAu2APlIENTkAVXIEaqAMMHsEzeAVvxpPxYrwbH5PWOSOf2QF/YHz+ABx+m2w=</latexit>

exclusive modes
⇡+⇡�, 3⇡, 2⇡+2⇡�,⇡0�, ⌘⇡+⇡�...

<latexit sha1_base64="biJwJRH/zaGtrj0I15q0axmUHNs="></latexit>
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Notation and conventions: lattice
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1

3

3X

i=1

Z
d3xhjEM

i (~x, t)jEM
i (0)i = 1

2

Z 1

m2
⇡

ds
p
s e�

p
st ⇢EM(s) (t > 0) ,
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<latexit sha1_base64="d2Gup+hWPn36T7bzjBHL1WCdLqk=">AAACFXicbVDLSgMxFM34tr6qLt0Ei1BBykwVdCMU3XRZwT6g0w6ZNKPBJDMkd5Qy9Cfc+CtuXCjiVnDn35g+Ftp6IbmHc+4lOSdMBDfgut/O3PzC4tLyympubX1jcyu/vdMwcaopq9NYxLoVEsMEV6wOHARrJZoRGQrWDO8uh3rznmnDY3UN/YR1JLlRPOKUgKWC/BEJfJl2M19LXG3UBudlnysI3K5tEfRxD/yjhyIc4kt7BfmCW3JHhWeBNwEFNKlakP/yezFNJVNABTGm7bkJdDKigVPBBjk/NSwh9I7csLaFikhmOtnI1QAfWKaHo1jbowCP2N8bGZHG9GVoJyWBWzOtDcn/tHYK0Vkn4ypJgSk6fihKBYYYDyPCPa4ZBWHNc0I1t3/F9JZoQsEGmbMheNOWZ0GjXPKOS+Wrk0LlYhLHCtpD+6iIPHSKKqiKaqiOKHpEz+gVvTlPzovz7nyMR+ecyc4u+lPO5w8KUZ1x</latexit>
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<latexit sha1_base64="cew5ivw5Eu7gCycKjHTlOGegAoQ="></latexit>

Leading order contribution to aHVP

µ
<latexit sha1_base64="EuTQyhl3uPCx0xetDLoeV57CPGQ=">AAAB+HicbVDLSsNAFJ34rPXRqEs3g0VwVZIq6LLopssK9gFNDJPppB06MwnzEGrol7hxoYhbP8Wdf+O0zUJbD1w4nHMv994TZ4wq7Xnfztr6xubWdmmnvLu3f1BxD486KjUSkzZOWSp7MVKEUUHammpGepkkiMeMdOPx7czvPhKpaCru9SQjIUdDQROKkbZS5FZQFHDzkAeSw2anNY3cqlfz5oCrxC9IFRRoRe5XMEix4URozJBSfd/LdJgjqSlmZFoOjCIZwmM0JH1LBeJEhfn88Ck8s8oAJqm0JTScq78ncsSVmvDYdnKkR2rZm4n/eX2jk+swpyIzmgi8WJQYBnUKZynAAZUEazaxBGFJ7a0Qj5BEWNusyjYEf/nlVdKp1/yLWv3ustq4KeIogRNwCs6BD65AAzRBC7QBBgY8g1fw5jw5L86787FoXXOKmWPwB87nD1mgkuI=</latexit>
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Leading order contribution to aHVP

µ
<latexit sha1_base64="EuTQyhl3uPCx0xetDLoeV57CPGQ=">AAAB+HicbVDLSsNAFJ34rPXRqEs3g0VwVZIq6LLopssK9gFNDJPppB06MwnzEGrol7hxoYhbP8Wdf+O0zUJbD1w4nHMv994TZ4wq7Xnfztr6xubWdmmnvLu3f1BxD486KjUSkzZOWSp7MVKEUUHammpGepkkiMeMdOPx7czvPhKpaCru9SQjIUdDQROKkbZS5FZQFHDzkAeSw2anNY3cqlfz5oCrxC9IFRRoRe5XMEix4URozJBSfd/LdJgjqSlmZFoOjCIZwmM0JH1LBeJEhfn88Ck8s8oAJqm0JTScq78ncsSVmvDYdnKkR2rZm4n/eX2jk+swpyIzmgi8WJQYBnUKZynAAZUEazaxBGFJ7a0Qj5BEWNusyjYEf/nlVdKp1/yLWv3ustq4KeIogRNwCs6BD65AAzRBC7QBBgY8g1fw5jw5L86787FoXXOKmWPwB87nD1mgkuI=</latexit>

How can we best compare the lattice and dispersive approaches? 
Not so simple, but the lattice splits the calculation in different contributions

Strong isospin-breaking

connected light connected strange connected charm disconnected
633.7(2.1)(4.2) 53.393(89)(68) 14.6(0)(1) -13.36(1.18)(1.36)

0.11(4)

bottom; higher order;
perturbative

Etc.

Finite-size effects

disconnected
-4.67(54)(69)

1010×a�
LO-HVP = 707.5(2.3)stat(5.0)sys[5.5]tot

QED
isospin-breaking:

valence 

Isospin symmetric

connected disconnected

connected disconnected

connected

disconnectedconnected

-0.55(15)(10)

-0.040(33)(21)

0.011(24)(14)

-1.23(40)(31)

-0.0093(86)(95)

0.37(21)(24)

6.60(63)(53)

QED
isospin-breaking:

 sea

QED
isospin-breaking:

mixed

isospin-symmetric

isospin-breaking

18.7(2.5)

0.0(0.1)

Figure 1: List of the contributions to aµ, including examples of the corresponding Feynman diagrams.
Solid lines are quarks and curly lines are photons. Gluons are not shown explicitly, and internal quark
loops, only if they are attached to photons. Dots represent coordinates in position space, a box indicates
the mass insertion relevant for strong-isospin breaking. The numbers give our result for each contribution,
they correspond to our “reference” system size given by Lref = 6.272 fm spatial and Tref = 9.408 fm
temporal lattice extents. We also explicitly compute the finite-size corrections that must be added to
these results, these are given separately in the lower right panel. The first error is the statistical and the
second is the systematic uncertainty; except for the contributions where only a single, total error is given.
Errors are s.e.m.
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isospin symmetric contributions (before finite volume corrections) from BMW coll. 2002.12347

light-quark connected 
gives about 90% of 

the total

7

Bernecker and Meyer ‘11



Diogo Boito

Notation and conventions: lattice

C(t) =
1

3

3X

i=1

Z
d3xhjEM

i (~x, t)jEM
i (0)i = 1

2

Z 1

m2
⇡

ds
p
s e�

p
st ⇢EM(s) (t > 0) ,

<latexit sha1_base64="1KDqa5SyZMxEkDqYAh8vDM0+Sz8="></latexit>

aHVP

µ = 2

Z 1

0

dtw(t)C(t)
<latexit sha1_base64="d2Gup+hWPn36T7bzjBHL1WCdLqk=">AAACFXicbVDLSgMxFM34tr6qLt0Ei1BBykwVdCMU3XRZwT6g0w6ZNKPBJDMkd5Qy9Cfc+CtuXCjiVnDn35g+Ftp6IbmHc+4lOSdMBDfgut/O3PzC4tLyympubX1jcyu/vdMwcaopq9NYxLoVEsMEV6wOHARrJZoRGQrWDO8uh3rznmnDY3UN/YR1JLlRPOKUgKWC/BEJfJl2M19LXG3UBudlnysI3K5tEfRxD/yjhyIc4kt7BfmCW3JHhWeBNwEFNKlakP/yezFNJVNABTGm7bkJdDKigVPBBjk/NSwh9I7csLaFikhmOtnI1QAfWKaHo1jbowCP2N8bGZHG9GVoJyWBWzOtDcn/tHYK0Vkn4ypJgSk6fihKBYYYDyPCPa4ZBWHNc0I1t3/F9JZoQsEGmbMheNOWZ0GjXPKOS+Wrk0LlYhLHCtpD+6iIPHSKKqiKaqiOKHpEz+gVvTlPzovz7nyMR+ecyc4u+lPO5w8KUZ1x</latexit>

K̂(s)

s2
=

3
p
s

4↵2m2
µ

Z 1

0
dtw(t) e�

p
st

<latexit sha1_base64="cew5ivw5Eu7gCycKjHTlOGegAoQ="></latexit>

Leading order contribution to aHVP

µ
<latexit sha1_base64="EuTQyhl3uPCx0xetDLoeV57CPGQ=">AAAB+HicbVDLSsNAFJ34rPXRqEs3g0VwVZIq6LLopssK9gFNDJPppB06MwnzEGrol7hxoYhbP8Wdf+O0zUJbD1w4nHMv994TZ4wq7Xnfztr6xubWdmmnvLu3f1BxD486KjUSkzZOWSp7MVKEUUHammpGepkkiMeMdOPx7czvPhKpaCru9SQjIUdDQROKkbZS5FZQFHDzkAeSw2anNY3cqlfz5oCrxC9IFRRoRe5XMEix4URozJBSfd/LdJgjqSlmZFoOjCIZwmM0JH1LBeJEhfn88Ck8s8oAJqm0JTScq78ncsSVmvDYdnKkR2rZm4n/eX2jk+swpyIzmgi8WJQYBnUKZynAAZUEazaxBGFJ7a0Qj5BEWNusyjYEf/nlVdKp1/yLWv3ustq4KeIogRNwCs6BD65AAzRBC7QBBgY8g1fw5jw5L86787FoXXOKmWPwB87nD1mgkuI=</latexit>
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Figure 1: List of the contributions to aµ, including examples of the corresponding Feynman diagrams.
Solid lines are quarks and curly lines are photons. Gluons are not shown explicitly, and internal quark
loops, only if they are attached to photons. Dots represent coordinates in position space, a box indicates
the mass insertion relevant for strong-isospin breaking. The numbers give our result for each contribution,
they correspond to our “reference” system size given by Lref = 6.272 fm spatial and Tref = 9.408 fm
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Notation and conventions: lattice
light-quark connected (lqc) contribution

disconnected contribution
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Can we get these quantities from data?
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2. Light-quark connected and strange plus light-quark 
disconnected results from data

3. Sum rules

1. Notation and definitions

Diogo Boito



the basic idea
EM current: u, d, and s quarks 

jEM
µ =

2

3
ū�µu� 1

3
d̄�µd�

1

3
s̄�µs+

2

3
c̄�µc+ · · ·

<latexit sha1_base64="CQ3JNgbg11WW5wT/T1r9AStj9L4="></latexit>

jEM
µ =

1

2
(ū�µu� d̄�µd) +

1

6
(ū�µu+ d̄�µd)�

1

3
s̄�µs

<latexit sha1_base64="K/wZEFWxGDcOhHiS6NufZv31QNM="></latexit>

I=1  I=0 
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the basic idea
EM current: u, d, and s quarks 
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<latexit sha1_base64="CQ3JNgbg11WW5wT/T1r9AStj9L4="></latexit>
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2
(ū�µu� d̄�µd) +
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6
(ū�µu+ d̄�µd)�
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s̄�µs

<latexit sha1_base64="K/wZEFWxGDcOhHiS6NufZv31QNM="></latexit>

I=1  I=0 

Considering the I =1 quark current in the isospin limit, only connected contributions

1

4
h(ū�µu� d̄�µd)(x)(ū�µu� d̄�µd)(y)i =

<latexit sha1_base64="yHSopj/7DauG6pnf7+pzhIo9hVk="></latexit>

1

2
<latexit sha1_base64="91NJnNiONkuys7ZNVnXzJ8MXsG4=">AAAB8nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGC/YA2lM120y7dbMLuRCghP8OLB0W8+mu8+W/ctjlo64OBx3szzMwLEikMuu63s7a+sbm1Xdop7+7tHxxWjo7bJk414y0Wy1h3A2q4FIq3UKDk3URzGgWSd4LJ3czvPHFtRKwecZpwP6IjJULBKFqp1w81ZZmXZ/V8UKm6NXcOskq8glShQHNQ+eoPY5ZGXCGT1Jie5yboZ1SjYJLn5X5qeELZhI54z1JFI278bH5yTs6tMiRhrG0pJHP190RGI2OmUWA7I4pjs+zNxP+8XorhjZ8JlaTIFVssClNJMCaz/8lQaM5QTi2hTAt7K2FjalNAm1LZhuAtv7xK2vWad1mrP1xVG7dFHCU4hTO4AA+uoQH30IQWMIjhGV7hzUHnxXl3Phata04xcwJ/4Hz+ADqOkTc=</latexit>

x
<latexit sha1_base64="hL+FaLtOT9luwfLW3Ut08xl3Pcw=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmpWyd1Gu1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOeHjQA=</latexit>

y
<latexit sha1_base64="mEcz1FLhuG1BpP6c5hi50qAIJ0g=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOl5qRfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqq15mWlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8f6QuNAQ==</latexit>
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The hadronic contribution aLO;HVPμ can be determined
using the standard “dispersive” representation

aLO;HVPμ ¼
α2EMm

2
μ

9π2

Z
∞

m2
π

ds
K̂ðsÞ
s2

RðsÞ; ð2:7Þ

where αEM is the EM fine-structure constant, RðsÞ is the
standard EM cross-section ratio,

RðsÞ ¼ 3s
4πα2EM

σð0Þ½eþe− → hadronsðþγÞ&; ð2:8Þ

with σð0Þ½eþe− → hadronsðþγÞ& the bare inclusive had-
ronic electroproduction cross section. The kernel K̂ðsÞ is
exactly known and slowly (and monotonically) increasing
with s (see, for example, Ref. [29]). The dispersive
determination typically employs a sum of exclusive-mode
contributions up to just below s ¼ 4 GeV2, and inclusive
RðsÞ determinations and/or perturbative QCD (pQCD)
above that, apart from in the region of narrow charm
and bottom resonances. Using the decomposition of
Eq. (2.6) for the EM spectral function, and the relation

RðsÞ ¼ 12π2ρEMðsÞ; ð2:9Þ

the three-flavor contribution to aLO;HVPμ can also be broken
down into I ¼ 1 (33), I ¼ 0 (88), and mixed-isospin (MI,
38þ 83) contributions,

aLO;HVPμ ¼a33μ þ 2ffiffiffi
3

p a38μ þ1

3
a88μ ≡aI¼1

μ þaMI
μ þaI¼0

μ : ð2:10Þ

Contributions to these quantities from an individual exclu-
sive mode, X, can also be defined, and are denoted as
½aLO;HVPμ &X, ½aI¼1

μ &X, ½aI¼0
μ &X, and ½aMI

μ &X.
The hadronic contribution aLO;HVPμ also has the standard

weighted Euclidean-Q2 integral representation [30–32],

aLO;HVPμ ¼ −4α2EM
Z

∞

0
dQ2fðQ2ÞΠ̂EMðQ2Þ; ð2:11Þ

with fðQ2Þ another exactly known kernel which diverges
as 1=

ffiffiffiffiffiffi
Q2

p
as Q2 → 0, and creates a peak in the integrand

of Eq. (2.11) at very low Q2 ≃m2
μ=4. This expression, or

the related time-momentum representation [33], forms the
basis for lattice determinations of aLO;HVPμ . Analogous
representations for aI¼1

μ , aI¼0
μ , and aMI

μ are obtained by
replacing Π̂EM in Eq. (2.11) with Π̂I¼1

EM , Π̂I¼0
EM , and Π̂MI

EM,
respectively. To first order in md −mu, there are no SIB
contributions to either a33μ or a88μ , while SIB is expected to
dominate a38μ .

III. THE BASIC IDEA

The basic idea of the analysis is the following. In the
isospin limit, Π̂I¼1

EM receives only light-quark-connected
contributions, while Π̂I¼0

EM is a sum of light-quark-
connected, strange-quark-connected, and all disconnected
contributions. It is thus obvious that there is a combination
of Π̂I¼1

EM and Π̂I¼0
EM in which the light-quark-connected

contributions cancel, leaving a result which is the sum
of the strange-quark-connected and disconnected contri-
butions. It is easy to check (as noted explicitly in Ref. [4])
that this combination is

Π̂sconnþdisc
EM ≡ Π̂I¼0

EM −
1

9
Π̂I¼1

EM : ð3:1Þ

The corresponding spectral function is

ρsconnþdisc
EM ðsÞ ¼ ρI¼0

EM ðsÞ − 1

9
ρI¼1
EM ðsÞ: ð3:2Þ

The appropriately weighted dispersive integral of the latter
combination produces a result, asconnþdisc

μ , which is the sum
of the strange-quark-connected and disconnected contribu-
tions to aLO;HVPμ . It follows that, if the I ¼ 0 and I ¼ 1
contributions to RðsÞ can be separated with sufficient
precision, an accurate experimental determination of this
combination will be possible. In terms of the I ¼ 0 and I ¼
1 contributions to aLO;HVPμ ,

asconnþdisc
μ ¼ aI¼0

μ −
1

9
aI¼1
μ : ð3:3Þ

Such a determination would serve as a useful target of
comparison for lattice determinations of the same sum.
The strange-quark-connected contribution to aLO;HVPμ ,

asconnμ , has been rather precisely determined by
several lattice groups [3,6,9,11,12,16,18,20]. Themost recent
(BMW) determination, 53.393ð89Þð68Þ × 10−10 [20], is in
excellent agreement with the average, ð53.2' 0.3Þ × 10−10,
of previous determinations quoted in the 2020 g − 2 Theory
Initiative white paper [29]. asconnμ is thus already known to
much higher precision than the final target ∼1.4 × 10−10

uncertainty on aμ expected from the full FNAL E989
experimental program. In view of this precision, an exper-
imental determination of asconnþdisc

μ will also provide a
determination, with comparable precision, of the full dis-
connected contribution to aLO;HVPμ , adiscμ ¼ asconnþdisc

μ −
asconnμ . All this, of course, assumes the experimentally
determined asconnþdisc

μ combination does not contain signifi-
cant beyond-the-SM contributions and hence should be
compatible with SM-based lattice determinations of this
quantity.
In Sec. IV, we will implement this idea neglecting, to

begin with, isospin-breaking (IB) corrections. Then, in
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where αEM is the EM fine-structure constant, RðsÞ is the
standard EM cross-section ratio,
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RðsÞ determinations and/or perturbative QCD (pQCD)
above that, apart from in the region of narrow charm
and bottom resonances. Using the decomposition of
Eq. (2.6) for the EM spectral function, and the relation
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sive mode, X, can also be defined, and are denoted as
½aLO;HVPμ &X, ½aI¼1
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The hadronic contribution aLO;HVPμ also has the standard

weighted Euclidean-Q2 integral representation [30–32],
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with fðQ2Þ another exactly known kernel which diverges
as 1=
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p
as Q2 → 0, and creates a peak in the integrand

of Eq. (2.11) at very low Q2 ≃m2
μ=4. This expression, or

the related time-momentum representation [33], forms the
basis for lattice determinations of aLO;HVPμ . Analogous
representations for aI¼1
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μ are obtained by
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respectively. To first order in md −mu, there are no SIB
contributions to either a33μ or a88μ , while SIB is expected to
dominate a38μ .

III. THE BASIC IDEA

The basic idea of the analysis is the following. In the
isospin limit, Π̂I¼1

EM receives only light-quark-connected
contributions, while Π̂I¼0

EM is a sum of light-quark-
connected, strange-quark-connected, and all disconnected
contributions. It is thus obvious that there is a combination
of Π̂I¼1

EM and Π̂I¼0
EM in which the light-quark-connected

contributions cancel, leaving a result which is the sum
of the strange-quark-connected and disconnected contri-
butions. It is easy to check (as noted explicitly in Ref. [4])
that this combination is

Π̂sconnþdisc
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The corresponding spectral function is

ρsconnþdisc
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EM ðsÞ − 1

9
ρI¼1
EM ðsÞ: ð3:2Þ

The appropriately weighted dispersive integral of the latter
combination produces a result, asconnþdisc

μ , which is the sum
of the strange-quark-connected and disconnected contribu-
tions to aLO;HVPμ . It follows that, if the I ¼ 0 and I ¼ 1
contributions to RðsÞ can be separated with sufficient
precision, an accurate experimental determination of this
combination will be possible. In terms of the I ¼ 0 and I ¼
1 contributions to aLO;HVPμ ,

asconnþdisc
μ ¼ aI¼0

μ −
1

9
aI¼1
μ : ð3:3Þ

Such a determination would serve as a useful target of
comparison for lattice determinations of the same sum.
The strange-quark-connected contribution to aLO;HVPμ ,

asconnμ , has been rather precisely determined by
several lattice groups [3,6,9,11,12,16,18,20]. Themost recent
(BMW) determination, 53.393ð89Þð68Þ × 10−10 [20], is in
excellent agreement with the average, ð53.2' 0.3Þ × 10−10,
of previous determinations quoted in the 2020 g − 2 Theory
Initiative white paper [29]. asconnμ is thus already known to
much higher precision than the final target ∼1.4 × 10−10

uncertainty on aμ expected from the full FNAL E989
experimental program. In view of this precision, an exper-
imental determination of asconnþdisc

μ will also provide a
determination, with comparable precision, of the full dis-
connected contribution to aLO;HVPμ , adiscμ ¼ asconnþdisc

μ −
asconnμ . All this, of course, assumes the experimentally
determined asconnþdisc

μ combination does not contain signifi-
cant beyond-the-SM contributions and hence should be
compatible with SM-based lattice determinations of this
quantity.
In Sec. IV, we will implement this idea neglecting, to

begin with, isospin-breaking (IB) corrections. Then, in
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isospin 1 is purely  
light-quark connected
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Dispersive determinations of aLO;HVPμ are typically obtained
by summing (i) exclusive-mode contributions up to just
below s ¼ 4 GeV2, (ii) narrow charm and bottom reso-
nance contributions, and (iii) contributions evaluated using
inclusive RðsÞ data and/or perturbative QCD (pQCD) in
the remainder of the high-s region. The exclusive-mode
regions in the analyses of Refs. [10,11] we employ below
are s ≤ ð1.8 GeVÞ2 ¼ 3.24 GeV2 and s ≤ ð1.937 GeVÞ2 ¼
3.7520 GeV2, respectively.
The isospin decomposition of Π̂EM in Eq. (2.5) leads to

the related decomposition for the three-flavor (u, d, s)
contribution to aLO;HVPμ ,

aLO;HVPμ ¼ a33μ þ 2ffiffiffi
3

p a38μ þ 1

3
a88μ ≡ aI¼1

μ þ aMI
μ þ aI¼0

μ :

ð2:8Þ

To first order in md −mu there are no SIB contributions to
either a33μ or a88μ , while SIB is expected to dominate a38μ .
In what follows, we will also denote contributions from

an individual exclusive mode, X, to aLO;HVPμ , aI¼1
μ , aI¼0

μ

and aMI
μ by ½aLO;HVPμ &X, ½aI¼1

μ &X, ½aI¼0
μ &X, and ½aMI

μ &X,
respectively.

B. The basic idea

The basic idea underlying the analysis is as follows. In
the isospin limit, Π̂I¼1

EM is pure light-quark-connected, while
Π̂I¼0

EM is a sum of light-quark-connected, strange-quark-
connected and all disconnected contributions, with light-
quark-connected contribution

½Π̂I¼0
EM &lqc ¼ 1

9
Π̂I¼1

EM : ð2:9Þ

The full light-quark-connected contribution to Π̂EM is thus

Π̂lqc
EM ≡ 10

9
Π̂I¼1

EM ð2:10Þ

and the corresponding spectral function

ρlqcEMðsÞ ¼
10

9
ρI¼1
EM ðsÞ: ð2:11Þ

The desired light-quark-connected contribution to aLO;HVPμ ,
alqc;ILμ , is then given by the following dispersive integral
involving the I ¼ 1 spectral function:

alqc;ILμ ¼
α2EMm

2
μ

9π2

Z
∞

m2
π

ds
K̂ðsÞ
s2

"#
10

9

$
12π2ρI¼1

EM ðsÞ
%
: ð2:12Þ

An accurate determination of alqc;ILμ is thus possible
provided the I ¼ 1 contribution to RðsÞ, or equivalently
ρEMðsÞ, can be identified with sufficient precision.

The separation of I ¼ 1 and I ¼ 0 contributions is
straightforward in the higher-s inclusive region, where
RðsÞ is approximated using pQCD and the I ¼ 1 part
represents 3=4 of the total. In the lower-s region, where
RðsÞ is obtained as a sum over exclusive-mode contribu-
tions, the separation is also straightforward for those
exclusive modes having well-defined G-parity since
states with positive/negative G-parity necessarily have
I ¼ 1=I ¼ 0. This provides unique isospin assignments
for contributions from exclusive modes consisting entirely
of narrow and/or strong-interaction-stable states having
well-defined G-parity (π, η, ω, ϕ), which constitute more
than 93% of the total exclusive-mode-region contribution.
Further input is needed to separate the I ¼ 1 and I ¼ 0
components of contributions from exclusive modes which
are not eigenstates of G-parity, such as those containing at
least one KK̄ pair. We outline in the next section how this
separation is accomplished using experimental input for the
KK̄ and KK̄π exclusive modes. For all other G-parity-
ambiguous exclusive modes, X, we employ a “maximally
conservative” assessment in which the I ¼ 1 contribution,
½aI¼1

μ &X, is taken to be 50' 50% of the total ½aLO;HVPμ &X.
Fortunately, spectral contributions from these additional
G-parity-ambiguous modes lie at higher s and thus have
contributions to aLO;HVPμ , and hence also I ¼ 0=1 separa-
tion uncertainties, which are strongly numerically sup-
pressed, in spite of their 100% uncertainties.
In Sec. III we will implement the above analysis

framework using as input the exclusive-mode results of
Refs. [10,11], neglecting, to begin with, isospin-breaking
(IB) corrections. The resulting nominal alqc;ILμ , which we
will denote by alqcμ , will differ from the desired isospin-limit
value by small IB contributions. These IB contributions are
taken into account and removed in Sec. IV, which contains
our final results for alqc;ILμ .

III. A DATA-BASED IMPLEMENTATION
IGNORING ISOSPIN-BREAKING EFFECTS

In this section we carry out two determinations of alqcμ ,
neglecting IB corrections. These differ in the input used for
the exclusive-mode aLO;HVPμ contributions, one employing
the results of Ref. [11] (KNT19), the other those of Ref. [10]
(DHMZ). The reader is reminded that the KNT19 and
DHMZ exclusive-mode regions are different, the former
extending up to s ¼ 3.7520 GeV2, the latter up to only
s ¼ 3.24 GeV2. Contributions from the region above these
exclusive-mode endpoints will be obtained using pQCD,1

with an error component, to be discussed below, designed to

1The shorthand “pQCD” refers here, and in what follows, to
dimension D ¼ 0, mass-independent perturbative OPE contribu-
tions. For the I ¼ 1 polarization ΠI¼1

EM considered this paper,
mass-dependent D ¼ 2 perturbative corrections are Oðm2

u;dÞ, and
numerically negligible.
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alqcµ =
10

9
aI=1
µ
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light-quark connected (lqc)

The I = 0 light-quark current in the isospin limit contains connected and disconnected terms
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h(ū�µu+ d̄�µd)(x)(ū�µu+ d̄�µd)(y)i =

<latexit sha1_base64="g0AZR1K9u1fHZBU22DA8SJURBTE="></latexit>

x
<latexit sha1_base64="hL+FaLtOT9luwfLW3Ut08xl3Pcw=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmpWyd1Gu1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOeHjQA=</latexit>

y
<latexit sha1_base64="mEcz1FLhuG1BpP6c5hi50qAIJ0g=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOl5qRfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqq15mWlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8f6QuNAQ==</latexit>

y
<latexit sha1_base64="mEcz1FLhuG1BpP6c5hi50qAIJ0g=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOl5qRfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqq15mWlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8f6QuNAQ==</latexit>

x
<latexit sha1_base64="hL+FaLtOT9luwfLW3Ut08xl3Pcw=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmpWyd1Gu1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOeHjQA=</latexit>

1

18
<latexit sha1_base64="SUSOPe9HthmW+FCk44SoVd96uLo=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0mqYI9FLx4r2A9oQtlsN+3SzWbZ3Qgl5G948aCIV/+MN/+N2zYHbX0w8Hhvhpl5oeRMG9f9dkobm1vbO+Xdyt7+weFR9fikq5NUEdohCU9UP8SaciZoxzDDaV8qiuOQ0144vZv7vSeqNEvEo5lJGsR4LFjECDZW8v1IYZJ5eeY182G15tbdBdA68QpSgwLtYfXLHyUkjakwhGOtB54rTZBhZRjhNK/4qaYSkyke04GlAsdUB9ni5hxdWGWEokTZEgYt1N8TGY61nsWh7YyxmehVby7+5w1SEzWDjAmZGirIclGUcmQSNA8AjZiixPCZJZgoZm9FZIJtDMbGVLEheKsvr5Nuo+5d1RsP17XWbRFHGc7gHC7BgxtowT20oQMEJDzDK7w5qfPivDsfy9aSU8ycwh84nz+25pF4</latexit>

+
<latexit sha1_base64="HFb7vPGXWshKfdtTiumEDK16me0=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGE3CnoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0qyUvctypX5Vqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3LTjLM=</latexit>

1

9
<latexit sha1_base64="/Af9hri03nMpmdD1ymUnAm3GqYQ=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBU0mqoN6KXjxWsB+QhrLZbtqlm92wOxFKyM/w4kERr/4ab/4bt20O2vpg4PHeDDPzwkRwA6777ZTW1jc2t8rblZ3dvf2D6uFRx6hUU9amSijdC4lhgkvWBg6C9RLNSBwK1g0ndzO/+8S04Uo+wjRhQUxGkkecErCS3480oZmXZzf5oFpz6+4ceJV4BamhAq1B9as/VDSNmQQqiDG+5yYQZEQDp4LllX5qWELohIyYb6kkMTNBNj85x2dWGeJIaVsS8Fz9PZGR2JhpHNrOmMDYLHsz8T/PTyG6DjIukxSYpItFUSowKDz7Hw+5ZhTE1BJCNbe3YjomNgWwKVVsCN7yy6uk06h7F/XGw2WteVvEUUYn6BSdIw9doSa6Ry3URhQp9Ixe0ZsDzovz7nwsWktOMXOM/sD5/AFFMZE+</latexit>

The hadronic contribution aLO;HVPμ can be determined
using the standard “dispersive” representation

aLO;HVPμ ¼
α2EMm

2
μ

9π2

Z
∞

m2
π

ds
K̂ðsÞ
s2

RðsÞ; ð2:7Þ

where αEM is the EM fine-structure constant, RðsÞ is the
standard EM cross-section ratio,

RðsÞ ¼ 3s
4πα2EM

σð0Þ½eþe− → hadronsðþγÞ&; ð2:8Þ

with σð0Þ½eþe− → hadronsðþγÞ& the bare inclusive had-
ronic electroproduction cross section. The kernel K̂ðsÞ is
exactly known and slowly (and monotonically) increasing
with s (see, for example, Ref. [29]). The dispersive
determination typically employs a sum of exclusive-mode
contributions up to just below s ¼ 4 GeV2, and inclusive
RðsÞ determinations and/or perturbative QCD (pQCD)
above that, apart from in the region of narrow charm
and bottom resonances. Using the decomposition of
Eq. (2.6) for the EM spectral function, and the relation

RðsÞ ¼ 12π2ρEMðsÞ; ð2:9Þ

the three-flavor contribution to aLO;HVPμ can also be broken
down into I ¼ 1 (33), I ¼ 0 (88), and mixed-isospin (MI,
38þ 83) contributions,

aLO;HVPμ ¼a33μ þ 2ffiffiffi
3

p a38μ þ1

3
a88μ ≡aI¼1

μ þaMI
μ þaI¼0

μ : ð2:10Þ

Contributions to these quantities from an individual exclu-
sive mode, X, can also be defined, and are denoted as
½aLO;HVPμ &X, ½aI¼1

μ &X, ½aI¼0
μ &X, and ½aMI

μ &X.
The hadronic contribution aLO;HVPμ also has the standard

weighted Euclidean-Q2 integral representation [30–32],

aLO;HVPμ ¼ −4α2EM
Z

∞

0
dQ2fðQ2ÞΠ̂EMðQ2Þ; ð2:11Þ

with fðQ2Þ another exactly known kernel which diverges
as 1=

ffiffiffiffiffiffi
Q2

p
as Q2 → 0, and creates a peak in the integrand

of Eq. (2.11) at very low Q2 ≃m2
μ=4. This expression, or

the related time-momentum representation [33], forms the
basis for lattice determinations of aLO;HVPμ . Analogous
representations for aI¼1

μ , aI¼0
μ , and aMI

μ are obtained by
replacing Π̂EM in Eq. (2.11) with Π̂I¼1

EM , Π̂I¼0
EM , and Π̂MI

EM,
respectively. To first order in md −mu, there are no SIB
contributions to either a33μ or a88μ , while SIB is expected to
dominate a38μ .

III. THE BASIC IDEA

The basic idea of the analysis is the following. In the
isospin limit, Π̂I¼1

EM receives only light-quark-connected
contributions, while Π̂I¼0

EM is a sum of light-quark-
connected, strange-quark-connected, and all disconnected
contributions. It is thus obvious that there is a combination
of Π̂I¼1

EM and Π̂I¼0
EM in which the light-quark-connected

contributions cancel, leaving a result which is the sum
of the strange-quark-connected and disconnected contri-
butions. It is easy to check (as noted explicitly in Ref. [4])
that this combination is

Π̂sconnþdisc
EM ≡ Π̂I¼0

EM −
1

9
Π̂I¼1

EM : ð3:1Þ

The corresponding spectral function is

ρsconnþdisc
EM ðsÞ ¼ ρI¼0

EM ðsÞ − 1

9
ρI¼1
EM ðsÞ: ð3:2Þ

The appropriately weighted dispersive integral of the latter
combination produces a result, asconnþdisc

μ , which is the sum
of the strange-quark-connected and disconnected contribu-
tions to aLO;HVPμ . It follows that, if the I ¼ 0 and I ¼ 1
contributions to RðsÞ can be separated with sufficient
precision, an accurate experimental determination of this
combination will be possible. In terms of the I ¼ 0 and I ¼
1 contributions to aLO;HVPμ ,

asconnþdisc
μ ¼ aI¼0

μ −
1

9
aI¼1
μ : ð3:3Þ

Such a determination would serve as a useful target of
comparison for lattice determinations of the same sum.
The strange-quark-connected contribution to aLO;HVPμ ,

asconnμ , has been rather precisely determined by
several lattice groups [3,6,9,11,12,16,18,20]. Themost recent
(BMW) determination, 53.393ð89Þð68Þ × 10−10 [20], is in
excellent agreement with the average, ð53.2' 0.3Þ × 10−10,
of previous determinations quoted in the 2020 g − 2 Theory
Initiative white paper [29]. asconnμ is thus already known to
much higher precision than the final target ∼1.4 × 10−10

uncertainty on aμ expected from the full FNAL E989
experimental program. In view of this precision, an exper-
imental determination of asconnþdisc

μ will also provide a
determination, with comparable precision, of the full dis-
connected contribution to aLO;HVPμ , adiscμ ¼ asconnþdisc

μ −
asconnμ . All this, of course, assumes the experimentally
determined asconnþdisc

μ combination does not contain signifi-
cant beyond-the-SM contributions and hence should be
compatible with SM-based lattice determinations of this
quantity.
In Sec. IV, we will implement this idea neglecting, to

begin with, isospin-breaking (IB) corrections. Then, in
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s-quark +light-quark disconnected (s+lqd)

The hadronic contribution aLO;HVPμ can be determined
using the standard “dispersive” representation

aLO;HVPμ ¼
α2EMm

2
μ

9π2

Z
∞

m2
π

ds
K̂ðsÞ
s2

RðsÞ; ð2:7Þ

where αEM is the EM fine-structure constant, RðsÞ is the
standard EM cross-section ratio,

RðsÞ ¼ 3s
4πα2EM

σð0Þ½eþe− → hadronsðþγÞ&; ð2:8Þ

with σð0Þ½eþe− → hadronsðþγÞ& the bare inclusive had-
ronic electroproduction cross section. The kernel K̂ðsÞ is
exactly known and slowly (and monotonically) increasing
with s (see, for example, Ref. [29]). The dispersive
determination typically employs a sum of exclusive-mode
contributions up to just below s ¼ 4 GeV2, and inclusive
RðsÞ determinations and/or perturbative QCD (pQCD)
above that, apart from in the region of narrow charm
and bottom resonances. Using the decomposition of
Eq. (2.6) for the EM spectral function, and the relation

RðsÞ ¼ 12π2ρEMðsÞ; ð2:9Þ

the three-flavor contribution to aLO;HVPμ can also be broken
down into I ¼ 1 (33), I ¼ 0 (88), and mixed-isospin (MI,
38þ 83) contributions,

aLO;HVPμ ¼a33μ þ 2ffiffiffi
3

p a38μ þ1

3
a88μ ≡aI¼1

μ þaMI
μ þaI¼0

μ : ð2:10Þ

Contributions to these quantities from an individual exclu-
sive mode, X, can also be defined, and are denoted as
½aLO;HVPμ &X, ½aI¼1

μ &X, ½aI¼0
μ &X, and ½aMI

μ &X.
The hadronic contribution aLO;HVPμ also has the standard

weighted Euclidean-Q2 integral representation [30–32],

aLO;HVPμ ¼ −4α2EM
Z

∞

0
dQ2fðQ2ÞΠ̂EMðQ2Þ; ð2:11Þ

with fðQ2Þ another exactly known kernel which diverges
as 1=

ffiffiffiffiffiffi
Q2

p
as Q2 → 0, and creates a peak in the integrand

of Eq. (2.11) at very low Q2 ≃m2
μ=4. This expression, or

the related time-momentum representation [33], forms the
basis for lattice determinations of aLO;HVPμ . Analogous
representations for aI¼1

μ , aI¼0
μ , and aMI

μ are obtained by
replacing Π̂EM in Eq. (2.11) with Π̂I¼1

EM , Π̂I¼0
EM , and Π̂MI

EM,
respectively. To first order in md −mu, there are no SIB
contributions to either a33μ or a88μ , while SIB is expected to
dominate a38μ .

III. THE BASIC IDEA

The basic idea of the analysis is the following. In the
isospin limit, Π̂I¼1

EM receives only light-quark-connected
contributions, while Π̂I¼0

EM is a sum of light-quark-
connected, strange-quark-connected, and all disconnected
contributions. It is thus obvious that there is a combination
of Π̂I¼1

EM and Π̂I¼0
EM in which the light-quark-connected

contributions cancel, leaving a result which is the sum
of the strange-quark-connected and disconnected contri-
butions. It is easy to check (as noted explicitly in Ref. [4])
that this combination is

Π̂sconnþdisc
EM ≡ Π̂I¼0

EM −
1

9
Π̂I¼1

EM : ð3:1Þ

The corresponding spectral function is

ρsconnþdisc
EM ðsÞ ¼ ρI¼0

EM ðsÞ − 1

9
ρI¼1
EM ðsÞ: ð3:2Þ

The appropriately weighted dispersive integral of the latter
combination produces a result, asconnþdisc

μ , which is the sum
of the strange-quark-connected and disconnected contribu-
tions to aLO;HVPμ . It follows that, if the I ¼ 0 and I ¼ 1
contributions to RðsÞ can be separated with sufficient
precision, an accurate experimental determination of this
combination will be possible. In terms of the I ¼ 0 and I ¼
1 contributions to aLO;HVPμ ,

asconnþdisc
μ ¼ aI¼0

μ −
1

9
aI¼1
μ : ð3:3Þ

Such a determination would serve as a useful target of
comparison for lattice determinations of the same sum.
The strange-quark-connected contribution to aLO;HVPμ ,

asconnμ , has been rather precisely determined by
several lattice groups [3,6,9,11,12,16,18,20]. Themost recent
(BMW) determination, 53.393ð89Þð68Þ × 10−10 [20], is in
excellent agreement with the average, ð53.2' 0.3Þ × 10−10,
of previous determinations quoted in the 2020 g − 2 Theory
Initiative white paper [29]. asconnμ is thus already known to
much higher precision than the final target ∼1.4 × 10−10

uncertainty on aμ expected from the full FNAL E989
experimental program. In view of this precision, an exper-
imental determination of asconnþdisc

μ will also provide a
determination, with comparable precision, of the full dis-
connected contribution to aLO;HVPμ , adiscμ ¼ asconnþdisc

μ −
asconnμ . All this, of course, assumes the experimentally
determined asconnþdisc

μ combination does not contain signifi-
cant beyond-the-SM contributions and hence should be
compatible with SM-based lattice determinations of this
quantity.
In Sec. IV, we will implement this idea neglecting, to

begin with, isospin-breaking (IB) corrections. Then, in
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isospin partner of ρI¼1
EM ðsÞ], and hence provides a determi-

nation of the I ¼ 1 eþe− → KK̄ contribution to RðsÞ in the
region s < m2

τ that is kinematically accessible in τ decay.3

We have used the BABAR results to carry out this
determination up to s ¼ 2.7556 GeV2 (which corresponds
to using all but the last BABAR bin, which is not used,
because of its large width and gigantic statistical error).
This produces a contribution of 0.764ð9Þð26Þð18Þ × 10−10

to ½aI¼1
μ &KK̄ from the region s ≤ 2.7556 GeV2, where the

first error is statistical, the second is systematic, and the
third is that induced by the uncertainty on the τ → K−K0ντ
branching fraction (taken from the HFLAV 2019
compilation [39]), which sets the overall normalization of
the τ-decay distribution. Above this point, we switch back
to using eþe− → KK̄ cross-section data.4 Integrating the
KNT2019 2-mode, I ¼ 0þ 1 eþe− → KK̄ cross-
section sum from s ¼ 2.7556 GeV2 to ð1.937 GeVÞ2 ¼
3.7520 GeV2, we find a maximally conservative error
assessment of 0.089ð89Þ × 10−10 for the I ¼ 1 contribution
from this region.5 Combining this result with that

from the region below s ¼ 2.7556 GeV2, we find a
total I ¼ 1 KK̄ contribution to aLO;HVPμ from the region
s ≤ ð1.937 GeVÞ2 ¼ 3.7520 GeV2 of

½aI¼1
μ &KK̄ ¼ 0.852ð94Þ × 10−10: ð4:3Þ

The central value in Eq. (4.3) is dominated by the
contribution from the region up to 2.7556 GeV2 deter-
mined by the BABAR τ-decay data.
With KNT2019 giving a

ffiffiffi
s

p
≤ 1.937 GeV I ¼ 0þ 1,

two-mode KK̄ total of

½aLO;HVPμ &KK̄ ¼ ð23.03ð22Þ þ 13.04ð19ÞÞ × 10−10

¼ 36.07ð29Þ × 10−10; ð4:4Þ

we find an I ¼ 0 contribution of 35.22ð30Þ × 10−10, and
hence a KK̄ strange-quark-connected plus disconnected
contribution from the region up to

ffiffiffi
s

p
¼ 1.937 GeV of

½asconnþdisc
μ &KK̄ ≡ ½aI¼0

μ &KK̄ −
1

9
½aI¼1

μ &KK̄

¼ ½aLO;HVPμ &KK̄ −
10

9
½aI¼1

μ &KK̄

¼ 35.12ð31Þ × 10−10: ð4:5Þ

The error on this result, 0.31 × 10−10, is dramatically
reduced compared to the ∼20 × 10−10 uncertainty that
would result were the BABAR τ-decay distribution results
not available and one were forced to rely on the maximally
conservative assessment.

TABLE I. G-parity-unambiguous exclusive-mode contributions to aLO;HVPμ for
ffiffiffi
s

p
≤ 1.937 GeV from KNT2019.

Entries are in units of 10−10. The notation “npp” is KNT2019’s shorthand for “non purely pionic”.

I ¼ 1 modes X ½aLO;HVPμ &X × 1010 I ¼ 0 modes X ½aLO;HVPμ &X × 1010

Low-s πþπ− 0.87(02) Low-s 3π 0.01(00)
πþπ− 503.46(1.91) π0γ (ω, ϕ dominated) 4.46(10)
2πþ2π− 14.87(20) 3π 46.73(94)
πþπ−2π0 19.39(78) 2πþ2π−π0 (no ω, η) 0.98(09)
3πþ3π− (no ω) 0.23(01) πþπ−3π0 (no η) 0.62(11)
2πþ2π−2π0 (no η) 1.35(17) 3πþ3π−π0 (no ω, η) 0.00(01)
πþπ−4π0 (no η) 0.21(21) ηγ (ω, ϕ dominated) 0.70(02)
ηπþπ− 1.34(05) ηπþπ−π0 (no ω) 0.71(08)
η2πþ2π− 0.08(01) ηω 0.30(02)
ηπþπ−2π0 0.12(02) ωð→ nppÞ2π 0.13(01)
ωð→ π0γÞπ0 0.88(02) ω2πþ2π− 0.01(00)
ωð→ nppÞ3π 0.17(03) ηϕ 0.41(02)
ωηπ0 0.24(05) ϕ → unaccounted 0.04(04)

Total: 543.21(2.09) Total: 55.10(96)

3This is up to (for our purposes) numerically negligible
isospin-breaking corrections.

4Explicitly, we use the results for the exclusive-mode eþe− →
KþK− and eþe− → KSKL cross sections and covariances em-
ployed by KNT2019, which were provided to us by the authors.

5Additional constraints, generated using experimental KþK−

to KSKL electroproduction cross-section ratios, in fact, allow this
maximally conservative 0.089 × 10−10, I ¼ 0=1 separation error
to be reduced somewhat, to 0.065 × 10−10. Since, however,
neither the improved nor the larger maximally conservative error
is relevant on the scale of the uncertainty in our final results for
asconnþdisc
μ and adiscμ , we do not discuss this improvement further,

and we employ the weaker maximally conservative error assess-
ment in obtaining our final results below.
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isospin partner of ρI¼1
EM ðsÞ], and hence provides a determi-

nation of the I ¼ 1 eþe− → KK̄ contribution to RðsÞ in the
region s < m2

τ that is kinematically accessible in τ decay.3

We have used the BABAR results to carry out this
determination up to s ¼ 2.7556 GeV2 (which corresponds
to using all but the last BABAR bin, which is not used,
because of its large width and gigantic statistical error).
This produces a contribution of 0.764ð9Þð26Þð18Þ × 10−10

to ½aI¼1
μ &KK̄ from the region s ≤ 2.7556 GeV2, where the

first error is statistical, the second is systematic, and the
third is that induced by the uncertainty on the τ → K−K0ντ
branching fraction (taken from the HFLAV 2019
compilation [39]), which sets the overall normalization of
the τ-decay distribution. Above this point, we switch back
to using eþe− → KK̄ cross-section data.4 Integrating the
KNT2019 2-mode, I ¼ 0þ 1 eþe− → KK̄ cross-
section sum from s ¼ 2.7556 GeV2 to ð1.937 GeVÞ2 ¼
3.7520 GeV2, we find a maximally conservative error
assessment of 0.089ð89Þ × 10−10 for the I ¼ 1 contribution
from this region.5 Combining this result with that

from the region below s ¼ 2.7556 GeV2, we find a
total I ¼ 1 KK̄ contribution to aLO;HVPμ from the region
s ≤ ð1.937 GeVÞ2 ¼ 3.7520 GeV2 of

½aI¼1
μ &KK̄ ¼ 0.852ð94Þ × 10−10: ð4:3Þ

The central value in Eq. (4.3) is dominated by the
contribution from the region up to 2.7556 GeV2 deter-
mined by the BABAR τ-decay data.
With KNT2019 giving a

ffiffiffi
s

p
≤ 1.937 GeV I ¼ 0þ 1,

two-mode KK̄ total of

½aLO;HVPμ &KK̄ ¼ ð23.03ð22Þ þ 13.04ð19ÞÞ × 10−10

¼ 36.07ð29Þ × 10−10; ð4:4Þ

we find an I ¼ 0 contribution of 35.22ð30Þ × 10−10, and
hence a KK̄ strange-quark-connected plus disconnected
contribution from the region up to

ffiffiffi
s

p
¼ 1.937 GeV of

½asconnþdisc
μ &KK̄ ≡ ½aI¼0

μ &KK̄ −
1

9
½aI¼1

μ &KK̄

¼ ½aLO;HVPμ &KK̄ −
10

9
½aI¼1

μ &KK̄

¼ 35.12ð31Þ × 10−10: ð4:5Þ

The error on this result, 0.31 × 10−10, is dramatically
reduced compared to the ∼20 × 10−10 uncertainty that
would result were the BABAR τ-decay distribution results
not available and one were forced to rely on the maximally
conservative assessment.

TABLE I. G-parity-unambiguous exclusive-mode contributions to aLO;HVPμ for
ffiffiffi
s

p
≤ 1.937 GeV from KNT2019.

Entries are in units of 10−10. The notation “npp” is KNT2019’s shorthand for “non purely pionic”.

I ¼ 1 modes X ½aLO;HVPμ &X × 1010 I ¼ 0 modes X ½aLO;HVPμ &X × 1010

Low-s πþπ− 0.87(02) Low-s 3π 0.01(00)
πþπ− 503.46(1.91) π0γ (ω, ϕ dominated) 4.46(10)
2πþ2π− 14.87(20) 3π 46.73(94)
πþπ−2π0 19.39(78) 2πþ2π−π0 (no ω, η) 0.98(09)
3πþ3π− (no ω) 0.23(01) πþπ−3π0 (no η) 0.62(11)
2πþ2π−2π0 (no η) 1.35(17) 3πþ3π−π0 (no ω, η) 0.00(01)
πþπ−4π0 (no η) 0.21(21) ηγ (ω, ϕ dominated) 0.70(02)
ηπþπ− 1.34(05) ηπþπ−π0 (no ω) 0.71(08)
η2πþ2π− 0.08(01) ηω 0.30(02)
ηπþπ−2π0 0.12(02) ωð→ nppÞ2π 0.13(01)
ωð→ π0γÞπ0 0.88(02) ω2πþ2π− 0.01(00)
ωð→ nppÞ3π 0.17(03) ηϕ 0.41(02)
ωηπ0 0.24(05) ϕ → unaccounted 0.04(04)

Total: 543.21(2.09) Total: 55.10(96)

3This is up to (for our purposes) numerically negligible
isospin-breaking corrections.

4Explicitly, we use the results for the exclusive-mode eþe− →
KþK− and eþe− → KSKL cross sections and covariances em-
ployed by KNT2019, which were provided to us by the authors.

5Additional constraints, generated using experimental KþK−

to KSKL electroproduction cross-section ratios, in fact, allow this
maximally conservative 0.089 × 10−10, I ¼ 0=1 separation error
to be reduced somewhat, to 0.065 × 10−10. Since, however,
neither the improved nor the larger maximally conservative error
is relevant on the scale of the uncertainty in our final results for
asconnþdisc
μ and adiscμ , we do not discuss this improvement further,

and we employ the weaker maximally conservative error assess-
ment in obtaining our final results below.
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+ several ambiguous modes. External information can help (tau decays, Dalitz plot analyses…) 

KK̄, KK̄⇡,KK̄2⇡
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(KK̄3⇡, nn̄, pp̄...)
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Other ambiguous modes (maximally conservative separation): 50/50 with 100% error

: QCD perturbation theory + duality violations
p
s > 1.937 GeV
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Small isospin-breaking contributions have to be subtracted to compare with lattice isospin-symmetric results

Modes for which external information can help (often significantly) in reducing the separation uncertainty:

DB, Golterman, Maltman, and Peris, 2203.05070 (PRD’s editor suggestion)

G = (�1)I+1
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KK̄, KK̄⇡,KK̄2⇡
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: example of treatment of an ambiguous mode (expected to be dominated by I = 0)

From the data combination of             we have the following total        contribution  KNT19 KK̄, KK̄⇡,KK̄2⇡
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aKK̄
µ

��
tot

= 36.07± 0.29
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I=1,0

= 18± 18
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separation is not good 
enough!

conservative
50/50 separation

all results in units of 10�10
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ambiguous channels
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KK̄, KK̄⇡,KK̄2⇡
<latexit sha1_base64="KYQjoauorpYwCyg0x9f3dJLfQE0=">AAACDXicbVDLSgMxFL3js9bXqEs3wSq4KGWmCrosuhG6qWAf0BlKJk3b0ExmSDJCGfoDbvwVNy4UcevenX9j2g6orQcC555zLzf3BDFnSjvOl7W0vLK6tp7byG9ube/s2nv7DRUlktA6iXgkWwFWlDNB65ppTluxpDgMOG0Gw+uJ37ynUrFI3OlRTP0Q9wXrMYK1kTr2cdULsETVoldEGUVezH6Ksqk6dsEpOVOgReJmpAAZah370+tGJAmp0IRjpdquE2s/xVIzwuk47yWKxpgMcZ+2DRU4pMpPp9eM0YlRuqgXSfOERlP190SKQ6VGYWA6Q6wHat6biP957UT3Lv2UiTjRVJDZol7CkY7QJBrUZZISzUeGYCKZ+SsiAywx0SbAvAnBnT95kTTKJfesVL49L1SusjhycAhHcAouXEAFbqAGdSDwAE/wAq/Wo/VsvVnvs9YlK5s5gD+wPr4B3i6Y6A==</latexit>

: example of treatment of an ambiguous mode (expected to be dominated by I = 0)

From the data combination of             we have the following total        contribution  KNT19 KK̄, KK̄⇡,KK̄2⇡
<latexit sha1_base64="KYQjoauorpYwCyg0x9f3dJLfQE0=">AAACDXicbVDLSgMxFL3js9bXqEs3wSq4KGWmCrosuhG6qWAf0BlKJk3b0ExmSDJCGfoDbvwVNy4UcevenX9j2g6orQcC555zLzf3BDFnSjvOl7W0vLK6tp7byG9ube/s2nv7DRUlktA6iXgkWwFWlDNB65ppTluxpDgMOG0Gw+uJ37ynUrFI3OlRTP0Q9wXrMYK1kTr2cdULsETVoldEGUVezH6Ksqk6dsEpOVOgReJmpAAZah370+tGJAmp0IRjpdquE2s/xVIzwuk47yWKxpgMcZ+2DRU4pMpPp9eM0YlRuqgXSfOERlP190SKQ6VGYWA6Q6wHat6biP957UT3Lv2UiTjRVJDZol7CkY7QJBrUZZISzUeGYCKZ+SsiAywx0SbAvAnBnT95kTTKJfesVL49L1SusjhycAhHcAouXEAFbqAGdSDwAE/wAq/Wo/VsvVnvs9YlK5s5gD+wPr4B3i6Y6A==</latexit>

aKK̄
µ

��
tot

= 36.07± 0.29
<latexit sha1_base64="CC4R32c4VT0vEZ2gfADwkmv/4r8=">AAACF3icbVDLSsNAFJ3UV62vqEs3g0VwFZJWrC6Eohuhmwr2AU0Nk+mkHTqThJmJUGL/wo2/4saFIm515984bbPQ1gMDh3Pu5c45fsyoVLb9beSWlldW1/LrhY3Nre0dc3evKaNEYNLAEYtE20eSMBqShqKKkXYsCOI+Iy1/eDXxW/dESBqFt2oUky5H/ZAGFCOlJc+0kOfy5C6tuT4SsDZ2fdp/8FJXcKgiNYYXsHxq2RU35tC2SueeWbQtewq4SJyMFEGGumd+ub0IJ5yECjMkZcexY9VNkVAUMzIuuIkkMcJD1CcdTUPEieym01xjeKSVHgwioV+o4FT9vZEiLuWI+3qSIzWQ895E/M/rJCo466Y0jBNFQjw7FCRMR4aTkmCPCoIVG2mCsKD6rxAPkEBY6SoLugRnPvIiaZYsp2yVbk6K1cusjjw4AIfgGDigAqrgGtRBA2DwCJ7BK3gznowX4934mI3mjGxnH/yB8fkD2z+dxg==</latexit>

aKK̄
µ

��
I=1,0

= 18± 18
<latexit sha1_base64="EWNjxObceoB4GBWGB4xpA0xKK2A="></latexit> maximally conservative 

separation is not good 
enough!

conservative
50/50 separation

all results in units of 10�10
<latexit sha1_base64="DEWx/Utv5/cuOqsuUPur3oXlJyQ="></latexit>

ambiguous channels

BaBar has measured the (purely I = 1) spectrum of ⌧ ! KK̄⌫⌧
<latexit sha1_base64="vtK1Av2ZspX1FQEszoz0/eK5WPk=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWARXJWkCrosuhG6qWAf0IQwmU7aoZNJmIdQQt34K25cKOLWv3Dn3zhps9DWAwOHc+7lzjlhyqhUjvNtlVZW19Y3ypuVre2d3T17/6AjEy0waeOEJaIXIkkY5aStqGKklwqC4pCRbji+yf3uAxGSJvxeTVLix2jIaUQxUkYK7CNPIe2pBDa9EAnYhB7XQa4FdtWpOTPAZeIWpAoKtAL7yxskWMeEK8yQlH3XSZWfIaEoZmRa8bQkKcJjNCR9QzmKifSzWYIpPDXKAEaJMI8rOFN/b2QolnISh2YyRmokF71c/M/raxVd+RnlqVaE4/mhSDNoEud1wAEVBCs2MQRhQc1fIR4hgbAypVVMCe5i5GXSqdfc81r97qLauC7qKINjcALOgAsuQQPcghZoAwwewTN4BW/Wk/VivVsf89GSVewcgj+wPn8AjE6WTw==</latexit>

With CVC we have a determination of I =1 e+e� ! KK̄ up to s = 2.76 GeV2
<latexit sha1_base64="VJY8flEOypQpgznhGH+MdnKA/Us=">AAACE3icbVDLSgMxFM3UV62vUZdugh1BFMvMCNaNUHSh0E0F+4C+yKS3bWjmQZIRSqnf4MZfceNCEbdu3Pk3po+Fth4InJxzL8k5XsSZVLb9bSQWFpeWV5KrqbX1jc0tc3unJMNYUCjSkIei4hEJnAVQVExxqEQCiO9xKHu9q5FfvgchWRjcqX4EdZ90AtZmlCgtNc0jCxrH0DipqRDnax4ROG/hOML6askLN5M9sx6uoWQ1XKtppu2MPQaeJ86UpNEUhab5VWuFNPYhUJQTKauOHan6gAjFKIdhqhZLiAjtkQ5UNQ2ID7I+GGca4gOttHA7FPoECo/V3xsD4kvZ9z096RPVlbPeSPzPq8aqfV4fsCCKFQR08lA75qPEo4Jwiwmgivc1IVQw/VdMu0QQqnSNKV2CMxt5npTcjHOacW/ddO5yWkcS7aF9dIgclEU5dIMKqIgoekTP6BW9GU/Gi/FufExGE8Z0Zxf9gfH5A+gxmmI=</latexit>

aKK̄
µ

��
I=1

= 0.852(94) (for s  2.76 GeV2)
<latexit sha1_base64="zZxvtm/3VYyQZsRukhXTYXxQRA4="></latexit>

Subtracting from the total we find the I = 0 contribution

aKK̄
µ

��
I=0

= 35.22(30)
<latexit sha1_base64="0SmueKEGyUY5QG6X4BzzH/drKZw=">AAACEXicbVDLSsNAFJ34rPUVdelmsBXqJiQpoptC0Y3STQX7gCaGyXTaDp08mJkIJeYX3Pgrblwo4tadO//G6WOhrQcuHM65l3vv8WNGhTTNb21peWV1bT23kd/c2t7Z1ff2myJKOCYNHLGIt30kCKMhaUgqGWnHnKDAZ6TlDy/HfuuecEGj8FaOYuIGqB/SHsVIKsnTS0XkOUFyl9YcH3FYyxyf9h+89LpiZrACy6eGbZfK5knR0wumYU4AF4k1IwUwQ93Tv5xuhJOAhBIzJETHMmPppohLihnJ8k4iSIzwEPVJR9EQBUS46eSjDB4rpQt7EVcVSjhRf0+kKBBiFPiqM0ByIOa9sfif10lk79xNaRgnkoR4uqiXMCgjOI4HdiknWLKRIghzqm6FeIA4wlKFmFchWPMvL5KmbVhlw76xC9WLWRw5cAiOQAlY4AxUwRWogwbA4BE8g1fwpj1pL9q79jFtXdJmMwfgD7TPH8aymmI=</latexit>

enormous reduction in the 
uncertainty, from 18 to 

0.3 - 0.9 units.

We then find, using            results for s > 2.76 GeV2   KNT19 DB, Golterman, Maltman, and Peris, 2203.05070

[aI=1
µ ]KK̄ (s < 2.76GeV2) = 0.764(33)

<latexit sha1_base64="a8Dn8jSTnoRtQ8n1lqua8ARJm30="></latexit>
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Diogo Boito

QCD perturbation theory is used in the inclusive region

Some tension between pt. QCD and recent BES-III results (in magenta) 
We add duality violation contributions and enlarge the pt. QCD error

inclusive region: perturbative QCD



Diogo Boito

Isospin breaking (IB) contributions must be subtracted to compare with isospin symmetric 
lattice results. 

Pure I = 0,1 Electromagnetic (EM) IB contributions

Inclusive. Extracted from (a combination of) BMW results.

Mixed-isospin contribution (strong IB + EM)

Expected to be dominated by             interference ⇢� !
<latexit sha1_base64="8OFgHYXeqtGMdWcyCBEWoajIlaI=">AAAB8nicbVDLSsNAFJ3UV62vqks3wSK4sSRV0GXRjcsK9gFJKJPpTTt0HmFmIpTQz3DjQhG3fo07/8Zpm4W2HrhwOOde7r0nThnVxvO+ndLa+sbmVnm7srO7t39QPTzqaJkpAm0imVS9GGtgVEDbUMOglyrAPGbQjcd3M7/7BEpTKR7NJIWI46GgCSXYWCkI1UhehJLDEPerNa/uzeGuEr8gNVSg1a9+hQNJMg7CEIa1DnwvNVGOlaGEwbQSZhpSTMZ4CIGlAnPQUT4/eeqeWWXgJlLZEsadq78ncsy1nvDYdnJsRnrZm4n/eUFmkpsopyLNDAiyWJRkzDXSnf3vDqgCYtjEEkwUtbe6ZIQVJsamVLEh+Msvr5JOo+5f1hsPV7XmbRFHGZ2gU3SOfHSNmugetVAbESTRM3pFb45xXpx352PRWnKKmWP0B87nDxuukSM=</latexit>

The only (small) lattice input to our final results

isospin breaking 14

(We safely ignore IB corrections to the already small contributions in the inclusive region.)

O(1%) estimate for other, subdominant, channels used as an additional IB uncertainty.

Results for the dominant       and      channels obtained from fits to data (VMD or dispersive).2⇡
<latexit sha1_base64="g8LUF4UXhDTImCR2tIAtDtA/+2Q=">AAAB63icbVBNSwMxEJ34WetX1aOXYBE8ld0q6LHoxWMF+wHtUrJptg1NskuSFcrSv+DFgyJe/UPe/Ddm2z1o64OBx3szzMwLE8GN9bxvtLa+sbm1Xdop7+7tHxxWjo7bJk41ZS0ai1h3Q2KY4Iq1LLeCdRPNiAwF64STu9zvPDFteKwe7TRhgSQjxSNOic2lej/hg0rVq3lz4FXiF6QKBZqDyld/GNNUMmWpIMb0fC+xQUa05VSwWbmfGpYQOiEj1nNUEclMkM1vneFzpwxxFGtXyuK5+nsiI9KYqQxdpyR2bJa9XPzP66U2ugkyrpLUMkUXi6JUYBvj/HE85JpRK6aOEKq5uxXTMdGEWhdP2YXgL7+8Str1mn9Zqz9cVRu3RRwlOIUzuAAfrqEB99CEFlAYwzO8whuS6AW9o49F6xoqZk7gD9DnD8JRjg0=</latexit>

3⇡
<latexit sha1_base64="PUR819Tq2V0cf8C76Hptm5383IY=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0laQY9FLx4r2A9oQ9lsN+3S3U3Y3Qgl9C948aCIV/+QN/+NmzQHbX0w8Hhvhpl5QcyZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV0eJIrRDIh6pfoA15UzSjmGG036sKBYBp71gdpf5vSeqNIvko5nH1Bd4IlnICDaZ1BzGbFStuXU3B1onXkFqUKA9qn4NxxFJBJWGcKz1wHNj46dYGUY4XVSGiaYxJjM8oQNLJRZU+2l+6wJdWGWMwkjZkgbl6u+JFAut5yKwnQKbqV71MvE/b5CY8MZPmYwTQyVZLgoTjkyEssfRmClKDJ9bgoli9lZEplhhYmw8FRuCt/ryOuk26l6z3ni4qrVuizjKcAbncAkeXEML7qENHSAwhWd4hTdHOC/Ou/OxbC05xcwp/IHz+QPD2I4O</latexit>

Colangelo, Hoferichter, Kubis and Stoffer, 2208.08993

To                            , pure I=0,1 EM only, mixed isospin is a combination of EM + strong IBO(↵,mu �md)
<latexit sha1_base64="KKW4cETVzKxfmelssqcek6cEwQc=">AAAB+nicbVDLSsNAFJ3UV62vVJduBotQQUtSBV0W3bizgn1AG8JkMmmHzkzCzEQpsZ/ixoUibv0Sd/6N0zYLrR64cDjnXu69J0gYVdpxvqzC0vLK6lpxvbSxubW9Y5d32ypOJSYtHLNYdgOkCKOCtDTVjHQTSRAPGOkEo6up37knUtFY3OlxQjyOBoJGFCNtJN8u31T7iCVDdMz99IT74ZFvV5yaMwP8S9ycVECOpm9/9sMYp5wIjRlSquc6ifYyJDXFjExK/VSRBOERGpCeoQJxorxsdvoEHholhFEsTQkNZ+rPiQxxpcY8MJ0c6aFa9Kbif14v1dGFl1GRpJoIPF8UpQzqGE5zgCGVBGs2NgRhSc2tEA+RRFibtEomBHfx5b+kXa+5p7X67VmlcZnHUQT74ABUgQvOQQNcgyZoAQwewBN4Aa/Wo/VsvVnv89aClc/sgV+wPr4B8TCTJQ==</latexit>
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Example: breakdown of contributions to 
(results based on KNT19)

alqc;ILµ = 543.2(2.1) + 2.9(1.0) + 28.27(2) + 0.26(12)� 0.93(59)� 4.09(19)
<latexit sha1_base64="od8u4kUUVjtudJyRdDr3QHl36tU="></latexit>

lqc and s+lqd contributions from data 15

alqc;ILµ = 543.2(2.1) + 2.9(1.0) + 28.27(2) + 0.26(12) + 0.93(59)� 4.09(47)
<latexit sha1_base64="bakK9+IBhHRUlYiAmjabf0rv9MU="></latexit>

(88% of this result comes from pi+pi-) 



Diogo Boito

Example: breakdown of contributions to 
(results based on KNT19)

alqc;ILµ = 543.2(2.1) + 2.9(1.0) + 28.27(2) + 0.26(12)� 0.93(59)� 4.09(19)
<latexit sha1_base64="od8u4kUUVjtudJyRdDr3QHl36tU="></latexit>

lqc and s+lqd contributions from data 15

unambiguous 
modes with I=1 

ambiguous modes

pt. QCD 
above 1.937 GeV

DVs

EM IB MI IB

95% 0.46% 5.0% 0.15% -0.64%

The DV central value is used as an uncertainty in the perturbative contribution in the final result.

alqc;ILµ = 543.2(2.1) + 2.9(1.0) + 28.27(2) + 0.26(12) + 0.93(59)� 4.09(47)
<latexit sha1_base64="bakK9+IBhHRUlYiAmjabf0rv9MU="></latexit>

(88% of this result comes from pi+pi-) 



Diogo Boito

Example: breakdown of contributions to 
(results based on KNT19)

alqc;ILµ = 543.2(2.1) + 2.9(1.0) + 28.27(2) + 0.26(12)� 0.93(59)� 4.09(19)
<latexit sha1_base64="od8u4kUUVjtudJyRdDr3QHl36tU="></latexit>

alqc;ILµ = 635.0(2.7) (KNT)

alqc;ILµ = 638.1(4.1) (DHMZ)
<latexit sha1_base64="DUYRqcXffeB52p3cX5C39TfcXmo="></latexit>

Final results of lqc and s+lqd contributions to             from data

DB, Golterman, Maltman, and Peris, 2211.11055

light-quark connected (lqc) strange + light-quark disconnected (s+lqd)

as+lqd;IL
µ = 40.1(1.5) (KNT)

as+lqd;IL
µ = 38.7(2.0) (DHMZ)

<latexit sha1_base64="qZSZjh5r1RZ0seZtJAWqu0nMYgQ="></latexit>

DB, Golterman, Maltman, and Peris, 2203.05070

aHVP,LO
µ

<latexit sha1_base64="7s4TL1VeEojbimKd3ZljbyWGvv8=">AAACB3icbVDLSsNAFJ3UV62vqEtBBlvBhZSkLnRZdNOFYAX7gCaGyWTaDp1JwsxEKKE7N/6KGxeKuPUX3Pk3TtostPXAhcM593LvPX7MqFSW9W0UlpZXVteK66WNza3tHXN3ry2jRGDSwhGLRNdHkjAakpaiipFuLAjiPiMdf3SV+Z0HIiSNwjs1jonL0SCkfYqR0pJnHjp+xAKO1BBWkOfw5D51BIeNdvP0+mZS8cyyVbWmgIvEzkkZ5Gh65pcTRDjhJFSYISl7thUrN0VCUczIpOQkksQIj9CA9DQNESfSTad/TOCxVgLYj4SuUMGp+nsiRVzKMfd1Z3axnPcy8T+vl6j+hZvSME4UCfFsUT9hUEUwCwUGVBCs2FgThAXVt0I8RAJhpaMr6RDs+ZcXSbtWtc+qtdtauX6Zx1EEB+AInAAbnIM6aIAmaAEMHsEzeAVvxpPxYrwbH7PWgpHP7IM/MD5/AFLwmEw=</latexit>

lqc and s+lqd contributions from data 15

unambiguous 
modes with I=1 

ambiguous modes

pt. QCD 
above 1.937 GeV

DVs

EM IB MI IB

95% 0.46% 5.0% 0.15% -0.64%

The DV central value is used as an uncertainty in the perturbative contribution in the final result.

alqc;ILµ = 543.2(2.1) + 2.9(1.0) + 28.27(2) + 0.26(12) + 0.93(59)� 4.09(47)
<latexit sha1_base64="bakK9+IBhHRUlYiAmjabf0rv9MU="></latexit>

(88% of this result comes from pi+pi-) 



16
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s-quark + light-quark disconnected contributions

DB, Golterman, Maltman, and Peris, 2203.05070

No sign of tension in s + disconnected contribution

s+lqd cont. from data

25 30 35 40 45

RBC/UKQCD 18

BMW 17

Mainz 19

BMW 20

Data-based (KNT19)

Data-based (DHMZ)

asconn+disc;IL
µ ⇥ 1010

(strongly dominated by KK̄)
<latexit sha1_base64="nqujCUlcn7A2TgkaesV2s5Q1ty4=">AAACCnicdVDLSgNBEJz1GeNr1aOX0USIl7AbjTG3oBchlwjmAUkIs7OTZMjszDLTK4SQsxd/xYsHRbz6Bd78GzcPQUULGoqqbrq7vFBwA47zYS0sLi2vrCbWkusbm1vb9s5uzahIU1alSijd8IhhgktWBQ6CNULNSOAJVvcGlxO/fsu04UrewDBk7YD0JO9ySiCWOvZBxoBWsieG2FcBlwSYj70hTpdbHtG4nD7u2Cknm3fcYr6IZ6RwOidneexmnSlSaI5Kx35v+YpGAZNABTGm6TohtEdEA6eCjZOtyLCQ0AHpsWZMJQmYaY+mr4zxUaz4uKt0XBLwVP0+MSKBMcPAizsDAn3z25uIf3nNCLrn7RGXYQRM0tmibiQwKDzJBftcMwqTGDihmse3YtonmlCI00vGIXx9iv8ntVzWPcnmrnOp0sU8jgTaR4cog1xUQCV0hSqoiii6Qw/oCT1b99aj9WK9zloXrPnMHvoB6+0TrymZmg==</latexit>
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DB, Golterman, Maltman, and Peris, 2203.05070

s+lqd cont. from data

(here we use the average of lattice results for the s-quark connected contributions) 
g-2 Theory Initiative white paper 2006.04822

disconnected contributions

�30 �25 �20 �15 �10 �5

RBC/UKQCD 18

BMW 17

Mainz/CLS 20 (prelim.)

Mainz 19

BMW 20

Data-based (KNT19)

Data-based (DHMZ)

adisconn;ILµ ⇥ 1010



light-quark connected contribution from data 18

Diogo Boito

Results for alqc;ILµ
<latexit sha1_base64="W8/tvRrxTRRWmCnuKN0DH8XHoW0=">AAACBHicbZC7TsMwFIadcivlFmDsYtEiMVVJGUBiqWABiaFI9CI1IXJct7VqJ8F2kKooAwuvwsIAQqw8BBtvg5tmgJZfsvTpP+fo+Px+xKhUlvVtFJaWV1bXiuuljc2t7R1zd68tw1hg0sIhC0XXR5IwGpCWooqRbiQI4j4jHX98Ma13HoiQNAxu1SQiLkfDgA4oRkpbnlmuIs/h8V3iCA7ZPT6DGV1dp2nVMytWzcoEF8HOoQJyNT3zy+mHOOYkUJghKXu2FSk3QUJRzEhacmJJIoTHaEh6GgPEiXST7IgUHmqnDweh0C9QMHN/TySISznhvu7kSI3kfG1q/lfrxWpw6iY0iGJFAjxbNIgZVCGcJgL7VBCs2EQDwoLqv0I8QgJhpXMr6RDs+ZMXoV2v2ce1+k290jjP4yiCMjgAR8AGJ6ABLkETtAAGj+AZvII348l4Md6Nj1lrwchn9sEfGZ8/R26XNQ==</latexit>

DB, Golterman, Maltman, and Peris, 2211.11055

Tension between data and some of the lattice results (mainly BMW20) 

610 630 650 670 690

BMW17

RBC/UKQCD18

ETMC18/19

PACS19

FHM19

Mainz19

ABGP19

BMW20

LM20

ABGP22

Lattice Average (without BMW20)

Data-based (KNT19)

Data-based (DHMZ)

alqc;ILµ ⇥ 1010

very naive average!

610 630 650 670 690

BMW17

RBC/UKQCD18

ETMC18/19

PACS19

FHM19

Mainz19

ABGP19

BMW20

LM20

ABGP22

Lattice Average (without BMW20)

Data-based (KNT19)

Data-based (DHMZ)

alqc;ILµ ⇥ 1010

light-quark connected (88% of this result comes from pi+pi-) 



results for windows 19
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lattice results

e+e- data

aHVP,LO
µ = [aHVP,LO

µ ]SD + [aHVP,LO
µ ]win + [aHVP,LO

µ ]LD
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Figure 1: Short-distance, intermediate, and long-distance weight functions in Euclidean time (left), and their correspondence in center-of-mass energy (right).

aHVP
SD aHVP

int aHVP
LD aHVP

total

All channels
68.4(5) 229.4(1.4) 395.1(2.4) 693.0(3.9)
[9.9%] [33.1%] [57.0%] [100%]

2⇡ below 1.0 GeV
13.7(1) 138.3(1.2) 342.3(2.3) 494.3(3.6)
[2.8%] [28.0%] [69.2%] [100%]

3⇡ below 1.8 GeV
2.5(1) 18.5(4) 25.3(6) 46.4(1.0)
[5.5%] [39.9%] [54.6%] [100%]

White Paper [1] – – – 693.1(4.0)
RBC/UKQCD [24] – 231.9(1.5) – 715.4(18.7)
BMWc [36] – 236.7(1.4) – 707.5(5.5)
BMWc/KNT [7, 36] – 229.7(1.3) – –
Mainz/CLS [99] – 237.30(1.46) – –
ETMC [100] 69.33(29) 235.0(1.1) – –

Table 1: Window quantities for HVP, based on Refs. [7–9, 11], using the merg-
ing procedure from Ref. [1] and the window parameters (11) (for all channels,
2⇡ below 1.0 GeV, and 3⇡ below 1.8 GeV; in each case indicating the decom-
position of the total in %). Previous results from lattice QCD and phenomenol-
ogy are shown for comparison where available (the quoted phenomenologi-
cal evaluation of aHVP

int from Ref. [36] is based on Ref. [7]). We also include
Refs. [99, 100], which appeared after the initial submission of our paper. All
numbers in units of 10�10.

more immediate conclusions once new lattice results become
available.

In Sec. 2, we provide such comparison numbers for the stan-
dard windows from Ref. [24], with e+e� uncertainties treated
in the same spirit as in Ref. [1]. In Sec. 3, we then consider a
set of modified window quantities that should allow for a more
detailed analysis of the energy dependence. The correlations
among the di↵erent windows are also evaluated and included.
Finally, we discuss the challenges in constructing optimized
window observables to isolate the origin of potential conflicts
between e+e� data and lattice QCD.

2. Euclidean windows

The master formula for the HVP contribution in the data-
driven approach reads [101, 102]
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µ =

✓↵mµ
3⇡
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s2 Rhad(s) ,
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3s
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µ

"
x2

2
�
2 � x2� +

1 + x
1 � x

x2 log x

+

�
1 + x2�(1 + x)2

x2

✓
log(1 + x) � x +

x2

2

◆#
,

x =
1 � �µ(s)
1 + �µ(s)

, �µ(s) =

s

1 �
4m2
µ

s
. (7)

The integration threshold takes the value sthr = M2
⇡0 , since the

⇡0� channel is included, by convention, in the photon-inclusive
cross section (in the same way, final-state radiation is included,
in particular in the 2⇡ and 3⇡ channels below). In lattice QCD,
most collaborations employ the time-momentum representa-
tion [98, 103, 104]

aHVP
µ =

✓↵
⇡

◆2 Z 1

0
dt K̃(t)G(t) , (8)

with another known kernel function K̃(t) and G(t) given by the
correlator of two electromagnetic currents jem

µ

G(t) = �a3

3

3X

k=1

X

x
Gkk(t, x) ,

Gµ⌫(x) = h0| jem
µ (x) jem

⌫ (0)|0i , (9)

with the lattice spacing taken to the limit a ! 0. Windows in
Euclidean time are defined by an additional weight function in

2

adapted from Colangelo et al, 2205.12963
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Figure 1: Short-distance, intermediate, and long-distance weight functions in Euclidean time (left), and their correspondence in center-of-mass energy (right).
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more immediate conclusions once new lattice results become
available.

In Sec. 2, we provide such comparison numbers for the stan-
dard windows from Ref. [24], with e+e� uncertainties treated
in the same spirit as in Ref. [1]. In Sec. 3, we then consider a
set of modified window quantities that should allow for a more
detailed analysis of the energy dependence. The correlations
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Finally, we discuss the challenges in constructing optimized
window observables to isolate the origin of potential conflicts
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The integration threshold takes the value sthr = M2
⇡0 , since the

⇡0� channel is included, by convention, in the photon-inclusive
cross section (in the same way, final-state radiation is included,
in particular in the 2⇡ and 3⇡ channels below). In lattice QCD,
most collaborations employ the time-momentum representa-
tion [98, 103, 104]

aHVP
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✓↵
⇡

◆2 Z 1

0
dt K̃(t)G(t) , (8)

with another known kernel function K̃(t) and G(t) given by the
correlator of two electromagnetic currents jem

µ

G(t) = �a3

3

3X

k=1

X

x
Gkk(t, x) ,

Gµ⌫(x) = h0| jem
µ (x) jem

⌫ (0)|0i , (9)

with the lattice spacing taken to the limit a ! 0. Windows in
Euclidean time are defined by an additional weight function in

2

adapted from Colangelo et al, 2205.12963
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Intermediate window (W1, black) has many advantages:
 
- cuts out lattice artifacts at short and long distance (lattice spacing, large volume)
 
- can be computed very precisely on the lattice 

- all lattice collaborations are computing this quantity

- several recent results for the light-quark connected component (90% of the total)
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ŴSD
<latexit sha1_base64="oliSLShDn20X381adgDDZIzNqsI=">AAAB+HicbVBNS8NAEJ34WetHox69LBbBU0mqoMeiHjxWtB/QhLDZbtqlm03Y3Qg19Jd48aCIV3+KN/+N2zYHbX0w8Hhvhpl5YcqZ0o7zba2srq1vbJa2yts7u3sVe/+grZJMEtoiCU9kN8SKciZoSzPNaTeVFMchp51wdD31O49UKpaIBz1OqR/jgWARI1gbKbAr3hBr1AlyT8bo/mYS2FWn5syAlolbkCoUaAb2l9dPSBZToQnHSvVcJ9V+jqVmhNNJ2csUTTEZ4QHtGSpwTJWfzw6foBOj9FGUSFNCo5n6eyLHsVLjODSdMdZDtehNxf+8XqajSz9nIs00FWS+KMo40gmapoD6TFKi+dgQTCQztyIyxBITbbIqmxDcxZeXSbtec89q9bvzauOqiKMER3AMp+DCBTTgFprQAgIZPMMrvFlP1ov1bn3MW1esYuYQ/sD6/AHv4JKe</latexit>

Ŵ1
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very good recent results exist for the 
intermediate window

H. Wittig, 2306.04165
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light-quark connected lattice results 

several, recent, lattice results that are fully compatible and have small errors

t0 = 0.4 fm, t1 = 1.0 fm, � = 0.15 fm
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light-quark connected lattice results 

several, recent, lattice results that are fully compatible and have small errors

t0 = 0.4 fm, t1 = 1.0 fm, � = 0.15 fm
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What about data??
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Getting the lqc and s+lqd contributions to window quantities is straightforward provided we 
have the exclusive channel spectra (which we do from KNT19)

We can still get the EM IB corrections for the intermediate window using BMW results. For 
other windows we cannot and will neglect this sub-percent correction

Mixed-isospin IB contribution depend on fits to data (here dispersive) but can be 
estimated for the 

21

dominant       and      channels2⇡
<latexit sha1_base64="g8LUF4UXhDTImCR2tIAtDtA/+2Q=">AAAB63icbVBNSwMxEJ34WetX1aOXYBE8ld0q6LHoxWMF+wHtUrJptg1NskuSFcrSv+DFgyJe/UPe/Ddm2z1o64OBx3szzMwLE8GN9bxvtLa+sbm1Xdop7+7tHxxWjo7bJk41ZS0ai1h3Q2KY4Iq1LLeCdRPNiAwF64STu9zvPDFteKwe7TRhgSQjxSNOic2lej/hg0rVq3lz4FXiF6QKBZqDyld/GNNUMmWpIMb0fC+xQUa05VSwWbmfGpYQOiEj1nNUEclMkM1vneFzpwxxFGtXyuK5+nsiI9KYqQxdpyR2bJa9XPzP66U2ugkyrpLUMkUXi6JUYBvj/HE85JpRK6aOEKq5uxXTMdGEWhdP2YXgL7+8Str1mn9Zqz9cVRu3RRwlOIUzuAAfrqEB99CEFlAYwzO8whuS6AW9o49F6xoqZk7gD9DnD8JRjg0=</latexit>

3⇡
<latexit sha1_base64="PUR819Tq2V0cf8C76Hptm5383IY=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0laQY9FLx4r2A9oQ9lsN+3S3U3Y3Qgl9C948aCIV/+QN/+NmzQHbX0w8Hhvhpl5QcyZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV0eJIrRDIh6pfoA15UzSjmGG036sKBYBp71gdpf5vSeqNIvko5nH1Bd4IlnICDaZ1BzGbFStuXU3B1onXkFqUKA9qn4NxxFJBJWGcKz1wHNj46dYGUY4XVSGiaYxJjM8oQNLJRZU+2l+6wJdWGWMwkjZkgbl6u+JFAut5yKwnQKbqV71MvE/b5CY8MZPmYwTQyVZLgoTjkyEssfRmClKDJ9bgoli9lZEplhhYmw8FRuCt/ryOuk26l6z3ni4qrVuizjKcAbncAkeXEML7qENHSAwhWd4hTdHOC/Ou/OxbC05xcwp/IHz+QPD2I4O</latexit>

thanks to M. Hoferichter and P. Stoffer for running the MI IB 
contributions to window quantities

light-quark connected intermediate window
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light-quark connected intermediate window
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Benton, DB, Golterman, Keshavarzi, Maltman, and Peris, in preparation

Following the same steps as before we find

(81% of this result comes from pi+pi-…) 
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22

Diogo Boito

preliminary

light-quark connected intermediate window

Light-quark connected: very significant tension between lattice 
QCD and the dispersive approach

Benton, DB,  Golterman, Keshavarzi, 
Maltman, and Peris, in preparation

22

a
W1,lqc
µ tension

this work 198.7(1.1)

BMW 20 207.3(1.4) 4.8�

LM 20 206.0(1.2) 4.5�

�QCD 23 206.7(1.8) 3.8�

ABGP 22 206.8(2.2) 3.3�

Mainz/CLS 22 207.0(1.5) 4.5�

ETMC 22 206.5(1.3) 4.6�

FHM 23 206.6(1.0) 5.3�

RBC/UKQCD 23 206.36(0.61) 6.1�

Table 2: Table of the result of Eq. (4.6) and lattice results for aW1,lqc
µ from

Ref. [3] (BMW 20), Ref. [5] (LM 20), Ref. [6] (�QCD 23), Ref. [7] (ABGP
22), Ref. [8] (Mainz/CLS 22), Ref. [9] (ETMC 22), Ref. [10] (FHM 23),
and Ref. [11] (RBC/UKQCD 23). Units of 10�10. The third column gives
the tension between each of the lattice results and our data-based result,
in units of the error on the di↵erence. [comparisontab]

5. Comparison with other determinations comp

For the lqc W1 window quantity, aW1,lqc
µ , we compare our result, Eq. (4.6), with

recent lattice computations in Table 2 and Fig. 1. We refrain from quoting a lattice
average for aW1,lqc

µ ,11 but it is clear that there is a discrepancy between the data-based
value and lattice results of about 7⇥ 10�10. In the table, we list the tensions between
each of the lattice results listed, and the value of Eq. (4.6).

We also compare the s+lqd quantity a
W1,s+lqd

µ of Eq. (??) with results from those
collaborations that have computed a

W1,s+lqd

µ on the lattice as well, in Table 3.
One lattice collaboration has computed a

W2,lqc
µ , with Ref. [10] finding the value

100.7(3.2) ⇥ 10�10. Assuming EM and SIB corrections for a
W2,lqc
µ to be negligibly

small, this is to be compared with the data-based value 94.56(36) ⇥ 10�10 obtained
in Eq. (3.17).

Finally, again assuming EM and SIB corrections to be negligibly small, we can
compare the lqc results I lqcbW15

and I
lqc

bW25
in Eq. (3.17) with the lattice results obtained

from the data of Ref. [7] in Ref. [16] hhMaybe, as the referee asked us to do in the sum rule

paper, we should also reference the lattice papers that are the original sources of the data used in

the ABGP 2022 paper. E.g. “...with the lattice results obtained using data from the ?? and ???

groups, analyzed previosuly in Ref. [7].” hhBut the data of Ref. [7] are from that reference, and not

11We assume such an average to be forthcoming in an update of the WP, Ref. [2].
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aW1,lqc
µ ⇥ 1010

accounts for nearly all the discrepancy in the total result
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light-quark connected: other windows

t0 = 1.5 fm, t1 = 1.9 fm, � = 0.15 fm
<latexit sha1_base64="jT0ubcb782rmumVGXw/C5xaTfwY=">AAACL3icbVDLSgMxFM3Ud31VXboJFsFFGWaqoi4KoiIuFewDOmXIpJk2NJkZkjtCGfpHbvwVNyKKuPUvTB+L2nogcDjnHm7uCRLBNTjOu5VbWFxaXlldy69vbG5tF3Z2azpOFWVVGotYNQKimeARqwIHwRqJYkQGgtWD3vXQrz8xpXkcPUI/YS1JOhEPOSVgJL9wC75Tce1Tr5R5SuJQDkrYK3klDL5r9Is53bthAgiuOLY7FfILRcd2RsDzxJ2QIprg3i+8eu2YppJFQAXRuuk6CbQyooBTwQZ5L9UsIbRHOqxpaEQk061sdO8AHxqljcNYmRcBHqnTiYxIrfsyMJOSQFfPekPxP6+ZQnjeyniUpMAiOl4UpgJDjIfl4TZXjILoG0Ko4uavmHaJIhRMxXlTgjt78jyplW332C4/nBQvryZ1rKJ9dICOkIvO0CW6Q/eoiih6Rq/oA31aL9ab9WV9j0dz1iSzh/7A+vkFdpGkgQ==</latexit>

Aubin, Blum, Golterman, Peris (ABGP)  ‘22

Similar advantages but more “long distance”; within the reach of chiral perturbation theory

light-quark connected from KNT19 R(s) data

Benton, DB,  Golterman, Keshavarzi, 
Maltman, and Peris, in preparation

ensemble 96 64 48I 32 48II

FV NLO 2.25 1.08 0.325 0.372 0.062

FV NNLO 3.13 1.51 0.448 0.559 0.0744

FV SRHO 0.56 0.35 0.128 0.197 0.0156

retune NLO -0.114 -0.879 -0.364 -0.313 -0.107

retune NNLO -0.199 -1.52 -0.631 -0.543 -0.186

retune SRHO -0.280 -2.12 -0.885 -0.761 -0.262

t. br. NLO 1.39 5.42 8.55 10.12 9.94

t. br. NNLO 2.47 10.14 17.60 22.06 21.76

t. br. SRHO 3.01 12.84 24.54 33.81 33.46

TABLE 8: FV, pion-mass retuning and taste-breaking corrections for aW2,lqc
µ , in units of 10�10,

computed in SChPT and in the SRHO model. To be added to correct lattice results; for details, see
text.

the left-hand panel. Our extrapolated values from these fits are as follows:

a
W2,lqc
µ

= 106.5(3.8)⇥ 10�10
, NNLO without taste breaking , (6.3)

= 103.2(3.8)⇥ 10�10
, NNLO ,

= 100.5(2.1)⇥ 10�10
, NNLO (linear) ,

= 102.8(3.8)⇥ 10�10
, SRHO without taste breaking .

= 96.4(2.1)⇥ 10�10
, SRHO (linear) .

In this case, the continuum limit obtained shows better agreement between the values with
and without taste-breaking corrections when these are computed with NNLO SChPT, than
when they are computed with the SRHO model. If we interpret this as an indication that
NNLO SChPT is more reliable, averaging the largest and smallest NNLO-based values in
Eq. (6.3) would give an estimated best value of aW2,lqc

µ
= 103(4)⇥ 10�10, where we averaged

the first and third values in Eq. (6.3), and took the largest fit error as our error estimate.
The SRHO model would lead to a lower estimate, which, based on our discussion of Table 9
(see below), cannot be excluded. We have also carried out linear fits dropping the two
data points at a = 0.15 fm, i.e., dropping the 32 and 48II ensembles. The continuum-
extrapolated values di↵er from the central values above by not more than 1.2 times the fit
errors in Eq. (6.3) for the NNLO case. In this case, the continuum values obtained with
NNLO SChPT with and without taste breaking are equal to 102.1(2.4)⇥10�10 in both cases,
and agree in the continuum limit. We thus take

a
W2,lqc
µ

= 102.1(2.4)⇥ 10�10
, (6.4)

as our best estimate for window W2. This result is in good agreement with the value
103(4)⇥ 10�10 quoted above.

Di↵erences as defined in Eq. (4.3) for the W2 window are tabulated in Table 9. In this
case, NNLO SChPT describes the di↵erences much better than for the W1 window, and also

25

aW2,lqc
µ = 100.7(3.2)⇥ 10�10

<latexit sha1_base64="xsJGjOx7ALiDZDLE5EPTKVyq2QQ="></latexit>

Aubin, Blum, Golterman, Peris  ‘22

Fermilab/HPQCD/MILC  ‘23

lattice results

W (t; t0, t1;�) =
1

2

✓
tanh

t� t0
�

� tanh
t� t1
�

◆
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aW2,lqc
µ = 93.70(36)⇥ 10�10
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aW2
µ (t0, t1;�) = 2

Z 1

0
dtW2(t; t0, t1;�)w(t)C(t)

<latexit sha1_base64="+WxiPCem36dZ2+v/oeCXcUgVxl4="></latexit>



2. Light-quark connected and strange plus light-quark 
disconnected results from data

3. Sum rules
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New set of sum rules for the comparison of spectral functions from experimental data and 
lattice simulations  

C(t) =

Z 1

Eth

dEE2e�Et⇢(E)
<latexit sha1_base64="vrvSBGDbUzKPjJcPb6HK6dw3qCc="></latexit>

This Laplace transform cannot be inverted if all 
we have from the lattice is a discrete data set 
affected by errors (ill-posed problem).

One cannot get the spectral function locally from lattice data.

see e.g., Hansen, Meyer and Robaina ’17 (based on Backus and Gilbert ’68);
Hansen, Lupo and Tantalo ’19;  Bailas, Hashimoto and Ishikawa '20   



lattice vs exp. data: new sum rules 25

Diogo Boito

New set of sum rules for the comparison of spectral functions from experimental data and 
lattice simulations  

Starting point is a narrow window on the spectral function (not in Euclidean time)

Allows for the choice of weight functions that are well localized in energy

Comparison between R-ratio data and lattice data

Potentially useful in reconsidering results from tau decay, combining a more 
precise tau decay vector spectral function 
with future isospin-breaking results from the lattice

DB, Golterman, Maltman, Peris, Rodrigues, Schaaf ’20
mainly ALEPH and OPAL data but no MC input needed

M Bruno et al

C(t) =

Z 1

Eth

dEE2e�Et⇢(E)
<latexit sha1_base64="vrvSBGDbUzKPjJcPb6HK6dw3qCc="></latexit>

This Laplace transform cannot be inverted if all 
we have from the lattice is a discrete data set 
affected by errors (ill-posed problem).

One cannot get the spectral function locally from lattice data.

see e.g., Hansen, Meyer and Robaina ’17 (based on Backus and Gilbert ’68);
Hansen, Lupo and Tantalo ’19;  Bailas, Hashimoto and Ishikawa '20   
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rational-weight sum rulesRational-weight sum rules

Consider a class of rational weights                                                        ,             Euclidean, fixed   
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z = q2 plane                Taking radius to infinity leads to sum rule

Relation between spectral weight and Euclidean quantity       
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Taking radius to infinity we get a relation between a 
spectral function integral and an Euclidean quantity
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<latexit sha1_base64="xbfzZ0ouOmG2+u8F0mTlxfZEeO0=">AAAB7HicdVDLSgMxFM3UVx0frbp0EyyCboZM6dRuxIIILivYB9SxZNJMG5rJjElGqKXf4MaFIm79Cf/CnZ/gX5i2Cip64MLhnHu5954g4UxphN6szNz8wuJSdtleWV1bz+U3NhsqTiWhdRLzWLYCrChngtY105y2EklxFHDaDAbHE795TaVisTjXw4T6Ee4JFjKCtZHqN4dXl8VOvoAcVPZKbgUix0NuxfUMKXouQkXoOmiKQjX3frRvv5zUOvnXi25M0ogKTThWqu2iRPsjLDUjnI7ti1TRBJMB7tG2oQJHVPmj6bFjuGuULgxjaUpoOFW/T4xwpNQwCkxnhHVf/fYm4l9eO9VhxR8xkaSaCjJbFKYc6hhOPoddJinRfGgIJpKZWyHpY4mJNvnYJoSvT+H/pFF03LJTOjNplMAMWbANdsAecMEBqIJTUAN1QAADt+AePFjCurMeradZa8b6nNkCP2A9fwBEkJE7</latexit>

z = q2 plane                Taking radius to infinity leads to sum rule

Relation between spectral weight and Euclidean quantity       

<latexit sha1_base64="VZ7gN/hsffXS5cIVfAgTySErNsQ="></latexit>
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⇧̂(Q2
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=

Z 1

sth

dsWm,n(s) ⇢(s)

Taking radius to infinity we get a relation between a 
spectral function integral and an Euclidean quantity

Consider a class of functions                                                    , Q2
k

<latexit sha1_base64="SFkD1hNT8MR9+y+7v8P2wxHbjzk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48tmFpoY9lsJ+3SzSbsboRS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fCopZNMMfRZIhLVDqlGwSX6hhuB7VQhjUOBD+HoduY/PKHSPJH3ZpxiENOB5BFn1FjJb/ZGj7VeueJW3TnIKvFyUoEcjV75q9tPWBajNExQrTuem5pgQpXhTOC01M00ppSN6AA7lkoaow4m82On5MwqfRIlypY0ZK7+npjQWOtxHNrOmJqhXvZm4n9eJzPRdTDhMs0MSrZYFGWCmITMPid9rpAZMbaEMsXtrYQNqaLM2HxKNgRv+eVV0qpVvYtqrXlZqd/kcRThBE7hHDy4gjrcQQN8YMDhGV7hzZHOi/PufCxaC04+cwx/4Hz+AFAxjls=</latexit>

Euclidean and fixed.Wm,n(s) = µ2(n�m�1) (s� sth)mQn
`=1(s+Q2

`)
<latexit sha1_base64="SFbCx7/Z0hd4ll2oXh4jOTMouIg="></latexit>
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<latexit sha1_base64="qjTO2VQqXt6koerM3WomoI/keTM="></latexit>
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<latexit sha1_base64="m0a9V9dAkYCeSe/UWvgjQqEtJo8=">AAACGnicbVBNSwMxEM36bf2qevQSLEIFKbtV0IsgevGoYK3QXZdsNtuGJtklmRXKsr/Di3/FiwdFvIkX/41p7UGrD4Z5vDdDMi/KBDfgup/O1PTM7Nz8wmJlaXllda26vnFt0lxT1qKpSPVNRAwTXLEWcBDsJtOMyEiwdtQ/G/rtO6YNT9UVDDIWSNJVPOGUgJXCqnfscwVhYcLC1xJDryxvrZLAAMfG38PtsJB7qqyb3Yqve6ntYbXmNtwR8F/ijUkNjXERVt/9OKW5ZAqoIMZ0PDeDoCAaOBWsrPi5YRmhfdJlHUsVkcwExei0Eu9YJcZJqm0pwCP150ZBpDEDGdlJSaBnJr2h+J/XySE5CgqushyYot8PJbnAkOJhTjjmmlEQNgZOqOb2r5j2iCYUbJoVG4I3efJfct1sePuN5uVB7eR0HMcC2kLbqI48dIhO0Dm6QC1E0T16RM/oxXlwnpxX5+17dMoZ72yiX3A+vgAqX6BE</latexit>

In terms of lattice data for C(t) we get

We can tune the profile of W(s) by adjusting the position of the poles.

exp. data lattice resultsZ 1
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dsWm,n(s)⇢(s) =

Z 1
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dt c(m,n)(t)C(t) ,
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<latexit sha1_base64="hUNAUkU9/HSUkH1S59SDtEiZLQg="></latexit>
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This can be recast in terms of                                                                                               as

Examples:   choose                                                                                    and                   :
<latexit sha1_base64="bH+yPqhTE5DcnP7+RSa9JmY6di8="></latexit>

Q2
k = 0.25, 0.325, 0.4, 0.475, 0.55 GeV2 <latexit sha1_base64="txC1cnskErYq1wzeXR23FjoVMJ8=">AAAB7nicdVDLSgMxFM34rPXRqks3wSIoyJAMndqNWBDBZQX7gHYomTRtQzOZIckIpfQj3LhQxK3/4F+48xP8C9NWQUUPXDiccy/33hMmgmuD0JuzsLi0vLKaWcuub2xu5fLbO3Udp4qyGo1FrJoh0UxwyWqGG8GaiWIkCgVrhMPzqd+4YUrzWF6bUcKCiPQl73FKjJUa8hQft6HXyReQi0p+EZchcn2Ey9i3xPMxQh7ELpqhUMm9nx1lXy6qnfxruxvTNGLSUEG0bmGUmGBMlOFUsEm2nWqWEDokfdayVJKI6WA8O3cCD6zShb1Y2ZIGztTvE2MSaT2KQtsZETPQv72p+JfXSk2vHIy5TFLDJJ0v6qUCmhhOf4ddrhg1YmQJoYrbWyEdEEWosQllbQhfn8L/Sd1zccktXtk0imCODNgD++AQYHACKuASVEENUDAEt+AePDiJc+c8Ok/z1gXnc2YX/IDz/AGNaJFN</latexit>
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(arbitrary vertical scales)

W15(s)
<latexit sha1_base64="2nmQlfVPqJW1CcntpQtgkeJeDVg=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBDiJexGRY9BLx4jmAcmS5iddJIhs7PLzKwQlvyFFw+KePVvvPk3TpI9aGJBQ1HVTXdXEAuujet+Oyura+sbm7mt/PbO7t5+4eCwoaNEMayzSESqFVCNgkusG24EtmKFNAwENoPR7dRvPqHSPJIPZhyjH9KB5H3OqLHSY7ObepeTkj4j3ULRLbszkGXiZaQIGWrdwlenF7EkRGmYoFq3PTc2fkqV4UzgJN9JNMaUjegA25ZKGqL209nFE3JqlR7pR8qWNGSm/p5Iaaj1OAxsZ0jNUC96U/E/r52Y/rWfchknBiWbL+ongpiITN8nPa6QGTG2hDLF7a2EDamizNiQ8jYEb/HlZdKolL3zcuX+oli9yeLIwTGcQAk8uIIq3EEN6sBAwjO8wpujnRfn3fmYt6442cwR/IHz+QMNO4/a</latexit>

W25(s)
<latexit sha1_base64="Pgkp4l8CW7DDGs02hJ3lFER1FmY=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBDiJexGRY9BLx4jmAcmS5iddJIhs7PLzKwQlvyFFw+KePVvvPk3TpI9aGJBQ1HVTXdXEAuujet+Oyura+sbm7mt/PbO7t5+4eCwoaNEMayzSESqFVCNgkusG24EtmKFNAwENoPR7dRvPqHSPJIPZhyjH9KB5H3OqLHSY7ObVi4nJX1GuoWiW3ZnIMvEy0gRMtS6ha9OL2JJiNIwQbVue25s/JQqw5nASb6TaIwpG9EBti2VNETtp7OLJ+TUKj3Sj5QtachM/T2R0lDrcRjYzpCaoV70puJ/Xjsx/Ws/5TJODEo2X9RPBDERmb5PelwhM2JsCWWK21sJG1JFmbEh5W0I3uLLy6RRKXvn5cr9RbF6k8WRg2M4gRJ4cAVVuIMa1IGBhGd4hTdHOy/Ou/Mxb11xspkj+APn8wcOxY/b</latexit>

rational-weight sum rules
Wm,n(s) = µ2(n�m�1) (s� sth)mQn

`=1(s+Q2
`)

<latexit sha1_base64="SFbCx7/Z0hd4ll2oXh4jOTMouIg="></latexit>

Euclidean-t representations which contain contributions
from CðtÞ at arbitrarily large t, and hence typically have
enhanced errors when evaluated using real-world lattice
data. The EWSR construction, in restricting by hand the
range of Euclidean t for which lattice results for CðtÞ are
required, allows one to mitigate this problem, while at the
same time retaining the desired qualitative s-dependent
weighting.
Another way of describing what is going on in the

EWSR construction is as follows: given a typical premold,
WðsÞ, chosen with a particular localization in s in mind, the
Euclidean-t representations equivalent to the spectral inte-
grals produced by, not just that premold, but also the vast
majority of qualitatively similar “nearby” weights, will all
suffer from the error-enhancing feature of having nontrivial
support at large Euclidean t. The EWSR construction,
however, shows that this is not a generic feature of all such
“nearby” weights: weights VðsÞ qualitatively similar to
WðsÞ exist for which the corresponding weighted spectral
integral has a Euclidean-t representation with no support
whatsoever beyond the maximum t employed in construct-
ing VðsÞ. We expect such special “nearby” weights to
produce equivalent lattice evaluations of IV with signifi-
cantly reduced relative errors, and show, in Sec. III B, that
this expectation is, indeed, borne out. An important lesson
to be drawn from this observation is that, when real-world
lattice errors are taken into account, s-dependent weights
which are very similar as functions of s may differ
significantly in how accurately the equivalent lattice
representations of their weighted spectral integrals can
be evaluated. Sum rules based on judicious choices of
EWSR weights, VðsÞ, constructed starting from generic
premolds, WðsÞ, are thus likely to represent better choices
for use in exploring dispersive-lattice differences than
would the apparently rather similar sum rules based on
the underlying generic premolds.

III. EXAMPLE: APPLICATION TO COMPARISON
BETWEEN EXPERIMENTAL AND

LATTICE DATA

We will now turn to two numerical examples, using
two different weights Wm;n of the type (2.7), both with
sth ¼ 4m2

π and

Q2
l ¼ 0.25þ 0.075ðl− 1Þ GeV2; l¼ 1;…;5: ð3:1Þ

The first has m ¼ 1, n ¼ 5, and the second m ¼ 2, n ¼ 5.
We choose mπ ¼ 134.977 MeV and mτ ¼ 1776.86 MeV.
These two weights are plotted as a function of

ffiffiffi
s

p
in Fig. 2,

whereW2;5 has been multiplied by a factor of 15 to show it
on approximately the same scale asW1;5.

4 The weightW2;5

overlaps better with the region dominated by the ρ, but falls
off more slowly for large s. The value of n −m is smaller
for W2;5 than for W1;5, which leads us to expect a smaller
error on the right-hand side of theW2;5 sum rule, according
to Appendix A. For comparison, we also show the
Minkowski version [38] of the “intermediate window”
weight introduced as a function of t in Ref. [29]. These
weights will be used for a study of the sum rule (2.11) in
Sec. III A and a study of the sum rule (2.18) in Sec. III B.
In Fig. 3 we show the functions cð1;5ÞðtÞ and cð2;5ÞðtÞ

defined in Eq. (2.12), multiplied by 10−5 and 15 × 10−5,
respectively. We see that these functions have the bulk of
their support toward larger t, while being very small at
values of t smaller than approximately 1 fm. This is not
surprising, as the weights W1;5ðsÞ and W2;5ðsÞ have their
support at relatively small

ffiffiffi
s

p
. We will see below to what

extent this has an effect on the size of the errors with which
the right-hand side of Eq. (2.11) can be evaluated.
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FIG. 2. The weights W1;5 (blue, solid), and 15 ×W2;5 (red,
dashed) with Q2

i defined in Eq. (3.1). (W2;5 is multiplied by a
factor of 15 for clarity.) The black dotted curve shows the
“intermediate window” weight of Ref. [29], transformed to the
equivalent

ffiffiffi
s

p
-dependent form [38].
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FIG. 3. The weights 10−5cð1;5ÞðtÞ (blue) and 15 × 10−5cð2;5ÞðtÞ
(red) with Q2

l as in Eq. (3.1).
4The absolute scale of the weights is arbitrary, as long as the

same scale is used on both sides of the sum rules.
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<latexit sha1_base64="2nmQlfVPqJW1CcntpQtgkeJeDVg=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBDiJexGRY9BLx4jmAcmS5iddJIhs7PLzKwQlvyFFw+KePVvvPk3TpI9aGJBQ1HVTXdXEAuujet+Oyura+sbm7mt/PbO7t5+4eCwoaNEMayzSESqFVCNgkusG24EtmKFNAwENoPR7dRvPqHSPJIPZhyjH9KB5H3OqLHSY7ObepeTkj4j3ULRLbszkGXiZaQIGWrdwlenF7EkRGmYoFq3PTc2fkqV4UzgJN9JNMaUjegA25ZKGqL209nFE3JqlR7pR8qWNGSm/p5Iaaj1OAxsZ0jNUC96U/E/r52Y/rWfchknBiWbL+ongpiITN8nPa6QGTG2hDLF7a2EDamizNiQ8jYEb/HlZdKolL3zcuX+oli9yeLIwTGcQAk8uIIq3EEN6sBAwjO8wpujnRfn3fmYt6442cwR/IHz+QMNO4/a</latexit>

W25(s)
<latexit sha1_base64="Pgkp4l8CW7DDGs02hJ3lFER1FmY=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBDiJexGRY9BLx4jmAcmS5iddJIhs7PLzKwQlvyFFw+KePVvvPk3TpI9aGJBQ1HVTXdXEAuujet+Oyura+sbm7mt/PbO7t5+4eCwoaNEMayzSESqFVCNgkusG24EtmKFNAwENoPR7dRvPqHSPJIPZhyjH9KB5H3OqLHSY7ObVi4nJX1GuoWiW3ZnIMvEy0gRMtS6ha9OL2JJiNIwQbVue25s/JQqw5nASb6TaIwpG9EBti2VNETtp7OLJ+TUKj3Sj5QtachM/T2R0lDrcRjYzpCaoV70puJ/Xjsx/Ws/5TJODEo2X9RPBDERmb5PelwhM2JsCWWK21sJG1JFmbEh5W0I3uLLy6RRKXvn5cr9RbF6k8WRg2M4gRJ4cAVVuIMa1IGBhGd4hTdHOy/Ou/Mxb11xspkj+APn8wcOxY/b</latexit>

c(1,5)
<latexit sha1_base64="HWHKY8jUIH/04LjdzfaFwa5ofQ0=">AAAB8HicbVBNSwMxEJ31s9avqkcvwSJUkLJbFT0WvXisYD+kXUs2zbahSXZJskJZ+iu8eFDEqz/Hm//GtN2Dtj4YeLw3w8y8IOZMG9f9dpaWV1bX1nMb+c2t7Z3dwt5+Q0eJIrROIh6pVoA15UzSumGG01asKBYBp81geDPxm09UaRbJezOKqS9wX7KQEWys9EAe05J3enEy7haKbtmdAi0SLyNFyFDrFr46vYgkgkpDONa67bmx8VOsDCOcjvOdRNMYkyHu07alEguq/XR68BgdW6WHwkjZkgZN1d8TKRZaj0RgOwU2Az3vTcT/vHZiwis/ZTJODJVktihMODIRmnyPekxRYvjIEkwUs7ciMsAKE2MzytsQvPmXF0mjUvbOypW782L1OosjB4dwBCXw4BKqcAs1qAMBAc/wCm+Ocl6cd+dj1rrkZDMH8AfO5w9Y6Y90</latexit>

c(2,5)
<latexit sha1_base64="YQf7UCajFBDcVHLe9JP8kP02ha4=">AAAB8HicbVBNSwMxEJ31s9avqkcvwSJUkLJbFT0WvXisYD+kXUs2zbahSXZJskJZ+iu8eFDEqz/Hm//GtN2Dtj4YeLw3w8y8IOZMG9f9dpaWV1bX1nMb+c2t7Z3dwt5+Q0eJIrROIh6pVoA15UzSumGG01asKBYBp81geDPxm09UaRbJezOKqS9wX7KQEWys9EAe01Ll9OJk3C0U3bI7BVokXkaKkKHWLXx1ehFJBJWGcKx123Nj46dYGUY4Hec7iaYxJkPcp21LJRZU++n04DE6tkoPhZGyJQ2aqr8nUiy0HonAdgpsBnrem4j/ee3EhFd+ymScGCrJbFGYcGQiNPke9ZiixPCRJZgoZm9FZIAVJsZmlLchePMvL5JGpeydlSt358XqdRZHDg7hCErgwSVU4RZqUAcCAp7hFd4c5bw4787HrHXJyWYO4A+czx9acY91</latexit>
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This can be recast in terms of                                                                                               as

Examples:   choose                                                                                    and                   :
<latexit sha1_base64="bH+yPqhTE5DcnP7+RSa9JmY6di8="></latexit>

Q2
k = 0.25, 0.325, 0.4, 0.475, 0.55 GeV2 <latexit sha1_base64="txC1cnskErYq1wzeXR23FjoVMJ8=">AAAB7nicdVDLSgMxFM34rPXRqks3wSIoyJAMndqNWBDBZQX7gHYomTRtQzOZIckIpfQj3LhQxK3/4F+48xP8C9NWQUUPXDiccy/33hMmgmuD0JuzsLi0vLKaWcuub2xu5fLbO3Udp4qyGo1FrJoh0UxwyWqGG8GaiWIkCgVrhMPzqd+4YUrzWF6bUcKCiPQl73FKjJUa8hQft6HXyReQi0p+EZchcn2Ey9i3xPMxQh7ELpqhUMm9nx1lXy6qnfxruxvTNGLSUEG0bmGUmGBMlOFUsEm2nWqWEDokfdayVJKI6WA8O3cCD6zShb1Y2ZIGztTvE2MSaT2KQtsZETPQv72p+JfXSk2vHIy5TFLDJJ0v6qUCmhhOf4ddrhg1YmQJoYrbWyEdEEWosQllbQhfn8L/Sd1zccktXtk0imCODNgD++AQYHACKuASVEENUDAEt+AePDiJc+c8Ok/z1gXnc2YX/IDz/AGNaJFN</latexit>
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Note: arbitrary vertical scales!

<latexit sha1_base64="5JWW/kXtmldDGOop/t7FbnjAy2g="></latexit>
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(arbitrary vertical scales)

W15(s)
<latexit sha1_base64="2nmQlfVPqJW1CcntpQtgkeJeDVg=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBDiJexGRY9BLx4jmAcmS5iddJIhs7PLzKwQlvyFFw+KePVvvPk3TpI9aGJBQ1HVTXdXEAuujet+Oyura+sbm7mt/PbO7t5+4eCwoaNEMayzSESqFVCNgkusG24EtmKFNAwENoPR7dRvPqHSPJIPZhyjH9KB5H3OqLHSY7ObepeTkj4j3ULRLbszkGXiZaQIGWrdwlenF7EkRGmYoFq3PTc2fkqV4UzgJN9JNMaUjegA25ZKGqL209nFE3JqlR7pR8qWNGSm/p5Iaaj1OAxsZ0jNUC96U/E/r52Y/rWfchknBiWbL+ongpiITN8nPa6QGTG2hDLF7a2EDamizNiQ8jYEb/HlZdKolL3zcuX+oli9yeLIwTGcQAk8uIIq3EEN6sBAwjO8wpujnRfn3fmYt6442cwR/IHz+QMNO4/a</latexit>

W25(s)
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rational-weight sum rules
Wm,n(s) = µ2(n�m�1) (s� sth)mQn

`=1(s+Q2
`)

<latexit sha1_base64="SFbCx7/Z0hd4ll2oXh4jOTMouIg="></latexit>

Comparison between R-ratio and lattice:   rational-weight sum rules

• R-ratio data (Keshavarzi, Nomura and Teubner ’19)
• Lattice:  from ABGP ‘22 light-quark connected part only; compare only errors!

lattice spacings                                                            , extrapolate to continuum limit
(pion-mass mistunings and finite-volume effects smaller than statistical errors) 

• Do NOT compare central values!   Lattice errors order of magnitude larger
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<latexit sha1_base64="/fR2wePN0kNMGTeslHwLwZHNBbI="></latexit>

a = 0.06, 0.09, 0.12, 0.15 fm

R-ratio rel. error lattice rel. error
W15 0.4756(16) 0.3% 0.468(26) 5.6%
W25 0.08912(34) 0.4% 0.0838(33) 3.9%

Table 1. Rational weights

R-ratio rel. error lattice rel. error
W 0

15 0.4785(16) 0.3% 0.496(17) 3.4%
W 0

25 0.08857(34) 0.4% 0.0798(18) 2.3%

Table 2. Exponential weights

1

KNT19 data

Lattice: ABGP 22 lqc only! Central values should not be directly compared.
(4 lattice spacings, a=0.06, 0.09, 0.12, 0.15 fm, extrapolated to continuum limit)

DB, Golterman, Maltman, and Peris, '22 Large errors on the lattice side

Euclidean-t representations which contain contributions
from CðtÞ at arbitrarily large t, and hence typically have
enhanced errors when evaluated using real-world lattice
data. The EWSR construction, in restricting by hand the
range of Euclidean t for which lattice results for CðtÞ are
required, allows one to mitigate this problem, while at the
same time retaining the desired qualitative s-dependent
weighting.
Another way of describing what is going on in the

EWSR construction is as follows: given a typical premold,
WðsÞ, chosen with a particular localization in s in mind, the
Euclidean-t representations equivalent to the spectral inte-
grals produced by, not just that premold, but also the vast
majority of qualitatively similar “nearby” weights, will all
suffer from the error-enhancing feature of having nontrivial
support at large Euclidean t. The EWSR construction,
however, shows that this is not a generic feature of all such
“nearby” weights: weights VðsÞ qualitatively similar to
WðsÞ exist for which the corresponding weighted spectral
integral has a Euclidean-t representation with no support
whatsoever beyond the maximum t employed in construct-
ing VðsÞ. We expect such special “nearby” weights to
produce equivalent lattice evaluations of IV with signifi-
cantly reduced relative errors, and show, in Sec. III B, that
this expectation is, indeed, borne out. An important lesson
to be drawn from this observation is that, when real-world
lattice errors are taken into account, s-dependent weights
which are very similar as functions of s may differ
significantly in how accurately the equivalent lattice
representations of their weighted spectral integrals can
be evaluated. Sum rules based on judicious choices of
EWSR weights, VðsÞ, constructed starting from generic
premolds, WðsÞ, are thus likely to represent better choices
for use in exploring dispersive-lattice differences than
would the apparently rather similar sum rules based on
the underlying generic premolds.

III. EXAMPLE: APPLICATION TO COMPARISON
BETWEEN EXPERIMENTAL AND

LATTICE DATA

We will now turn to two numerical examples, using
two different weights Wm;n of the type (2.7), both with
sth ¼ 4m2

π and

Q2
l ¼ 0.25þ 0.075ðl− 1Þ GeV2; l¼ 1;…;5: ð3:1Þ

The first has m ¼ 1, n ¼ 5, and the second m ¼ 2, n ¼ 5.
We choose mπ ¼ 134.977 MeV and mτ ¼ 1776.86 MeV.
These two weights are plotted as a function of

ffiffiffi
s

p
in Fig. 2,

whereW2;5 has been multiplied by a factor of 15 to show it
on approximately the same scale asW1;5.

4 The weightW2;5

overlaps better with the region dominated by the ρ, but falls
off more slowly for large s. The value of n −m is smaller
for W2;5 than for W1;5, which leads us to expect a smaller
error on the right-hand side of theW2;5 sum rule, according
to Appendix A. For comparison, we also show the
Minkowski version [38] of the “intermediate window”
weight introduced as a function of t in Ref. [29]. These
weights will be used for a study of the sum rule (2.11) in
Sec. III A and a study of the sum rule (2.18) in Sec. III B.
In Fig. 3 we show the functions cð1;5ÞðtÞ and cð2;5ÞðtÞ

defined in Eq. (2.12), multiplied by 10−5 and 15 × 10−5,
respectively. We see that these functions have the bulk of
their support toward larger t, while being very small at
values of t smaller than approximately 1 fm. This is not
surprising, as the weights W1;5ðsÞ and W2;5ðsÞ have their
support at relatively small

ffiffiffi
s

p
. We will see below to what

extent this has an effect on the size of the errors with which
the right-hand side of Eq. (2.11) can be evaluated.
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FIG. 2. The weights W1;5 (blue, solid), and 15 ×W2;5 (red,
dashed) with Q2

i defined in Eq. (3.1). (W2;5 is multiplied by a
factor of 15 for clarity.) The black dotted curve shows the
“intermediate window” weight of Ref. [29], transformed to the
equivalent

ffiffiffi
s

p
-dependent form [38].
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FIG. 3. The weights 10−5cð1;5ÞðtÞ (blue) and 15 × 10−5cð2;5ÞðtÞ
(red) with Q2

l as in Eq. (3.1).
4The absolute scale of the weights is arbitrary, as long as the

same scale is used on both sides of the sum rules.
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W25(s)
<latexit sha1_base64="Pgkp4l8CW7DDGs02hJ3lFER1FmY=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBDiJexGRY9BLx4jmAcmS5iddJIhs7PLzKwQlvyFFw+KePVvvPk3TpI9aGJBQ1HVTXdXEAuujet+Oyura+sbm7mt/PbO7t5+4eCwoaNEMayzSESqFVCNgkusG24EtmKFNAwENoPR7dRvPqHSPJIPZhyjH9KB5H3OqLHSY7ObVi4nJX1GuoWiW3ZnIMvEy0gRMtS6ha9OL2JJiNIwQbVue25s/JQqw5nASb6TaIwpG9EBti2VNETtp7OLJ+TUKj3Sj5QtachM/T2R0lDrcRjYzpCaoV70puJ/Xjsx/Ws/5TJODEo2X9RPBDERmb5PelwhM2JsCWWK21sJG1JFmbEh5W0I3uLLy6RRKXvn5cr9RbF6k8WRg2M4gRJ4cAVVuIMa1IGBhGd4hTdHOy/Ou/Mxb11xspkj+APn8wcOxY/b</latexit>

c(1,5)
<latexit sha1_base64="HWHKY8jUIH/04LjdzfaFwa5ofQ0=">AAAB8HicbVBNSwMxEJ31s9avqkcvwSJUkLJbFT0WvXisYD+kXUs2zbahSXZJskJZ+iu8eFDEqz/Hm//GtN2Dtj4YeLw3w8y8IOZMG9f9dpaWV1bX1nMb+c2t7Z3dwt5+Q0eJIrROIh6pVoA15UzSumGG01asKBYBp81geDPxm09UaRbJezOKqS9wX7KQEWys9EAe05J3enEy7haKbtmdAi0SLyNFyFDrFr46vYgkgkpDONa67bmx8VOsDCOcjvOdRNMYkyHu07alEguq/XR68BgdW6WHwkjZkgZN1d8TKRZaj0RgOwU2Az3vTcT/vHZiwis/ZTJODJVktihMODIRmnyPekxRYvjIEkwUs7ciMsAKE2MzytsQvPmXF0mjUvbOypW782L1OosjB4dwBCXw4BKqcAs1qAMBAc/wCm+Ocl6cd+dj1rrkZDMH8AfO5w9Y6Y90</latexit>

c(2,5)
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exponential-weight sum rules

C(t) =

Z 1

Eth

dEE2e�Et⇢(E)
<latexit sha1_base64="vrvSBGDbUzKPjJcPb6HK6dw3qCc="></latexit>

wn(E) =
nX

j=1

xjE
2e�Etj
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Z 1

Eth

dEwn(E)⇢(E) =
nX

j=1

xjC(tj)

<latexit sha1_base64="ze4E5rXNjnIfzchinYGwnFityyw="></latexit>

Because 

weight functions in terms of exponentials provide a new type of sum rule

Exponential-weight sum rules

t > 0
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exponential-weight sum rules

C(t) =

Z 1

Eth

dEE2e�Et⇢(E)
<latexit sha1_base64="vrvSBGDbUzKPjJcPb6HK6dw3qCc="></latexit>

wn(E) =
nX

j=1

xjE
2e�Etj
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Z 1

Eth

dEwn(E)⇢(E) =
nX

j=1

xjC(tj)

<latexit sha1_base64="ze4E5rXNjnIfzchinYGwnFityyw="></latexit>

Because 

weight functions in terms of exponentials provide a new type of sum rule

Exponential-weight sum rules

t > 0
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Strategy:
Chose a physically interesting weight function (that we call the mold)

Build an approximation to it using a small number of      values (the cast)

2EW (s = E2)
<latexit sha1_base64="UUd/tGruZLKJc+Dn5RYE0iHi2/c=">AAAB+HicbVDLSgNBEOyNrxgfWfXoZTAIESTsroJehKAEPEYwD0jWMDuZTYbMPpiZFeKSL/HiQRGvfoo3/8ZJsgdNLGgoqrrp7vJizqSyrG8jt7K6tr6R3yxsbe/sFs29/aaMEkFog0Q8Em0PS8pZSBuKKU7bsaA48DhteaObqd96pEKyKLxX45i6AR6EzGcEKy31zKKDaqh7ilpleVV7cE56ZsmqWDOgZWJnpAQZ6j3zq9uPSBLQUBGOpezYVqzcFAvFCKeTQjeRNMZkhAe0o2mIAyrddHb4BB1rpY/8SOgKFZqpvydSHEg5DjzdGWA1lIveVPzP6yTKv3RTFsaJoiGZL/ITjlSEpimgPhOUKD7WBBPB9K2IDLHAROmsCjoEe/HlZdJ0KvZZxbk7L1WvszjycAhHUAYbLqAKt1CHBhBI4Ble4c14Ml6Md+Nj3pozspkD+APj8wcmj5DR</latexit>

w(E)
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Throw away the mold and work with the cast! Exact sum rule for the cast function.

One can chose tj such that C(tj) has a small errors.
<latexit sha1_base64="rQ6OqmFj7QrL+5DtzriMckyrVK8="></latexit>

tj
<latexit sha1_base64="/trs1k3gt9N16VUj2YNfunKGOGE=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGi/YA2lM12067dbMLuRCihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXFtRKwecJxwP6IDJULBKFrpHnuPvVLZrbgzkGXi5aQMOeq90le3H7M04gqZpMZ0PDdBP6MaBZN8UuymhieUjeiAdyxVNOLGz2anTsipVfokjLUthWSm/p7IaGTMOApsZ0RxaBa9qfif10kxvPIzoZIUuWLzRWEqCcZk+jfpC80ZyrEllGlhbyVsSDVlaNMp2hC8xZeXSbNa8c4r1buLcu06j6MAx3ACZ+DBJdTgFurQAAYDeIZXeHOk8+K8Ox/z1hUnnzmCP3A+fwBdSo3Z</latexit>

DB, Golterman, Maltman, and Peris, '22

One can chose tj such that C(tj) has a small errors.
<latexit sha1_base64="rQ6OqmFj7QrL+5DtzriMckyrVK8="></latexit>
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Given the mold function, minimize 

For a chosen set of time values this gives the coefficients xj
<latexit sha1_base64="FXLC9Uu1l8+/4QtJO+rNkKzBIWw=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI9ELx4xyiMBQmaHXhiZnd3MzBrJhk/w4kFjvPpF3vwbB9iDgpV0UqnqTneXHwuujet+O7mV1bX1jfxmYWt7Z3evuH/Q0FGiGNZZJCLV8qlGwSXWDTcCW7FCGvoCm/7oeuo3H1FpHsl7M46xG9KB5AFn1Fjp7qn30CuW3LI7A1kmXkZKkKHWK351+hFLQpSGCap123Nj002pMpwJnBQ6icaYshEdYNtSSUPU3XR26oScWKVPgkjZkobM1N8TKQ21Hoe+7QypGepFbyr+57UTE1x2Uy7jxKBk80VBIoiJyPRv0ucKmRFjSyhT3N5K2JAqyoxNp2BD8BZfXiaNStk7K1duz0vVqyyOPBzBMZyCBxdQhRuoQR0YDOAZXuHNEc6L8+58zFtzTjZzCH/gfP4AY2KN3Q==</latexit>

Hansen, Lupo, Tantalo '19

Z 1

Eth

dE
��wn(E; {tj}, {xj})/E2 � 2W (E2)/E

��2
<latexit sha1_base64="Muiq9GCMn0lIu4L/wjwCNf56R7k="></latexit>

We will refer to the sum rules of Eq. (2.11) as “rational-
weight sum rules” (RWSRs). On the lattice, the integral
over t on the right-hand side of Eq. (2.11) would be
replaced by a sum over the discrete values of t available on
the lattice, using, for example, the trapezoidal rule. We will
discuss examples in Sec. III A below.

B. Exponential-weight sum rules

The sum rules of Eq. (2.11) require the evaluation ofCðtÞ
at all values of t. In lattice QCD, the signal-to-noise ratio
for CðtÞ deteriorates when t gets large, and the contribu-
tions for these larger t values will thus “degrade” the
precision with which the right-hand side of Eq. (2.11) can
be computed.
In this section, we therefore develop modified sum rules,

involving new weights constructed to require the evaluation
of CðtÞ at only a limited set of t values. While these new
weights will, of necessity, differ from the old weightsWm;n,
we will see that, following the ideas of Ref. [41], it is
possible to choose them to be remarkably similar to
the Wm;n.
We begin with the observation that

CðtÞ ¼
Z

∞

Eth

dE ρðE2ÞðE2e−Ejtj − 2EδðtÞÞ; ð2:13Þ

with Eth ¼
ffiffiffiffiffi
sth

p
the threshold energy. The term propor-

tional to δðtÞ ensures that
R
dtCðtÞ ¼ 0.2 We then define

new weights

wnðE; ftjg; fxjgÞ ¼
Xn

j¼1

xjðE2e−jtjjE − 2EδðtjÞÞ; ð2:14Þ

with ftjg a fixed set of t values and fxjg a set of
coefficients to be determined below. In all our applications,
the tj will be chosen positive, and we can ignore the term
with the δ function. The wnðE; ftjg; fxjgÞ-weighted spec-
tral integrals then satisfy sum rules,

Z
∞

Eth

dE ρðE2ÞwnðE; ftjg; fxjgÞ ¼
Xn

j¼1

xjCðtjÞ; ð2:15Þ

in which only the n values CðtjÞ occur on the right-
hand side.
The goal then is to start with an initial weight, WðsÞ,

having some desired s dependence [for example, one of the
weights Wm;nðs; fQ2

lgÞ] and find a set of n, ftjg and fxjg
such that the associated wnðE; ftjg; fxjgÞ represents a close
approximation to the weight 2EWðs ¼ E2Þ appearing in the
alternate, E-dependent expression

Z
∞

sth
dsWðsÞρðsÞ ¼

Z
∞

Eth

dE 2EWðE2ÞρðE2Þ ð2:16Þ

for the WðsÞ-weighted spectral integral. If such a choice
exists, the associated sum rule, Eq. (2.15), will involve a
spectral integral whose weighting, by construction, is
similar to that of the desired original WðsÞ-weighted
spectral integral, but whose right-hand side involves values
of CðtÞ at only the finite number of chosen t.
The key point is that it is indeed possible, using

the method of Ref. [41], to choose n, the ftjg and the
fxjg such that wnðE; ftjg; fxjgÞ provides a very good
approximation to 2EWðs ¼ E2Þ for weight choices, like
WðsÞ ¼ Wm;nðs; fQ2

lgÞ, of interest in exploring the aHVPμ

problem. While in what follows we focus, to be specific, on
examples withWðsÞ ¼ Wm;nðs ¼ E2; fQ2

lgÞ, we stress that
the method is applicable to more general initial weight
choices as well.
The construction of Ref. [41] proceeds as follows.

Starting with an initial desired weight WðsÞ, to be referred
to in what follows as the “premold,” we choose a set of
(positive) t values ftjg, j ¼ 1;…; n, and minimize

Z
∞

Eth

dE
E4

"""wnðE; ftjg; fxjgÞ − 2EWðE2Þ
"""
2 ð2:17Þ

with respect to the parameters xj, j ¼ 1;…; n. We denote
the parameter values which accomplish this minimization
by fxWj g. The result is a wnðE; ftjg; fxWj gÞ which repre-
sents a (close) approximation to 2EWðE2Þ, one having the
form of E2 times a weighted sum of exponentials. We will
refer to the product 2EWðE2Þ as the “mold,” and the
approximation wnðE; ftjg; fxWj gÞ as the “cast.” The sum
rule Eq. (2.15) then takes the form

IW0 ≡
Z

∞

Eth

dE ρðE2ÞwnðE; ftjg; fxWj gÞ ¼
Xn

j¼1

xWj CðtjÞ;

ð2:18Þ

where the subscript/superscript W emphasizes the role of
the underlying premold function, WðsÞ, while the prime
reminds us that the spectral integral is evaluated with the
derived cast wn. We will refer to sum rules of the form
(2.18) as “exponential-weight sum rules” (EWSRs).
Equation (2.17) is solved by

xi ¼
Xn

j¼1

A−1
ij fj; ð2:19Þ

with the matrix A and the input vector f defined by
2This term is formally divergent, but, as before, we assume that

CðtÞ has been regulated.
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Aij ¼
Z

∞

Eth

dEe−ðtiþtjÞE; fi ¼ 2

Z
∞

Eth

dEe−tiEWðE2Þ=E:

ð2:20Þ

At this point, we depart from the philosophy of Ref. [41]:
we throw away the mold and keep the cast. If the cast is a
good approximation of the mold, it will serve equally well
for comparing experimental data, represented by ρðsÞ, with
lattice data, represented by CðtÞ, in the region of energies
characterized by the mold, and there is thus no need to keep
the mold. Instead, we work directly with the cast sum
rule, Eq. (2.18).
Following this philosophy, there is also no need to keep

the values of the xj obtained from Eq. (2.19) to a very high
precision. One can keep a fixed number of digits, and
declare the values chopped off after the last of these digits
as the exact values of the xj to be used. The only
requirement is that the thus-defined exponential weight
still fulfills the goal for which it was designed, i.e., that it
probes the desired energy range. In our examples in the
next section, we will chop off the xj values at six digits, cf.
Eqs. (3.5) and (3.6).
The only role of the premold and mold functions in this

approach is to fix the type of weighting one wants in the
weighted spectral integral in cases (such as exploring the
BABAR-KLOE discrepancy) where the desired weighting is
naturally formulated in the s-space spectral integral repre-
sentation. The cast then provides a similarly weighted
spectral integral having the advantage that the correspond-
ing weighted Euclidean integral is trivially written down
using the exact sum rule (2.18) above. Attempting to find a
set of xj which produces such a desired spectral integral
weighting is a much more challenging task without the
intermediate step of first setting up the mold function and
using it to find a set of xj which implement the Euclidean
representation corresponding to the closely related s-
dependent cast weighting. We will discuss examples of
this strategy in Sec. III B, where the premolds will be the
weights we consider in Sec. III A.
It is important to realize that, once one has a cast, i.e., one

has chosen the set ftjg and a strategy for determining the
associated coefficients fxjg, the resulting sum rule, (2.18),
is exact. Different choices for the set ftjg produce different
cast functions, even when starting from the same pre-mold.
These different casts, moreover, all differ from their
original pre-mold(s). The exact cast sum rules correspond-
ing to different cast choices are then just that, different
exact sum rules in their own right, and not to be thought of
as approximations to the (equally exact) premold sum rule.
Differences in the values of the left-hand sides (or right-
hand sides) of the sum rules (2.18) corresponding to
different cast choices thus simply reflect the fact that those
sum rules involve different weights. Such differences in no

way constitute an additional systematic uncertainty on the
values of any of the individual cast sum rules.3

To illustrate the freedom to choose different casts, we
discuss one more variant. For the types of weight functions
we consider in this paper, the matrix A defined in Eq. (2.20)
may have very small eigenvalues, and, correspondingly, the
xWj values may span a rather large range [as in Eqs. (3.5)
and (3.6) below], leading to potentially sizeable cancella-
tions and possible error inflation. We may reduce this range
by modifying the matrix A to some extent, while keeping
the cast close to the mold, so that the modified sum rule still
probes essentially the same range in

ffiffiffi
s

p
. The specific

modification we will consider is to replace the matrix A
with the related matrix Â, defined by

ÂðλÞ ¼ ð1 − λÞAþ λ1n; ð2:21Þ

where 1n is the n × n unit matrix. This simply replaces
eigenvalues of Amuch smaller than λ with new eigenvalues
of order λ, leaving eigenvalues much larger than λ essen-
tially unchanged. We thus expect, and indeed find to be the
case below, that if we choose λ larger than the smallest
eigenvalue of A the range of the xWj values, and hence the
error on the lattice sides of the resulting EWSRs, will be
reduced. We will denote the analog of the spectral integral
IW0 of Eq. (2.18) obtained using the modified set of xWj
resulting from this replacement by IŴ in what follows.
We close this subsection with a recap of the key points of

the motivation for the EWSR construction. The goal of this
paper is to provide a method for exploring the tension
between lattice and dispersive results for aHVPμ by identify-
ing s-dependent weights, WðsÞ, which are simultaneously
localized to relatively narrow regions in s and such that the
alternate, Euclidean-time (t) representations of the WðsÞ-
weighted spectral integrals, IW , evaluated using input
lattice data, have errors small enough to make the resulting
dispersive-lattice comparison numerically interesting. Such
dispersive-lattice comparisons are, in principle, possible for
any WðsÞ, provided both the spectral data and lattice data
are known to sufficiently high precision. In practice,
however, lattice errors grow rapidly at large Euclidean t.
The IW produced by the vast majority of WðsÞ have, as in
the case of the RWSR examples above, equivalent

3This remark should be kept in mind when considering the
results in Sec. III B below. The results quoted in the first (or
second) lines of Eqs. (3.12) and (3.13), for example, correspond
to the same premold choice, but different choices of the related
cast. The (slightly different) cast choices produce (slightly
different) central values for the (weight-dependent) right-hand
sides of the corresponding cast sum rules. These values, of
course, also differ slightly from those of the right-hand sides of
the sum rules corresponding to the (also slightly different) pre-
mold weights, given in Eq. (3.3). The results of Eqs. (3.3), (3.12),
and (3.13) are those of three independent sum rules involving
three different weights.
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For a chosen set of time values this gives the coefficients xj
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We will refer to the sum rules of Eq. (2.11) as “rational-
weight sum rules” (RWSRs). On the lattice, the integral
over t on the right-hand side of Eq. (2.11) would be
replaced by a sum over the discrete values of t available on
the lattice, using, for example, the trapezoidal rule. We will
discuss examples in Sec. III A below.

B. Exponential-weight sum rules

The sum rules of Eq. (2.11) require the evaluation ofCðtÞ
at all values of t. In lattice QCD, the signal-to-noise ratio
for CðtÞ deteriorates when t gets large, and the contribu-
tions for these larger t values will thus “degrade” the
precision with which the right-hand side of Eq. (2.11) can
be computed.
In this section, we therefore develop modified sum rules,

involving new weights constructed to require the evaluation
of CðtÞ at only a limited set of t values. While these new
weights will, of necessity, differ from the old weightsWm;n,
we will see that, following the ideas of Ref. [41], it is
possible to choose them to be remarkably similar to
the Wm;n.
We begin with the observation that

CðtÞ ¼
Z

∞

Eth

dE ρðE2ÞðE2e−Ejtj − 2EδðtÞÞ; ð2:13Þ

with Eth ¼
ffiffiffiffiffi
sth

p
the threshold energy. The term propor-

tional to δðtÞ ensures that
R
dtCðtÞ ¼ 0.2 We then define

new weights

wnðE; ftjg; fxjgÞ ¼
Xn

j¼1

xjðE2e−jtjjE − 2EδðtjÞÞ; ð2:14Þ

with ftjg a fixed set of t values and fxjg a set of
coefficients to be determined below. In all our applications,
the tj will be chosen positive, and we can ignore the term
with the δ function. The wnðE; ftjg; fxjgÞ-weighted spec-
tral integrals then satisfy sum rules,

Z
∞

Eth

dE ρðE2ÞwnðE; ftjg; fxjgÞ ¼
Xn

j¼1

xjCðtjÞ; ð2:15Þ

in which only the n values CðtjÞ occur on the right-
hand side.
The goal then is to start with an initial weight, WðsÞ,

having some desired s dependence [for example, one of the
weights Wm;nðs; fQ2

lgÞ] and find a set of n, ftjg and fxjg
such that the associated wnðE; ftjg; fxjgÞ represents a close
approximation to the weight 2EWðs ¼ E2Þ appearing in the
alternate, E-dependent expression

Z
∞

sth
dsWðsÞρðsÞ ¼

Z
∞

Eth

dE 2EWðE2ÞρðE2Þ ð2:16Þ

for the WðsÞ-weighted spectral integral. If such a choice
exists, the associated sum rule, Eq. (2.15), will involve a
spectral integral whose weighting, by construction, is
similar to that of the desired original WðsÞ-weighted
spectral integral, but whose right-hand side involves values
of CðtÞ at only the finite number of chosen t.
The key point is that it is indeed possible, using

the method of Ref. [41], to choose n, the ftjg and the
fxjg such that wnðE; ftjg; fxjgÞ provides a very good
approximation to 2EWðs ¼ E2Þ for weight choices, like
WðsÞ ¼ Wm;nðs; fQ2

lgÞ, of interest in exploring the aHVPμ

problem. While in what follows we focus, to be specific, on
examples withWðsÞ ¼ Wm;nðs ¼ E2; fQ2

lgÞ, we stress that
the method is applicable to more general initial weight
choices as well.
The construction of Ref. [41] proceeds as follows.

Starting with an initial desired weight WðsÞ, to be referred
to in what follows as the “premold,” we choose a set of
(positive) t values ftjg, j ¼ 1;…; n, and minimize

Z
∞

Eth

dE
E4

"""wnðE; ftjg; fxjgÞ − 2EWðE2Þ
"""
2 ð2:17Þ

with respect to the parameters xj, j ¼ 1;…; n. We denote
the parameter values which accomplish this minimization
by fxWj g. The result is a wnðE; ftjg; fxWj gÞ which repre-
sents a (close) approximation to 2EWðE2Þ, one having the
form of E2 times a weighted sum of exponentials. We will
refer to the product 2EWðE2Þ as the “mold,” and the
approximation wnðE; ftjg; fxWj gÞ as the “cast.” The sum
rule Eq. (2.15) then takes the form

IW0 ≡
Z

∞

Eth

dE ρðE2ÞwnðE; ftjg; fxWj gÞ ¼
Xn

j¼1

xWj CðtjÞ;

ð2:18Þ

where the subscript/superscript W emphasizes the role of
the underlying premold function, WðsÞ, while the prime
reminds us that the spectral integral is evaluated with the
derived cast wn. We will refer to sum rules of the form
(2.18) as “exponential-weight sum rules” (EWSRs).
Equation (2.17) is solved by

xi ¼
Xn

j¼1

A−1
ij fj; ð2:19Þ

with the matrix A and the input vector f defined by
2This term is formally divergent, but, as before, we assume that

CðtÞ has been regulated.

BOITO, GOLTERMAN, MALTMAN, and PERIS PHYS. REV. D 107, 034512 (2023)

034512-4

Aij ¼
Z

∞

Eth

dEe−ðtiþtjÞE; fi ¼ 2

Z
∞

Eth

dEe−tiEWðE2Þ=E:

ð2:20Þ

At this point, we depart from the philosophy of Ref. [41]:
we throw away the mold and keep the cast. If the cast is a
good approximation of the mold, it will serve equally well
for comparing experimental data, represented by ρðsÞ, with
lattice data, represented by CðtÞ, in the region of energies
characterized by the mold, and there is thus no need to keep
the mold. Instead, we work directly with the cast sum
rule, Eq. (2.18).
Following this philosophy, there is also no need to keep

the values of the xj obtained from Eq. (2.19) to a very high
precision. One can keep a fixed number of digits, and
declare the values chopped off after the last of these digits
as the exact values of the xj to be used. The only
requirement is that the thus-defined exponential weight
still fulfills the goal for which it was designed, i.e., that it
probes the desired energy range. In our examples in the
next section, we will chop off the xj values at six digits, cf.
Eqs. (3.5) and (3.6).
The only role of the premold and mold functions in this

approach is to fix the type of weighting one wants in the
weighted spectral integral in cases (such as exploring the
BABAR-KLOE discrepancy) where the desired weighting is
naturally formulated in the s-space spectral integral repre-
sentation. The cast then provides a similarly weighted
spectral integral having the advantage that the correspond-
ing weighted Euclidean integral is trivially written down
using the exact sum rule (2.18) above. Attempting to find a
set of xj which produces such a desired spectral integral
weighting is a much more challenging task without the
intermediate step of first setting up the mold function and
using it to find a set of xj which implement the Euclidean
representation corresponding to the closely related s-
dependent cast weighting. We will discuss examples of
this strategy in Sec. III B, where the premolds will be the
weights we consider in Sec. III A.
It is important to realize that, once one has a cast, i.e., one

has chosen the set ftjg and a strategy for determining the
associated coefficients fxjg, the resulting sum rule, (2.18),
is exact. Different choices for the set ftjg produce different
cast functions, even when starting from the same pre-mold.
These different casts, moreover, all differ from their
original pre-mold(s). The exact cast sum rules correspond-
ing to different cast choices are then just that, different
exact sum rules in their own right, and not to be thought of
as approximations to the (equally exact) premold sum rule.
Differences in the values of the left-hand sides (or right-
hand sides) of the sum rules (2.18) corresponding to
different cast choices thus simply reflect the fact that those
sum rules involve different weights. Such differences in no

way constitute an additional systematic uncertainty on the
values of any of the individual cast sum rules.3

To illustrate the freedom to choose different casts, we
discuss one more variant. For the types of weight functions
we consider in this paper, the matrix A defined in Eq. (2.20)
may have very small eigenvalues, and, correspondingly, the
xWj values may span a rather large range [as in Eqs. (3.5)
and (3.6) below], leading to potentially sizeable cancella-
tions and possible error inflation. We may reduce this range
by modifying the matrix A to some extent, while keeping
the cast close to the mold, so that the modified sum rule still
probes essentially the same range in

ffiffiffi
s

p
. The specific

modification we will consider is to replace the matrix A
with the related matrix Â, defined by

ÂðλÞ ¼ ð1 − λÞAþ λ1n; ð2:21Þ

where 1n is the n × n unit matrix. This simply replaces
eigenvalues of Amuch smaller than λ with new eigenvalues
of order λ, leaving eigenvalues much larger than λ essen-
tially unchanged. We thus expect, and indeed find to be the
case below, that if we choose λ larger than the smallest
eigenvalue of A the range of the xWj values, and hence the
error on the lattice sides of the resulting EWSRs, will be
reduced. We will denote the analog of the spectral integral
IW0 of Eq. (2.18) obtained using the modified set of xWj
resulting from this replacement by IŴ in what follows.
We close this subsection with a recap of the key points of

the motivation for the EWSR construction. The goal of this
paper is to provide a method for exploring the tension
between lattice and dispersive results for aHVPμ by identify-
ing s-dependent weights, WðsÞ, which are simultaneously
localized to relatively narrow regions in s and such that the
alternate, Euclidean-time (t) representations of the WðsÞ-
weighted spectral integrals, IW , evaluated using input
lattice data, have errors small enough to make the resulting
dispersive-lattice comparison numerically interesting. Such
dispersive-lattice comparisons are, in principle, possible for
any WðsÞ, provided both the spectral data and lattice data
are known to sufficiently high precision. In practice,
however, lattice errors grow rapidly at large Euclidean t.
The IW produced by the vast majority of WðsÞ have, as in
the case of the RWSR examples above, equivalent

3This remark should be kept in mind when considering the
results in Sec. III B below. The results quoted in the first (or
second) lines of Eqs. (3.12) and (3.13), for example, correspond
to the same premold choice, but different choices of the related
cast. The (slightly different) cast choices produce (slightly
different) central values for the (weight-dependent) right-hand
sides of the corresponding cast sum rules. These values, of
course, also differ slightly from those of the right-hand sides of
the sum rules corresponding to the (also slightly different) pre-
mold weights, given in Eq. (3.3). The results of Eqs. (3.3), (3.12),
and (3.13) are those of three independent sum rules involving
three different weights.
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Since these values do not exactly coincide with the values
of t available for the lattice ensembles we employ, we
obtain the associated CðtjÞ values, in all cases, by linear
interpolation from the nearest available t, taking into
account all correlations in the interpolation. The range of
values in Eq. (3.4) is one for which lattice computations of
CðtÞ generally have small statistical errors.
With the tj defined, the values of the coefficients xj are

fixed by the premold choice. For W0
1;5 we find

W0
1;5∶ x1 ¼ 37.4123; x2 ¼ 2625.13; x3 ¼ 25912.1;

x4 ¼ −106707; x5 ¼ 78192.8; ð3:5Þ

while for W0
2;5 we find

W0
2;5∶ x1 ¼ 34.0249; x2 ¼ 870.640; x3 ¼−5501.14;

x4 ¼ 9933.01; x5 ¼−5284.24: ð3:6Þ

For Ŵ1;5 and Ŵ2;5, obtained by replacing A by the λ ¼ 10−9

version of Â of Eq. (2.21) in Eq. (2.19), we find

Ŵ1;5∶ x1 ¼−78.8487; x2 ¼ 5688.30; x3 ¼ 2223.96;

x4 ¼−36638.0; x5 ¼ 8047.38; ð3:7Þ

and

Ŵ2;5∶x1 ¼ 44.8916; x2 ¼ 590.933; x3 ¼ −3373.53;

x4 ¼ 3716.86; x5 ¼ 879.149: ð3:8Þ

As already explained in Sec. II B, we will use these exact
values in the rest of this subsection.
In the upper panels of Fig. 4 we show the molds

2
ffiffiffi
s

p
W1;5ðsÞ and 2

ffiffiffi
s

p
W2;5ðsÞ together with their associated

casts,W0
1;5ðsÞ ¼ w5ðE; ftjg; fx

W0
1;5

j gÞ and W0
2;5ðsÞ ¼ w5ðE;

ftjg; fx
W0

2;5
j gÞ, determined byEqs. (3.4)–(3.6).We also show

the casts Ŵ1;5ðsÞ¼w5ðE;ftjg;fx
Ŵ1;5
j gÞ and Ŵ2;5ðsÞ ¼

w5ðE; ftjg; fx
Ŵ2;5
j gÞ, determined with Eqs. (3.7) and (3.8)

instead. On the scale of these figures, the casts are almost
indistinguishable from the underlyingmolds for theA-based
casts, and quite close for the Â-based casts. The smaller-
vertical-scale lower panels show the corresponding cast-
mold differences in more visually evident form.
As for the RWSR cases, we first give the lhs values, IW0

1;5
and IW0

2;5
, obtained by integrating over the R-ratio data:

IW0
1;5
ðlhsÞ ¼ 0.4788ð16Þ;

IW0
2;5
ðlhsÞ ¼ 0.08922ð34Þ: ð3:9Þ
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FIG. 4. Upper panels: molds (blue continuous curves) and casts (red dashed curves) for the molds 2
ffiffiffi
s

p
W1;5ðsÞ (left panel) and

2
ffiffiffi
s

p
W2;5ðsÞ (right panel). The black dot-dashed curves show the casts obtained with Â of Eq. (2.21) instead of A of Eq. (2.20), choosing

λ ¼ 10−9. Lower panels: differences between mold and cast, for each case (with the dashed curves the difference for the Â-based casts).
Note the very different scales on the vertical axes in the upper and lower figures.
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KNT19 data

Lattice: ABGP 22 lqc only! Central values should not be directly compared.
(4 lattice spacings, a=0.06, 0.09, 0.12, 0.15 fm, extrapolated to continuum limit)

Comparison between R-ratio and lattice:   rational-weight sum rules

• R-ratio data (Keshavarzi, Nomura and Teubner ’19)
• Lattice:  from ABGP ‘22 light-quark connected part only; compare only errors!

lattice spacings                                                            , extrapolate to continuum limit
(pion-mass mistunings and finite-volume effects smaller than statistical errors) 

• Do NOT compare central values!   Lattice errors order of magnitude larger
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a = 0.06, 0.09, 0.12, 0.15 fm

R-ratio rel. error lattice rel. error
W15 0.4756(16) 0.3% 0.468(26) 5.6%
W25 0.08912(34) 0.4% 0.0838(33) 3.9%

Table 1. Rational weights

R-ratio rel. error lattice rel. error
W 0

15 0.4785(16) 0.3% 0.496(17) 3.4%
W 0

25 0.08857(34) 0.4% 0.0798(18) 2.3%

Table 2. Exponential weights

1

DB, Golterman, Maltman, and Peris, '22

Comparison between R-ratio and lattice:   exponential-weight sum rules

• R-ratio data (Keshavarzi, Nomura and Teubner ’19)
• Lattice:  from ABGP ‘22 light-quark connected part only; compare only errors!

lattice spacings                                                            , extrapolate to continuum limit
(pion-mass mistunings and finite-volume effects smaller than statistical errors) 

(W’ is exponential-weight version of W)
• Do NOT compare central values!   Lattice errors order of magnitude larger
• Lattice errors almost factor 2 smaller!    (Can improve exp. weight case to 1.5% rel. lattice error)
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W25 0.08912(34) 0.4% 0.0838(33) 3.9%

Table 1. Rational weights

R-ratio rel. error lattice rel. error
W 0

15 0.4785(16) 0.3% 0.496(17) 3.4%
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improved exponential weights
Z 1

Eth

dE
��wn(E; {tj}, {xj})/E2 � 2W (E2)/E

��2
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We will refer to the sum rules of Eq. (2.11) as “rational-
weight sum rules” (RWSRs). On the lattice, the integral
over t on the right-hand side of Eq. (2.11) would be
replaced by a sum over the discrete values of t available on
the lattice, using, for example, the trapezoidal rule. We will
discuss examples in Sec. III A below.

B. Exponential-weight sum rules

The sum rules of Eq. (2.11) require the evaluation ofCðtÞ
at all values of t. In lattice QCD, the signal-to-noise ratio
for CðtÞ deteriorates when t gets large, and the contribu-
tions for these larger t values will thus “degrade” the
precision with which the right-hand side of Eq. (2.11) can
be computed.
In this section, we therefore develop modified sum rules,

involving new weights constructed to require the evaluation
of CðtÞ at only a limited set of t values. While these new
weights will, of necessity, differ from the old weightsWm;n,
we will see that, following the ideas of Ref. [41], it is
possible to choose them to be remarkably similar to
the Wm;n.
We begin with the observation that

CðtÞ ¼
Z

∞

Eth

dE ρðE2ÞðE2e−Ejtj − 2EδðtÞÞ; ð2:13Þ

with Eth ¼
ffiffiffiffiffi
sth

p
the threshold energy. The term propor-

tional to δðtÞ ensures that
R
dtCðtÞ ¼ 0.2 We then define

new weights

wnðE; ftjg; fxjgÞ ¼
Xn

j¼1

xjðE2e−jtjjE − 2EδðtjÞÞ; ð2:14Þ

with ftjg a fixed set of t values and fxjg a set of
coefficients to be determined below. In all our applications,
the tj will be chosen positive, and we can ignore the term
with the δ function. The wnðE; ftjg; fxjgÞ-weighted spec-
tral integrals then satisfy sum rules,

Z
∞

Eth

dE ρðE2ÞwnðE; ftjg; fxjgÞ ¼
Xn

j¼1

xjCðtjÞ; ð2:15Þ

in which only the n values CðtjÞ occur on the right-
hand side.
The goal then is to start with an initial weight, WðsÞ,

having some desired s dependence [for example, one of the
weights Wm;nðs; fQ2

lgÞ] and find a set of n, ftjg and fxjg
such that the associated wnðE; ftjg; fxjgÞ represents a close
approximation to the weight 2EWðs ¼ E2Þ appearing in the
alternate, E-dependent expression

Z
∞

sth
dsWðsÞρðsÞ ¼

Z
∞

Eth

dE 2EWðE2ÞρðE2Þ ð2:16Þ

for the WðsÞ-weighted spectral integral. If such a choice
exists, the associated sum rule, Eq. (2.15), will involve a
spectral integral whose weighting, by construction, is
similar to that of the desired original WðsÞ-weighted
spectral integral, but whose right-hand side involves values
of CðtÞ at only the finite number of chosen t.
The key point is that it is indeed possible, using

the method of Ref. [41], to choose n, the ftjg and the
fxjg such that wnðE; ftjg; fxjgÞ provides a very good
approximation to 2EWðs ¼ E2Þ for weight choices, like
WðsÞ ¼ Wm;nðs; fQ2

lgÞ, of interest in exploring the aHVPμ

problem. While in what follows we focus, to be specific, on
examples withWðsÞ ¼ Wm;nðs ¼ E2; fQ2

lgÞ, we stress that
the method is applicable to more general initial weight
choices as well.
The construction of Ref. [41] proceeds as follows.

Starting with an initial desired weight WðsÞ, to be referred
to in what follows as the “premold,” we choose a set of
(positive) t values ftjg, j ¼ 1;…; n, and minimize

Z
∞

Eth

dE
E4

"""wnðE; ftjg; fxjgÞ − 2EWðE2Þ
"""
2 ð2:17Þ

with respect to the parameters xj, j ¼ 1;…; n. We denote
the parameter values which accomplish this minimization
by fxWj g. The result is a wnðE; ftjg; fxWj gÞ which repre-
sents a (close) approximation to 2EWðE2Þ, one having the
form of E2 times a weighted sum of exponentials. We will
refer to the product 2EWðE2Þ as the “mold,” and the
approximation wnðE; ftjg; fxWj gÞ as the “cast.” The sum
rule Eq. (2.15) then takes the form

IW0 ≡
Z

∞

Eth

dE ρðE2ÞwnðE; ftjg; fxWj gÞ ¼
Xn

j¼1

xWj CðtjÞ;

ð2:18Þ

where the subscript/superscript W emphasizes the role of
the underlying premold function, WðsÞ, while the prime
reminds us that the spectral integral is evaluated with the
derived cast wn. We will refer to sum rules of the form
(2.18) as “exponential-weight sum rules” (EWSRs).
Equation (2.17) is solved by

xi ¼
Xn

j¼1

A−1
ij fj; ð2:19Þ

with the matrix A and the input vector f defined by
2This term is formally divergent, but, as before, we assume that

CðtÞ has been regulated.
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Aij ¼
Z

∞

Eth

dEe−ðtiþtjÞE; fi ¼ 2

Z
∞

Eth

dEe−tiEWðE2Þ=E:

ð2:20Þ

At this point, we depart from the philosophy of Ref. [41]:
we throw away the mold and keep the cast. If the cast is a
good approximation of the mold, it will serve equally well
for comparing experimental data, represented by ρðsÞ, with
lattice data, represented by CðtÞ, in the region of energies
characterized by the mold, and there is thus no need to keep
the mold. Instead, we work directly with the cast sum
rule, Eq. (2.18).
Following this philosophy, there is also no need to keep

the values of the xj obtained from Eq. (2.19) to a very high
precision. One can keep a fixed number of digits, and
declare the values chopped off after the last of these digits
as the exact values of the xj to be used. The only
requirement is that the thus-defined exponential weight
still fulfills the goal for which it was designed, i.e., that it
probes the desired energy range. In our examples in the
next section, we will chop off the xj values at six digits, cf.
Eqs. (3.5) and (3.6).
The only role of the premold and mold functions in this

approach is to fix the type of weighting one wants in the
weighted spectral integral in cases (such as exploring the
BABAR-KLOE discrepancy) where the desired weighting is
naturally formulated in the s-space spectral integral repre-
sentation. The cast then provides a similarly weighted
spectral integral having the advantage that the correspond-
ing weighted Euclidean integral is trivially written down
using the exact sum rule (2.18) above. Attempting to find a
set of xj which produces such a desired spectral integral
weighting is a much more challenging task without the
intermediate step of first setting up the mold function and
using it to find a set of xj which implement the Euclidean
representation corresponding to the closely related s-
dependent cast weighting. We will discuss examples of
this strategy in Sec. III B, where the premolds will be the
weights we consider in Sec. III A.
It is important to realize that, once one has a cast, i.e., one

has chosen the set ftjg and a strategy for determining the
associated coefficients fxjg, the resulting sum rule, (2.18),
is exact. Different choices for the set ftjg produce different
cast functions, even when starting from the same pre-mold.
These different casts, moreover, all differ from their
original pre-mold(s). The exact cast sum rules correspond-
ing to different cast choices are then just that, different
exact sum rules in their own right, and not to be thought of
as approximations to the (equally exact) premold sum rule.
Differences in the values of the left-hand sides (or right-
hand sides) of the sum rules (2.18) corresponding to
different cast choices thus simply reflect the fact that those
sum rules involve different weights. Such differences in no

way constitute an additional systematic uncertainty on the
values of any of the individual cast sum rules.3

To illustrate the freedom to choose different casts, we
discuss one more variant. For the types of weight functions
we consider in this paper, the matrix A defined in Eq. (2.20)
may have very small eigenvalues, and, correspondingly, the
xWj values may span a rather large range [as in Eqs. (3.5)
and (3.6) below], leading to potentially sizeable cancella-
tions and possible error inflation. We may reduce this range
by modifying the matrix A to some extent, while keeping
the cast close to the mold, so that the modified sum rule still
probes essentially the same range in

ffiffiffi
s

p
. The specific

modification we will consider is to replace the matrix A
with the related matrix Â, defined by

ÂðλÞ ¼ ð1 − λÞAþ λ1n; ð2:21Þ

where 1n is the n × n unit matrix. This simply replaces
eigenvalues of Amuch smaller than λ with new eigenvalues
of order λ, leaving eigenvalues much larger than λ essen-
tially unchanged. We thus expect, and indeed find to be the
case below, that if we choose λ larger than the smallest
eigenvalue of A the range of the xWj values, and hence the
error on the lattice sides of the resulting EWSRs, will be
reduced. We will denote the analog of the spectral integral
IW0 of Eq. (2.18) obtained using the modified set of xWj
resulting from this replacement by IŴ in what follows.
We close this subsection with a recap of the key points of

the motivation for the EWSR construction. The goal of this
paper is to provide a method for exploring the tension
between lattice and dispersive results for aHVPμ by identify-
ing s-dependent weights, WðsÞ, which are simultaneously
localized to relatively narrow regions in s and such that the
alternate, Euclidean-time (t) representations of the WðsÞ-
weighted spectral integrals, IW , evaluated using input
lattice data, have errors small enough to make the resulting
dispersive-lattice comparison numerically interesting. Such
dispersive-lattice comparisons are, in principle, possible for
any WðsÞ, provided both the spectral data and lattice data
are known to sufficiently high precision. In practice,
however, lattice errors grow rapidly at large Euclidean t.
The IW produced by the vast majority of WðsÞ have, as in
the case of the RWSR examples above, equivalent

3This remark should be kept in mind when considering the
results in Sec. III B below. The results quoted in the first (or
second) lines of Eqs. (3.12) and (3.13), for example, correspond
to the same premold choice, but different choices of the related
cast. The (slightly different) cast choices produce (slightly
different) central values for the (weight-dependent) right-hand
sides of the corresponding cast sum rules. These values, of
course, also differ slightly from those of the right-hand sides of
the sum rules corresponding to the (also slightly different) pre-
mold weights, given in Eq. (3.3). The results of Eqs. (3.3), (3.12),
and (3.13) are those of three independent sum rules involving
three different weights.
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The minimization of

has the solution

with

Small eigenvalues of the matrix A can be removed using 

Improving on the previous lattice errors

Aij ¼
Z

∞

Eth

dEe−ðtiþtjÞE; fi ¼ 2

Z
∞

Eth

dEe−tiEWðE2Þ=E:

ð2:20Þ

At this point, we depart from the philosophy of Ref. [41]:
we throw away the mold and keep the cast. If the cast is a
good approximation of the mold, it will serve equally well
for comparing experimental data, represented by ρðsÞ, with
lattice data, represented by CðtÞ, in the region of energies
characterized by the mold, and there is thus no need to keep
the mold. Instead, we work directly with the cast sum
rule, Eq. (2.18).
Following this philosophy, there is also no need to keep

the values of the xj obtained from Eq. (2.19) to a very high
precision. One can keep a fixed number of digits, and
declare the values chopped off after the last of these digits
as the exact values of the xj to be used. The only
requirement is that the thus-defined exponential weight
still fulfills the goal for which it was designed, i.e., that it
probes the desired energy range. In our examples in the
next section, we will chop off the xj values at six digits, cf.
Eqs. (3.5) and (3.6).
The only role of the premold and mold functions in this

approach is to fix the type of weighting one wants in the
weighted spectral integral in cases (such as exploring the
BABAR-KLOE discrepancy) where the desired weighting is
naturally formulated in the s-space spectral integral repre-
sentation. The cast then provides a similarly weighted
spectral integral having the advantage that the correspond-
ing weighted Euclidean integral is trivially written down
using the exact sum rule (2.18) above. Attempting to find a
set of xj which produces such a desired spectral integral
weighting is a much more challenging task without the
intermediate step of first setting up the mold function and
using it to find a set of xj which implement the Euclidean
representation corresponding to the closely related s-
dependent cast weighting. We will discuss examples of
this strategy in Sec. III B, where the premolds will be the
weights we consider in Sec. III A.
It is important to realize that, once one has a cast, i.e., one

has chosen the set ftjg and a strategy for determining the
associated coefficients fxjg, the resulting sum rule, (2.18),
is exact. Different choices for the set ftjg produce different
cast functions, even when starting from the same pre-mold.
These different casts, moreover, all differ from their
original pre-mold(s). The exact cast sum rules correspond-
ing to different cast choices are then just that, different
exact sum rules in their own right, and not to be thought of
as approximations to the (equally exact) premold sum rule.
Differences in the values of the left-hand sides (or right-
hand sides) of the sum rules (2.18) corresponding to
different cast choices thus simply reflect the fact that those
sum rules involve different weights. Such differences in no

way constitute an additional systematic uncertainty on the
values of any of the individual cast sum rules.3

To illustrate the freedom to choose different casts, we
discuss one more variant. For the types of weight functions
we consider in this paper, the matrix A defined in Eq. (2.20)
may have very small eigenvalues, and, correspondingly, the
xWj values may span a rather large range [as in Eqs. (3.5)
and (3.6) below], leading to potentially sizeable cancella-
tions and possible error inflation. We may reduce this range
by modifying the matrix A to some extent, while keeping
the cast close to the mold, so that the modified sum rule still
probes essentially the same range in

ffiffiffi
s

p
. The specific

modification we will consider is to replace the matrix A
with the related matrix Â, defined by

ÂðλÞ ¼ ð1 − λÞAþ λ1n; ð2:21Þ

where 1n is the n × n unit matrix. This simply replaces
eigenvalues of Amuch smaller than λ with new eigenvalues
of order λ, leaving eigenvalues much larger than λ essen-
tially unchanged. We thus expect, and indeed find to be the
case below, that if we choose λ larger than the smallest
eigenvalue of A the range of the xWj values, and hence the
error on the lattice sides of the resulting EWSRs, will be
reduced. We will denote the analog of the spectral integral
IW0 of Eq. (2.18) obtained using the modified set of xWj
resulting from this replacement by IŴ in what follows.
We close this subsection with a recap of the key points of

the motivation for the EWSR construction. The goal of this
paper is to provide a method for exploring the tension
between lattice and dispersive results for aHVPμ by identify-
ing s-dependent weights, WðsÞ, which are simultaneously
localized to relatively narrow regions in s and such that the
alternate, Euclidean-time (t) representations of the WðsÞ-
weighted spectral integrals, IW , evaluated using input
lattice data, have errors small enough to make the resulting
dispersive-lattice comparison numerically interesting. Such
dispersive-lattice comparisons are, in principle, possible for
any WðsÞ, provided both the spectral data and lattice data
are known to sufficiently high precision. In practice,
however, lattice errors grow rapidly at large Euclidean t.
The IW produced by the vast majority of WðsÞ have, as in
the case of the RWSR examples above, equivalent

3This remark should be kept in mind when considering the
results in Sec. III B below. The results quoted in the first (or
second) lines of Eqs. (3.12) and (3.13), for example, correspond
to the same premold choice, but different choices of the related
cast. The (slightly different) cast choices produce (slightly
different) central values for the (weight-dependent) right-hand
sides of the corresponding cast sum rules. These values, of
course, also differ slightly from those of the right-hand sides of
the sum rules corresponding to the (also slightly different) pre-
mold weights, given in Eq. (3.3). The results of Eqs. (3.3), (3.12),
and (3.13) are those of three independent sum rules involving
three different weights.
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We will refer to the sum rules of Eq. (2.11) as “rational-
weight sum rules” (RWSRs). On the lattice, the integral
over t on the right-hand side of Eq. (2.11) would be
replaced by a sum over the discrete values of t available on
the lattice, using, for example, the trapezoidal rule. We will
discuss examples in Sec. III A below.

B. Exponential-weight sum rules

The sum rules of Eq. (2.11) require the evaluation ofCðtÞ
at all values of t. In lattice QCD, the signal-to-noise ratio
for CðtÞ deteriorates when t gets large, and the contribu-
tions for these larger t values will thus “degrade” the
precision with which the right-hand side of Eq. (2.11) can
be computed.
In this section, we therefore develop modified sum rules,

involving new weights constructed to require the evaluation
of CðtÞ at only a limited set of t values. While these new
weights will, of necessity, differ from the old weightsWm;n,
we will see that, following the ideas of Ref. [41], it is
possible to choose them to be remarkably similar to
the Wm;n.
We begin with the observation that

CðtÞ ¼
Z

∞

Eth

dE ρðE2ÞðE2e−Ejtj − 2EδðtÞÞ; ð2:13Þ

with Eth ¼
ffiffiffiffiffi
sth

p
the threshold energy. The term propor-

tional to δðtÞ ensures that
R
dtCðtÞ ¼ 0.2 We then define

new weights

wnðE; ftjg; fxjgÞ ¼
Xn

j¼1

xjðE2e−jtjjE − 2EδðtjÞÞ; ð2:14Þ

with ftjg a fixed set of t values and fxjg a set of
coefficients to be determined below. In all our applications,
the tj will be chosen positive, and we can ignore the term
with the δ function. The wnðE; ftjg; fxjgÞ-weighted spec-
tral integrals then satisfy sum rules,

Z
∞

Eth

dE ρðE2ÞwnðE; ftjg; fxjgÞ ¼
Xn

j¼1

xjCðtjÞ; ð2:15Þ

in which only the n values CðtjÞ occur on the right-
hand side.
The goal then is to start with an initial weight, WðsÞ,

having some desired s dependence [for example, one of the
weights Wm;nðs; fQ2

lgÞ] and find a set of n, ftjg and fxjg
such that the associated wnðE; ftjg; fxjgÞ represents a close
approximation to the weight 2EWðs ¼ E2Þ appearing in the
alternate, E-dependent expression

Z
∞

sth
dsWðsÞρðsÞ ¼

Z
∞

Eth

dE 2EWðE2ÞρðE2Þ ð2:16Þ

for the WðsÞ-weighted spectral integral. If such a choice
exists, the associated sum rule, Eq. (2.15), will involve a
spectral integral whose weighting, by construction, is
similar to that of the desired original WðsÞ-weighted
spectral integral, but whose right-hand side involves values
of CðtÞ at only the finite number of chosen t.
The key point is that it is indeed possible, using

the method of Ref. [41], to choose n, the ftjg and the
fxjg such that wnðE; ftjg; fxjgÞ provides a very good
approximation to 2EWðs ¼ E2Þ for weight choices, like
WðsÞ ¼ Wm;nðs; fQ2

lgÞ, of interest in exploring the aHVPμ

problem. While in what follows we focus, to be specific, on
examples withWðsÞ ¼ Wm;nðs ¼ E2; fQ2

lgÞ, we stress that
the method is applicable to more general initial weight
choices as well.
The construction of Ref. [41] proceeds as follows.

Starting with an initial desired weight WðsÞ, to be referred
to in what follows as the “premold,” we choose a set of
(positive) t values ftjg, j ¼ 1;…; n, and minimize

Z
∞

Eth

dE
E4

"""wnðE; ftjg; fxjgÞ − 2EWðE2Þ
"""
2 ð2:17Þ

with respect to the parameters xj, j ¼ 1;…; n. We denote
the parameter values which accomplish this minimization
by fxWj g. The result is a wnðE; ftjg; fxWj gÞ which repre-
sents a (close) approximation to 2EWðE2Þ, one having the
form of E2 times a weighted sum of exponentials. We will
refer to the product 2EWðE2Þ as the “mold,” and the
approximation wnðE; ftjg; fxWj gÞ as the “cast.” The sum
rule Eq. (2.15) then takes the form

IW0 ≡
Z

∞

Eth

dE ρðE2ÞwnðE; ftjg; fxWj gÞ ¼
Xn

j¼1

xWj CðtjÞ;

ð2:18Þ

where the subscript/superscript W emphasizes the role of
the underlying premold function, WðsÞ, while the prime
reminds us that the spectral integral is evaluated with the
derived cast wn. We will refer to sum rules of the form
(2.18) as “exponential-weight sum rules” (EWSRs).
Equation (2.17) is solved by

xi ¼
Xn

j¼1

A−1
ij fj; ð2:19Þ

with the matrix A and the input vector f defined by
2This term is formally divergent, but, as before, we assume that

CðtÞ has been regulated.
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Aij ¼
Z

∞

Eth

dEe−ðtiþtjÞE; fi ¼ 2

Z
∞

Eth

dEe−tiEWðE2Þ=E:

ð2:20Þ

At this point, we depart from the philosophy of Ref. [41]:
we throw away the mold and keep the cast. If the cast is a
good approximation of the mold, it will serve equally well
for comparing experimental data, represented by ρðsÞ, with
lattice data, represented by CðtÞ, in the region of energies
characterized by the mold, and there is thus no need to keep
the mold. Instead, we work directly with the cast sum
rule, Eq. (2.18).
Following this philosophy, there is also no need to keep

the values of the xj obtained from Eq. (2.19) to a very high
precision. One can keep a fixed number of digits, and
declare the values chopped off after the last of these digits
as the exact values of the xj to be used. The only
requirement is that the thus-defined exponential weight
still fulfills the goal for which it was designed, i.e., that it
probes the desired energy range. In our examples in the
next section, we will chop off the xj values at six digits, cf.
Eqs. (3.5) and (3.6).
The only role of the premold and mold functions in this

approach is to fix the type of weighting one wants in the
weighted spectral integral in cases (such as exploring the
BABAR-KLOE discrepancy) where the desired weighting is
naturally formulated in the s-space spectral integral repre-
sentation. The cast then provides a similarly weighted
spectral integral having the advantage that the correspond-
ing weighted Euclidean integral is trivially written down
using the exact sum rule (2.18) above. Attempting to find a
set of xj which produces such a desired spectral integral
weighting is a much more challenging task without the
intermediate step of first setting up the mold function and
using it to find a set of xj which implement the Euclidean
representation corresponding to the closely related s-
dependent cast weighting. We will discuss examples of
this strategy in Sec. III B, where the premolds will be the
weights we consider in Sec. III A.
It is important to realize that, once one has a cast, i.e., one

has chosen the set ftjg and a strategy for determining the
associated coefficients fxjg, the resulting sum rule, (2.18),
is exact. Different choices for the set ftjg produce different
cast functions, even when starting from the same pre-mold.
These different casts, moreover, all differ from their
original pre-mold(s). The exact cast sum rules correspond-
ing to different cast choices are then just that, different
exact sum rules in their own right, and not to be thought of
as approximations to the (equally exact) premold sum rule.
Differences in the values of the left-hand sides (or right-
hand sides) of the sum rules (2.18) corresponding to
different cast choices thus simply reflect the fact that those
sum rules involve different weights. Such differences in no

way constitute an additional systematic uncertainty on the
values of any of the individual cast sum rules.3

To illustrate the freedom to choose different casts, we
discuss one more variant. For the types of weight functions
we consider in this paper, the matrix A defined in Eq. (2.20)
may have very small eigenvalues, and, correspondingly, the
xWj values may span a rather large range [as in Eqs. (3.5)
and (3.6) below], leading to potentially sizeable cancella-
tions and possible error inflation. We may reduce this range
by modifying the matrix A to some extent, while keeping
the cast close to the mold, so that the modified sum rule still
probes essentially the same range in

ffiffiffi
s

p
. The specific

modification we will consider is to replace the matrix A
with the related matrix Â, defined by

ÂðλÞ ¼ ð1 − λÞAþ λ1n; ð2:21Þ

where 1n is the n × n unit matrix. This simply replaces
eigenvalues of Amuch smaller than λ with new eigenvalues
of order λ, leaving eigenvalues much larger than λ essen-
tially unchanged. We thus expect, and indeed find to be the
case below, that if we choose λ larger than the smallest
eigenvalue of A the range of the xWj values, and hence the
error on the lattice sides of the resulting EWSRs, will be
reduced. We will denote the analog of the spectral integral
IW0 of Eq. (2.18) obtained using the modified set of xWj
resulting from this replacement by IŴ in what follows.
We close this subsection with a recap of the key points of

the motivation for the EWSR construction. The goal of this
paper is to provide a method for exploring the tension
between lattice and dispersive results for aHVPμ by identify-
ing s-dependent weights, WðsÞ, which are simultaneously
localized to relatively narrow regions in s and such that the
alternate, Euclidean-time (t) representations of the WðsÞ-
weighted spectral integrals, IW , evaluated using input
lattice data, have errors small enough to make the resulting
dispersive-lattice comparison numerically interesting. Such
dispersive-lattice comparisons are, in principle, possible for
any WðsÞ, provided both the spectral data and lattice data
are known to sufficiently high precision. In practice,
however, lattice errors grow rapidly at large Euclidean t.
The IW produced by the vast majority of WðsÞ have, as in
the case of the RWSR examples above, equivalent

3This remark should be kept in mind when considering the
results in Sec. III B below. The results quoted in the first (or
second) lines of Eqs. (3.12) and (3.13), for example, correspond
to the same premold choice, but different choices of the related
cast. The (slightly different) cast choices produce (slightly
different) central values for the (weight-dependent) right-hand
sides of the corresponding cast sum rules. These values, of
course, also differ slightly from those of the right-hand sides of
the sum rules corresponding to the (also slightly different) pre-
mold weights, given in Eq. (3.3). The results of Eqs. (3.3), (3.12),
and (3.13) are those of three independent sum rules involving
three different weights.
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with

Small eigenvalues of the matrix A can be removed using 

Improving on the previous lattice errors

Aij ¼
Z

∞

Eth

dEe−ðtiþtjÞE; fi ¼ 2

Z
∞

Eth

dEe−tiEWðE2Þ=E:

ð2:20Þ

At this point, we depart from the philosophy of Ref. [41]:
we throw away the mold and keep the cast. If the cast is a
good approximation of the mold, it will serve equally well
for comparing experimental data, represented by ρðsÞ, with
lattice data, represented by CðtÞ, in the region of energies
characterized by the mold, and there is thus no need to keep
the mold. Instead, we work directly with the cast sum
rule, Eq. (2.18).
Following this philosophy, there is also no need to keep

the values of the xj obtained from Eq. (2.19) to a very high
precision. One can keep a fixed number of digits, and
declare the values chopped off after the last of these digits
as the exact values of the xj to be used. The only
requirement is that the thus-defined exponential weight
still fulfills the goal for which it was designed, i.e., that it
probes the desired energy range. In our examples in the
next section, we will chop off the xj values at six digits, cf.
Eqs. (3.5) and (3.6).
The only role of the premold and mold functions in this

approach is to fix the type of weighting one wants in the
weighted spectral integral in cases (such as exploring the
BABAR-KLOE discrepancy) where the desired weighting is
naturally formulated in the s-space spectral integral repre-
sentation. The cast then provides a similarly weighted
spectral integral having the advantage that the correspond-
ing weighted Euclidean integral is trivially written down
using the exact sum rule (2.18) above. Attempting to find a
set of xj which produces such a desired spectral integral
weighting is a much more challenging task without the
intermediate step of first setting up the mold function and
using it to find a set of xj which implement the Euclidean
representation corresponding to the closely related s-
dependent cast weighting. We will discuss examples of
this strategy in Sec. III B, where the premolds will be the
weights we consider in Sec. III A.
It is important to realize that, once one has a cast, i.e., one

has chosen the set ftjg and a strategy for determining the
associated coefficients fxjg, the resulting sum rule, (2.18),
is exact. Different choices for the set ftjg produce different
cast functions, even when starting from the same pre-mold.
These different casts, moreover, all differ from their
original pre-mold(s). The exact cast sum rules correspond-
ing to different cast choices are then just that, different
exact sum rules in their own right, and not to be thought of
as approximations to the (equally exact) premold sum rule.
Differences in the values of the left-hand sides (or right-
hand sides) of the sum rules (2.18) corresponding to
different cast choices thus simply reflect the fact that those
sum rules involve different weights. Such differences in no

way constitute an additional systematic uncertainty on the
values of any of the individual cast sum rules.3

To illustrate the freedom to choose different casts, we
discuss one more variant. For the types of weight functions
we consider in this paper, the matrix A defined in Eq. (2.20)
may have very small eigenvalues, and, correspondingly, the
xWj values may span a rather large range [as in Eqs. (3.5)
and (3.6) below], leading to potentially sizeable cancella-
tions and possible error inflation. We may reduce this range
by modifying the matrix A to some extent, while keeping
the cast close to the mold, so that the modified sum rule still
probes essentially the same range in

ffiffiffi
s

p
. The specific

modification we will consider is to replace the matrix A
with the related matrix Â, defined by

ÂðλÞ ¼ ð1 − λÞAþ λ1n; ð2:21Þ

where 1n is the n × n unit matrix. This simply replaces
eigenvalues of Amuch smaller than λ with new eigenvalues
of order λ, leaving eigenvalues much larger than λ essen-
tially unchanged. We thus expect, and indeed find to be the
case below, that if we choose λ larger than the smallest
eigenvalue of A the range of the xWj values, and hence the
error on the lattice sides of the resulting EWSRs, will be
reduced. We will denote the analog of the spectral integral
IW0 of Eq. (2.18) obtained using the modified set of xWj
resulting from this replacement by IŴ in what follows.
We close this subsection with a recap of the key points of

the motivation for the EWSR construction. The goal of this
paper is to provide a method for exploring the tension
between lattice and dispersive results for aHVPμ by identify-
ing s-dependent weights, WðsÞ, which are simultaneously
localized to relatively narrow regions in s and such that the
alternate, Euclidean-time (t) representations of the WðsÞ-
weighted spectral integrals, IW , evaluated using input
lattice data, have errors small enough to make the resulting
dispersive-lattice comparison numerically interesting. Such
dispersive-lattice comparisons are, in principle, possible for
any WðsÞ, provided both the spectral data and lattice data
are known to sufficiently high precision. In practice,
however, lattice errors grow rapidly at large Euclidean t.
The IW produced by the vast majority of WðsÞ have, as in
the case of the RWSR examples above, equivalent

3This remark should be kept in mind when considering the
results in Sec. III B below. The results quoted in the first (or
second) lines of Eqs. (3.12) and (3.13), for example, correspond
to the same premold choice, but different choices of the related
cast. The (slightly different) cast choices produce (slightly
different) central values for the (weight-dependent) right-hand
sides of the corresponding cast sum rules. These values, of
course, also differ slightly from those of the right-hand sides of
the sum rules corresponding to the (also slightly different) pre-
mold weights, given in Eq. (3.3). The results of Eqs. (3.3), (3.12),
and (3.13) are those of three independent sum rules involving
three different weights.
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of t available for the lattice ensembles we employ, we
obtain the associated CðtjÞ values, in all cases, by linear
interpolation from the nearest available t, taking into
account all correlations in the interpolation. The range of
values in Eq. (3.4) is one for which lattice computations of
CðtÞ generally have small statistical errors.
With the tj defined, the values of the coefficients xj are

fixed by the premold choice. For W0
1;5 we find

W0
1;5∶ x1 ¼ 37.4123; x2 ¼ 2625.13; x3 ¼ 25912.1;

x4 ¼ −106707; x5 ¼ 78192.8; ð3:5Þ

while for W0
2;5 we find

W0
2;5∶ x1 ¼ 34.0249; x2 ¼ 870.640; x3 ¼−5501.14;

x4 ¼ 9933.01; x5 ¼−5284.24: ð3:6Þ

For Ŵ1;5 and Ŵ2;5, obtained by replacing A by the λ ¼ 10−9

version of Â of Eq. (2.21) in Eq. (2.19), we find

Ŵ1;5∶ x1 ¼−78.8487; x2 ¼ 5688.30; x3 ¼ 2223.96;

x4 ¼−36638.0; x5 ¼ 8047.38; ð3:7Þ

and

Ŵ2;5∶x1 ¼ 44.8916; x2 ¼ 590.933; x3 ¼ −3373.53;
x4 ¼ 3716.86; x5 ¼ 879.149: ð3:8Þ

As already explained in Sec. II B, we will use these exact
values in the rest of this subsection.
In the upper panels of Fig. 4 we show the molds

2
ffiffiffi
s

p
W1;5ðsÞ and 2

ffiffiffi
s

p
W2;5ðsÞ together with their associated

casts,W0
1;5ðsÞ ¼ w5ðE; ftjg; fx

W0
1;5

j gÞ and W0
2;5ðsÞ ¼ w5ðE;

ftjg; fx
W0

2;5
j gÞ, determined byEqs. (3.4)–(3.6).We also show

the casts Ŵ1;5ðsÞ¼w5ðE;ftjg;fx
Ŵ1;5
j gÞ and Ŵ2;5ðsÞ ¼

w5ðE; ftjg; fx
Ŵ2;5
j gÞ, determined with Eqs. (3.7) and (3.8)

instead. On the scale of these figures, the casts are almost
indistinguishable from the underlyingmolds for theA-based
casts, and quite close for the Â-based casts. The smaller-
vertical-scale lower panels show the corresponding cast-
mold differences in more visually evident form.
As for the RWSR cases, we first give the lhs values, IW0

1;5
and IW0

2;5
, obtained by integrating over the R-ratio data:

IW0
1;5
ðlhsÞ ¼ 0.4788ð16Þ;

IW0
2;5
ðlhsÞ ¼ 0.08922ð34Þ: ð3:9Þ
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FIG. 4. Upper panels: molds (blue continuous curves) and casts (red dashed curves) for the molds 2
ffiffiffi
s

p
W1;5ðsÞ (left panel) and

2
ffiffiffi
s

p
W2;5ðsÞ (right panel). The black dot-dashed curves show the casts obtained with Â of Eq. (2.21) instead of A of Eq. (2.20), choosing

λ ¼ 10−9. Lower panels: differences between mold and cast, for each case (with the dashed curves the difference for the Â-based casts).
Note the very different scales on the vertical axes in the upper and lower figures.
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Since these values do not exactly coincide with the values
of t available for the lattice ensembles we employ, we
obtain the associated CðtjÞ values, in all cases, by linear
interpolation from the nearest available t, taking into
account all correlations in the interpolation. The range of
values in Eq. (3.4) is one for which lattice computations of
CðtÞ generally have small statistical errors.
With the tj defined, the values of the coefficients xj are

fixed by the premold choice. For W0
1;5 we find

W0
1;5∶ x1 ¼ 37.4123; x2 ¼ 2625.13; x3 ¼ 25912.1;

x4 ¼ −106707; x5 ¼ 78192.8; ð3:5Þ

while for W0
2;5 we find

W0
2;5∶ x1 ¼ 34.0249; x2 ¼ 870.640; x3 ¼−5501.14;

x4 ¼ 9933.01; x5 ¼−5284.24: ð3:6Þ

For Ŵ1;5 and Ŵ2;5, obtained by replacing A by the λ ¼ 10−9

version of Â of Eq. (2.21) in Eq. (2.19), we find

Ŵ1;5∶ x1 ¼−78.8487; x2 ¼ 5688.30; x3 ¼ 2223.96;

x4 ¼−36638.0; x5 ¼ 8047.38; ð3:7Þ

and

Ŵ2;5∶x1 ¼ 44.8916; x2 ¼ 590.933; x3 ¼ −3373.53;

x4 ¼ 3716.86; x5 ¼ 879.149: ð3:8Þ

As already explained in Sec. II B, we will use these exact
values in the rest of this subsection.
In the upper panels of Fig. 4 we show the molds

2
ffiffiffi
s

p
W1;5ðsÞ and 2

ffiffiffi
s

p
W2;5ðsÞ together with their associated

casts,W0
1;5ðsÞ ¼ w5ðE; ftjg; fx

W0
1;5

j gÞ and W0
2;5ðsÞ ¼ w5ðE;

ftjg; fx
W0

2;5
j gÞ, determined byEqs. (3.4)–(3.6).We also show

the casts Ŵ1;5ðsÞ¼w5ðE;ftjg;fx
Ŵ1;5
j gÞ and Ŵ2;5ðsÞ ¼

w5ðE; ftjg; fx
Ŵ2;5
j gÞ, determined with Eqs. (3.7) and (3.8)

instead. On the scale of these figures, the casts are almost
indistinguishable from the underlyingmolds for theA-based
casts, and quite close for the Â-based casts. The smaller-
vertical-scale lower panels show the corresponding cast-
mold differences in more visually evident form.
As for the RWSR cases, we first give the lhs values, IW0

1;5
and IW0

2;5
, obtained by integrating over the R-ratio data:

IW0
1;5
ðlhsÞ ¼ 0.4788ð16Þ;

IW0
2;5
ðlhsÞ ¼ 0.08922ð34Þ: ð3:9Þ
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FIG. 4. Upper panels: molds (blue continuous curves) and casts (red dashed curves) for the molds 2
ffiffiffi
s

p
W1;5ðsÞ (left panel) and

2
ffiffiffi
s

p
W2;5ðsÞ (right panel). The black dot-dashed curves show the casts obtained with Â of Eq. (2.21) instead of A of Eq. (2.20), choosing

λ ¼ 10−9. Lower panels: differences between mold and cast, for each case (with the dashed curves the difference for the Â-based casts).
Note the very different scales on the vertical axes in the upper and lower figures.
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significantly reduced values 
of x4 and x5 

� = 10�9
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Since these values do not exactly coincide with the values
of t available for the lattice ensembles we employ, we
obtain the associated CðtjÞ values, in all cases, by linear
interpolation from the nearest available t, taking into
account all correlations in the interpolation. The range of
values in Eq. (3.4) is one for which lattice computations of
CðtÞ generally have small statistical errors.
With the tj defined, the values of the coefficients xj are

fixed by the premold choice. For W0
1;5 we find

W0
1;5∶ x1 ¼ 37.4123; x2 ¼ 2625.13; x3 ¼ 25912.1;

x4 ¼ −106707; x5 ¼ 78192.8; ð3:5Þ

while for W0
2;5 we find

W0
2;5∶ x1 ¼ 34.0249; x2 ¼ 870.640; x3 ¼−5501.14;

x4 ¼ 9933.01; x5 ¼−5284.24: ð3:6Þ

For Ŵ1;5 and Ŵ2;5, obtained by replacing A by the λ ¼ 10−9

version of Â of Eq. (2.21) in Eq. (2.19), we find

Ŵ1;5∶ x1 ¼−78.8487; x2 ¼ 5688.30; x3 ¼ 2223.96;

x4 ¼−36638.0; x5 ¼ 8047.38; ð3:7Þ

and

Ŵ2;5∶x1 ¼ 44.8916; x2 ¼ 590.933; x3 ¼ −3373.53;
x4 ¼ 3716.86; x5 ¼ 879.149: ð3:8Þ

As already explained in Sec. II B, we will use these exact
values in the rest of this subsection.
In the upper panels of Fig. 4 we show the molds

2
ffiffiffi
s

p
W1;5ðsÞ and 2

ffiffiffi
s

p
W2;5ðsÞ together with their associated

casts,W0
1;5ðsÞ ¼ w5ðE; ftjg; fx

W0
1;5

j gÞ and W0
2;5ðsÞ ¼ w5ðE;

ftjg; fx
W0

2;5
j gÞ, determined byEqs. (3.4)–(3.6).We also show

the casts Ŵ1;5ðsÞ¼w5ðE;ftjg;fx
Ŵ1;5
j gÞ and Ŵ2;5ðsÞ ¼

w5ðE; ftjg; fx
Ŵ2;5
j gÞ, determined with Eqs. (3.7) and (3.8)

instead. On the scale of these figures, the casts are almost
indistinguishable from the underlyingmolds for theA-based
casts, and quite close for the Â-based casts. The smaller-
vertical-scale lower panels show the corresponding cast-
mold differences in more visually evident form.
As for the RWSR cases, we first give the lhs values, IW0

1;5
and IW0

2;5
, obtained by integrating over the R-ratio data:

IW0
1;5
ðlhsÞ ¼ 0.4788ð16Þ;

IW0
2;5
ðlhsÞ ¼ 0.08922ð34Þ: ð3:9Þ

mold
cast

Â cast

0.5 1.0 1.5 2.0 2.5 3.0 3.5

0

10

20

30

40

50

s in GeV

2 sW(s)

mold
cast

Â cast

0.5 1.0 1.5 2.0 2.5 3.0 3.5

0

1

2

3

4

s in GeV

2 sW(s)

0.5 1.0 1.5 2.0 2.5 3.0 3.5

!1.0

!0.5

0.0

0.5

1.0

1.5

2.0

s in GeV

di
ffe
re
nc
e
in
G
eV

!2

0.5 1.0 1.5 2.0 2.5 3.0 3.5
!0.20

!0.15

!0.10

!0.05

0.00

0.05

0.10

s in GeV

di
ffe
re
nc
e
in
G
eV

! 2

FIG. 4. Upper panels: molds (blue continuous curves) and casts (red dashed curves) for the molds 2
ffiffiffi
s

p
W1;5ðsÞ (left panel) and

2
ffiffiffi
s

p
W2;5ðsÞ (right panel). The black dot-dashed curves show the casts obtained with Â of Eq. (2.21) instead of A of Eq. (2.20), choosing

λ ¼ 10−9. Lower panels: differences between mold and cast, for each case (with the dashed curves the difference for the Â-based casts).
Note the very different scales on the vertical axes in the upper and lower figures.
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Price to pay: final cast less similar to the original mold 
This is acceptable if we are interested in the general profile (zooming in a region in energy)

improved exponential weights
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Since these values do not exactly coincide with the values
of t available for the lattice ensembles we employ, we
obtain the associated CðtjÞ values, in all cases, by linear
interpolation from the nearest available t, taking into
account all correlations in the interpolation. The range of
values in Eq. (3.4) is one for which lattice computations of
CðtÞ generally have small statistical errors.
With the tj defined, the values of the coefficients xj are

fixed by the premold choice. For W0
1;5 we find

W0
1;5∶ x1 ¼ 37.4123; x2 ¼ 2625.13; x3 ¼ 25912.1;

x4 ¼ −106707; x5 ¼ 78192.8; ð3:5Þ

while for W0
2;5 we find

W0
2;5∶ x1 ¼ 34.0249; x2 ¼ 870.640; x3 ¼−5501.14;

x4 ¼ 9933.01; x5 ¼−5284.24: ð3:6Þ

For Ŵ1;5 and Ŵ2;5, obtained by replacing A by the λ ¼ 10−9

version of Â of Eq. (2.21) in Eq. (2.19), we find

Ŵ1;5∶ x1 ¼−78.8487; x2 ¼ 5688.30; x3 ¼ 2223.96;

x4 ¼−36638.0; x5 ¼ 8047.38; ð3:7Þ

and

Ŵ2;5∶x1 ¼ 44.8916; x2 ¼ 590.933; x3 ¼ −3373.53;
x4 ¼ 3716.86; x5 ¼ 879.149: ð3:8Þ

As already explained in Sec. II B, we will use these exact
values in the rest of this subsection.
In the upper panels of Fig. 4 we show the molds

2
ffiffiffi
s

p
W1;5ðsÞ and 2

ffiffiffi
s

p
W2;5ðsÞ together with their associated

casts,W0
1;5ðsÞ ¼ w5ðE; ftjg; fx

W0
1;5

j gÞ and W0
2;5ðsÞ ¼ w5ðE;

ftjg; fx
W0

2;5
j gÞ, determined byEqs. (3.4)–(3.6).We also show

the casts Ŵ1;5ðsÞ¼w5ðE;ftjg;fx
Ŵ1;5
j gÞ and Ŵ2;5ðsÞ ¼

w5ðE; ftjg; fx
Ŵ2;5
j gÞ, determined with Eqs. (3.7) and (3.8)

instead. On the scale of these figures, the casts are almost
indistinguishable from the underlyingmolds for theA-based
casts, and quite close for the Â-based casts. The smaller-
vertical-scale lower panels show the corresponding cast-
mold differences in more visually evident form.
As for the RWSR cases, we first give the lhs values, IW0

1;5
and IW0

2;5
, obtained by integrating over the R-ratio data:

IW0
1;5
ðlhsÞ ¼ 0.4788ð16Þ;

IW0
2;5
ðlhsÞ ¼ 0.08922ð34Þ: ð3:9Þ
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FIG. 4. Upper panels: molds (blue continuous curves) and casts (red dashed curves) for the molds 2
ffiffiffi
s

p
W1;5ðsÞ (left panel) and

2
ffiffiffi
s

p
W2;5ðsÞ (right panel). The black dot-dashed curves show the casts obtained with Â of Eq. (2.21) instead of A of Eq. (2.20), choosing

λ ¼ 10−9. Lower panels: differences between mold and cast, for each case (with the dashed curves the difference for the Â-based casts).
Note the very different scales on the vertical axes in the upper and lower figures.
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Price to pay: final cast less similar to the original mold 
This is acceptable if we are interested in the general profile (zooming in a region in energy)

improved exponential weights
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systematic errors on the 
lattice still to be assessed
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Comparison between R-ratio and lattice:   rational-weight sum rules

• R-ratio data (Keshavarzi, Nomura and Teubner ’19)
• Lattice:  from ABGP ‘22 light-quark connected part only; compare only errors!

lattice spacings                                                            , extrapolate to continuum limit
(pion-mass mistunings and finite-volume effects smaller than statistical errors) 

• Do NOT compare central values!   Lattice errors order of magnitude larger

23

<latexit sha1_base64="/fR2wePN0kNMGTeslHwLwZHNBbI="></latexit>

a = 0.06, 0.09, 0.12, 0.15 fm

R-ratio rel. error lattice rel. error
W15 0.4756(16) 0.3% 0.468(26) 5.6%
W25 0.08912(34) 0.4% 0.0838(33) 3.9%

Table 1. Rational weights

R-ratio rel. error lattice rel. error
W 0

15 0.4785(16) 0.3% 0.496(17) 3.4%
W 0

25 0.08857(34) 0.4% 0.0798(18) 2.3%

Table 2. Exponential weights

1

DB, Golterman, Maltman, and Peris, '22

Comparison between R-ratio and lattice:   exponential-weight sum rules

• R-ratio data (Keshavarzi, Nomura and Teubner ’19)
• Lattice:  from ABGP ‘22 light-quark connected part only; compare only errors!

lattice spacings                                                            , extrapolate to continuum limit
(pion-mass mistunings and finite-volume effects smaller than statistical errors) 

(W’ is exponential-weight version of W)
• Do NOT compare central values!   Lattice errors order of magnitude larger
• Lattice errors almost factor 2 smaller!    (Can improve exp. weight case to 1.5% rel. lattice error)
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a = 0.06, 0.09, 0.12, 0.15 fm

R-ratio rel. error lattice rel. error
W15 0.4756(16) 0.3% 0.468(26) 5.6%
W25 0.08912(34) 0.4% 0.0838(33) 3.9%

Table 1. Rational weights

R-ratio rel. error lattice rel. error
W 0

15 0.4785(16) 0.3% 0.496(17) 3.4%
W 0

25 0.08857(34) 0.4% 0.0798(18) 2.3%

Table 2. Exponential weights

1

rational weight
exponential 
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Comparison between R-ratio and lattice:   rational-weight sum rules

• R-ratio data (Keshavarzi, Nomura and Teubner ’19)
• Lattice:  from ABGP ‘22 light-quark connected part only; compare only errors!

lattice spacings                                                            , extrapolate to continuum limit
(pion-mass mistunings and finite-volume effects smaller than statistical errors) 

• Do NOT compare central values!   Lattice errors order of magnitude larger
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a = 0.06, 0.09, 0.12, 0.15 fm

R-ratio rel. error lattice rel. error
W15 0.4756(16) 0.3% 0.468(26) 5.6%
W25 0.08912(34) 0.4% 0.0838(33) 3.9%

Table 1. Rational weights

R-ratio rel. error lattice rel. error
W 0

15 0.4785(16) 0.3% 0.496(17) 3.4%
W 0

25 0.08857(34) 0.4% 0.0798(18) 2.3%

Table 2. Exponential weights

1

Comparison between R-ratio and lattice:   exponential-weight sum rules

• R-ratio data (Keshavarzi, Nomura and Teubner ’19)
• Lattice:  from ABGP ‘22 light-quark connected part only; compare only errors!

lattice spacings                                                            , extrapolate to continuum limit
(pion-mass mistunings and finite-volume effects smaller than statistical errors) 

(W’ is exponential-weight version of W)
• Do NOT compare central values!   Lattice errors order of magnitude larger
• Lattice errors almost factor 2 smaller!    (Can improve exp. weight case to 1.5% rel. lattice error)
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W25 0.08912(34) 0.4% 0.0838(33) 3.9%
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R-ratio rel. error lattice rel. error
W 0
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1.5%
<latexit sha1_base64="VkhzhzAKz1eB8UtqbTGZ7m4KxHU=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LJaCp5BURY9FLx4rmFpoQ9lsN+3SzW7Y3Qgl9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5UcqZNp737ZTW1jc2t8rblZ3dvf2D6uFRW8tMERoQyaXqRFhTzgQNDDOcdlJFcRJx+hiNb2f+4xNVmknxYCYpDRM8FCxmBBsrBb572av3qzXP9eZAq8QvSA0KtPrVr95AkiyhwhCOte76XmrCHCvDCKfTSi/TNMVkjIe0a6nACdVhPj92iupWGaBYKlvCoLn6eyLHidaTJLKdCTYjvezNxP+8bmbi6zBnIs0MFWSxKM44MhLNPkcDpigxfGIJJorZWxEZYYWJsflUbAj+8surpN1w/XO3cX9Ra94UcZThBE7hDHy4gibcQQsCIMDgGV7hzRHOi/PufCxaS04xcwx/4Hz+AGtJjcU=</latexit>

1.2%
<latexit sha1_base64="L3mQAqHDQSAbtgDdTo2Wbo5C7Hg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LJaCp5BUQY9FLx4rmLbQhrLZbtqlu5uwuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzopQzbTzv2yltbG5t75R3K3v7B4dH1eOTtk4yRWhAEp6oboQ15UzSwDDDaTdVFIuI0040uZv7nSeqNEvko5mmNBR4JFnMCDZWCny30a8PqjXP9RZA68QvSA0KtAbVr/4wIZmg0hCOte75XmrCHCvDCKezSj/TNMVkgke0Z6nEguowXxw7Q3WrDFGcKFvSoIX6eyLHQuupiGynwGasV725+J/Xy0x8E+ZMppmhkiwXxRlHJkHzz9GQKUoMn1qCiWL2VkTGWGFibD4VG4K/+vI6aTdc/9JtPFzVmrdFHGU4g3O4AB+uoQn30IIACDB4hld4c6Tz4rw7H8vWklPMnMIfOJ8/ZreNwg==</latexit>

cW25
<latexit sha1_base64="i2IbDmn55X++72ODFPQrBJLvsUs=">AAAB+HicbVBNS8NAEN34WetHox69LBbBU0mqoseiF48V7Ae0IWw2m3bpZhN2J0oN/SVePCji1Z/izX/jts1BWx8MPN6bYWZekAquwXG+rZXVtfWNzdJWeXtnd69i7x+0dZIpylo0EYnqBkQzwSVrAQfBuqliJA4E6wSjm6nfeWBK80TewzhlXkwGkkecEjCSb1f6jzxkQwK44+f1i4lvV52aMwNeJm5BqqhA07e/+mFCs5hJoIJo3XOdFLycKOBUsEm5n2mWEjoiA9YzVJKYaS+fHT7BJ0YJcZQoUxLwTP09kZNY63EcmM6YwFAvelPxP6+XQXTl5VymGTBJ54uiTGBI8DQFHHLFKIixIYQqbm7FdEgUoWCyKpsQ3MWXl0m7XnPPavW782rjuoijhI7QMTpFLrpEDXSLmqiFKMrQM3pFb9aT9WK9Wx/z1hWrmDlEf2B9/gAfnZK8</latexit>

cW15
<latexit sha1_base64="csIZG8nW22KrDiTa/BHu7bio1uI=">AAAB+HicbVBNS8NAEJ34WetHox69LBbBU0mqoseiF48V7Ae0IWw2m3bpZhN2N0oN/SVePCji1Z/izX/jts1BWx8MPN6bYWZekHKmtON8Wyura+sbm6Wt8vbO7l7F3j9oqySThLZIwhPZDbCinAna0kxz2k0lxXHAaScY3Uz9zgOViiXiXo9T6sV4IFjECNZG8u1K/5GFdIg16vi5ezHx7apTc2ZAy8QtSBUKNH37qx8mJIup0IRjpXquk2ovx1Izwumk3M8UTTEZ4QHtGSpwTJWXzw6foBOjhChKpCmh0Uz9PZHjWKlxHJjOGOuhWvSm4n9eL9PRlZczkWaaCjJfFGUc6QRNU0Ahk5RoPjYEE8nMrYgMscREm6zKJgR38eVl0q7X3LNa/e682rgu4ijBERzDKbhwCQ24hSa0gEAGz/AKb9aT9WK9Wx/z1hWrmDmEP7A+fwAeF5K7</latexit>

improved exponential weights

Lattice: ABGP 22 lqc only! Central values should not be directly compared.

Significant reduction in errors but still a factor ~3 to 5 larger than dispersive. 
The procedure can still be fine tuned for a given data set.
Error reduction on the lattice data also expected.

improved exponential weights
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Merging the strategies: results for lqc contribution with improved exponential-weight sum rules

lqc from KNT19 R(s) data

Another indication of a tension between lattice and dispersive lqc results 

ABGP lqc lattice data

I lqc
Ŵ15

= 46.69(68)⇥ 10�2

I lqc
Ŵ15

= 82.4(1.0)⇥ 10�3

<latexit sha1_base64="FjcJRrQG5EH0jAO+xIXiY54cYws="></latexit>

I lqc
Ŵ15

= 43.15(22)⇥ 10�2

I lqc
Ŵ25

= 79.19(61)⇥ 10�3

<latexit sha1_base64="9Kq07h8v+x/yFs+oORCsHEOQs+o="></latexit>

I lqccW15
= 42.78(16)⇥ 10�2

I lqccW25
= 78.85(46)⇥ 10�3

<latexit sha1_base64="kmjcxEX7RZLBsybvk9gZf1jlv4I="></latexit>

Benton, DB,  Golterman, Keshavarzi, 
Maltman, and Peris, in preparation

5.6�
<latexit sha1_base64="1zokdw5WZmXp7QlLpTHaVNxYnig=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgadmNz2PQi8cI5iHJEmYns8mQmdllZlYIS77CiwdFvPo53vwbJ8keNLGgoajqprsrTDjTxvO+ncLK6tr6RnGztLW9s7tX3j9o6jhVhDZIzGPVDrGmnEnaMMxw2k4UxSLktBWObqd+64kqzWL5YMYJDQQeSBYxgo2VHi/cy65mA4F75YrnejOgZeLnpAI56r3yV7cfk1RQaQjHWnd8LzFBhpVhhNNJqZtqmmAywgPasVRiQXWQzQ6eoBOr9FEUK1vSoJn6eyLDQuuxCG2nwGaoF72p+J/XSU10HWRMJqmhkswXRSlHJkbT71GfKUoMH1uCiWL2VkSGWGFibEYlG4K/+PIyaVZd/8yt3p9Xajd5HEU4gmM4BR+uoAZ3UIcGEBDwDK/w5ijnxXl3PuatBSefOYQ/cD5/APiej94=</latexit>

3.2�
<latexit sha1_base64="VFseDJ9tIXXLLXK88NXM/SSeiaY=">AAAB8HicbVBNSwMxEJ3Ur1q/qh69BIvgqexWQY9FLx4r2A9pl5JNs21okl2SrFCW/govHhTx6s/x5r8xbfegrQ8GHu/NMDMvTAQ31vO+UWFtfWNzq7hd2tnd2z8oHx61TJxqypo0FrHuhMQwwRVrWm4F6ySaERkK1g7HtzO//cS04bF6sJOEBZIMFY84JdZJjxfVWs/woST9csWrenPgVeLnpAI5Gv3yV28Q01QyZakgxnR9L7FBRrTlVLBpqZcalhA6JkPWdVQRyUyQzQ+e4jOnDHAUa1fK4rn6eyIj0piJDF2nJHZklr2Z+J/XTW10HWRcJallii4WRanANsaz7/GAa0atmDhCqObuVkxHRBNqXUYlF4K//PIqadWqvsvt/rJSv8njKMIJnMI5+HAFdbiDBjSBgoRneIU3pNELekcfi9YCymeO4Q/Q5w/vXo/Y</latexit>

improved exponential weights: lqc contribution

systematic errors on the lattice still to be assessed
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lattice vs exp. data
A potential application: BaBar/KLOE/(CMD-3) discrepancies
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lattice vs exp. data
A potential application: BaBar/KLOE/(CMD-3) discrepancies

With smaller errors on the lattice side (factor of less than 2), exponential-weight sum rules can 
already be used to investigate the KLOE/Babar/(CMD-3) discrepancies.

For IŴ1;5
and IŴ2;5

we find

IŴ1;5
ðlhsÞ ¼ 0.4488ð16Þ;

IŴ2;5
ðlhsÞ ¼ 0.09214ð37Þ: ð3:10Þ

As before, the R-ratio data of Ref. [11] allow us to
determine these values with errors ≲0.4%. We note that
the values in Eq. (3.9) or (3.10) are not the same as those in
Eq. (3.2), even if they are rather close. This reflects the fact
that mold and cast weights are not identical.
Because of the well-known even-odd time oscillation of

staggered correlators, we define smoothed-out correlators

ĈðtÞ ¼ 1

4
ðCðt − 1Þ þ 2CðtÞ þ Cðtþ 1ÞÞ: ð3:11Þ

We will use the averaged correlator ĈðtÞ when evaluating
the rhs of Eq. (2.18).7

We show the results for IW0
1;5
ðrhsÞ, IW0

2;5
ðrhsÞ, IŴ1;5

ðrhsÞ
and IŴ2;5

ðrhsÞ in Table II. Using the values obtained with
the three smallest lattice spacings, i.e., the ensembles 96, 64
and 48I, and performing fits linear in a2, we find the
continuum-limit values

IW0
1;5
ðrhsÞ ¼ 0.496ð17Þ;

IW0
2;5
ðrhsÞ ¼ 0.0798ð18Þ; ð3:12Þ

and

IŴ1;5
ðrhsÞ ¼ 0.4669ð68Þ;

IŴ2;5
ðrhsÞ ¼ 0.0824ð10Þ: ð3:13Þ

These linear fit results are shown by the red lines in Fig. 5.
The blue curves in the same figure show the results of
alternate fits quadratic in a2 obtained using the four
ensembles 96, 64, 48I and 48II. The linear and quadratic
fits give consistent continuum-limit results.
As shown in the Table II, the integrals, IW0

1;5
ðrhsÞ and

IW0
2;5
ðrhsÞ in Eq. (3.12) have precisions of 3.4% and 2.2%,

respectively, while IŴ1;5
ðrhsÞ and IŴ2;5

ðrhsÞ in Eq. (3.13)
have precisions of 1.5% and 1.2%, respectively. We see that
the modification (2.21) indeed pays off. We emphasize
again that the lhs and rhs central values should not be
directly compared in this study. What is of interest here is
the size of the statistical errors in Eqs. (3.9), (3.10), (3.12),
and (3.13). While those in Eqs. (3.9) and (3.10) are the
same as those in Eq. (3.2), those in Eqs. (3.12) and (3.13)
are significantly smaller than those in Eq. (3.3). This
reflects the freedom to avoid, through the restricted set
of tj values employed in Eqs. (3.12) and (3.13), higher-
error, large-t contributions, and provides a concrete exam-
ple of the potential enhanced utility of EWSRs over their
closely related RWSR counterparts.
The improvement represented by the EWSR construc-

tion is, of course, expected to vary depending on the choice
of the ftjg and the strategy chosen for obtaining the
associated coefficients fxjg. We have already seen that,
for the set of ftjg chosen above, using the strategy of
Eq. (2.21) produces generally smaller fxjg and hence, as a
result of reduced cancellation, improved errors on the
lattice sides of the associated EWSRs. We thus expect
other strategies for constructing EWSRweights which limit
the size of the fxjg to also produce EWSRs with reduced
lattice-side relative errors. Such considerations suggest,
e.g., avoiding sets ftjg in which the tj are too closely
spaced since reducing the spacing between adjacent tj,
in reducing the difference between the associated basis
functions E2 expð−tjEÞ, is likely to force an increase in the
size of the associated coefficients fxjg.8
We add several comments. First, it is likely that lattice

data in the near future will have smaller statistical errors
than does the lattice data of Ref. [33], used in the current
study. This makes it not unlikely that sub-percent precision
can be reached with EWSRs. Second, we did not discuss

TABLE II. The right-hand side of Eq. (2.18) for the lattice
ensembles of Ref. [33]. The second and third columns give,
respectively, the values for IW0

1;5
and IW0

2;5
, obtained using

Eq. (3.11). The fourth and fifth columns give, respectively, the
values for IŴ1;5

and IŴ2;5
, obtained using Â of Eq. (2.21) instead of

A, with λ ¼ 10−9. Below the blank line we show (i) the
continuum extrapolation for each column, obtained using fits
linear in a2 to the values for the first three ensembles (96, 64 and
48I), (ii) the p-value of that fit, and (iii) the relative statistical
error (Rel. error) of the continuum limit value.

Label IW 0
1;5
ðrhsÞ IW0

2;5
ðrhsÞ IŴ1;5

ðrhsÞ IŴ2;5
ðrhsÞ

96 0.504(20) 0.0799(23) 0.4625(75) 0.0838(12)
64 0.4822(92) 0.08703(94) 0.4520(38) 0.08994(54)
48I 0.4790(72) 0.09187(80) 0.4401(40) 0.09558(51)
32 0.498(12) 0.10073(76) 0.4398(68) 0.10623(45)
48II 0.4837(85) 0.1009(11) 0.4301(46) 0.10605(64)

a ¼ 0 0.496(17) 0.0798(18) 0.4669(68) 0.0824(10)
p-value 0.44 0.15 0.78 0.10
Rel. error 3.4% 2.2% 1.5% 1.2%

7More sophisticated approaches are possible, but we consider
this average sufficient for the explorative nature of this section.

8An example of the impact of choosing an overly finely spaced
set ftjg is provided by EWSRs based on alternate versions, W00

15
and W00

25, of the primed weights above, obtained using the more
finely spaced set, ftjg ¼ f3; 5; 7; 9; 11; 13; 15g GeV−1, covering
the same range in t as the set (3.4). This finer spacing produces
relative errors on the lattice sides of W00

15 and W00
25 EWSRs of

3.5% and 3.3%, respectively, which represents a 50% error
increase in the case of W00

25 when compared with the results of
Table II.
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systematic errors, which of course also need to be con-
trolled. In particular, for staggered fermions, smaller lattice
spacings than the current smallest value of about 0.06 fm
will be needed [33]. We thus do not claim that our linear fits
to the results in Table II are the final word. However, similar
fits to improved data at smaller lattice spacings should
allow these sum rules to become of practical use. Finally,
we note that the W1;5 versions of Eqs. (3.9) and (3.12)
are closer together than the W2;5 versions. This can be
qualitatively understood. The large-t part of the full HVP
correlator CðtÞ with jμ ¼ j0μ the hadronic electromagnetic
current is dominated by the light-quark-connected part,
more so than the smaller-t part. As can be seen from Fig. 2,
the weightW1;5 has support at smaller s. This translates into
having support at larger t, as can be seen in Fig. 3. This
explains the closer agreement for the W1;5-based case. A
similar observation also holds for Eqs. (3.2) and (3.3) in
Sec. III A.

C. Comparison with BABAR-KLOE discrepancy

One would like to get an idea about what is needed to
make the lattice errors in Eq. (3.12) small enough for
concrete applications of these sum rules. To this end,
we consider, as an example, the difference of the values
of IW0

1;5
and IW0

2;5
computed using the BABAR [51,52] or

KLOE [53] versions of the two-pion contribution to the EM

spectral function. As Ref. [53] provides the eþe− → πþπ−

cross sections only up to s ¼ 0.95 GeV2, we will assume
that the full discrepancy originates from the difference in
the measured cross sections below s ¼ 0.95 GeV2.
This allows us to evaluate the two-pion contributions to
IW1=2;5

, IW0
1=2;5

and IŴ1=2;5
on both the BABAR and KLOE

data. We find

IππW1;5
ðBABARÞ − IππW1;5

ðKLOEÞ ¼ 0.0091ð39Þ;

IππW2;5
ðBABARÞ − IππW2;5

ðKLOEÞ ¼ 0.00152ð51Þ;

IππW0
1;5
ðBABARÞ − IππW0

1;5
ðKLOEÞ ¼ 0.0091ð39Þ;

IππW0
2;5
ðBABARÞ − IππW0

2;5
ðKLOEÞ ¼ 0.00153ð52Þ;

Iππ
Ŵ1;5

ðBABARÞ − Iππ
Ŵ1;5

ðKLOEÞ ¼ 0.0094ð40Þ;

Iππ
Ŵ2;5

ðBABARÞ − Iππ
Ŵ2;5

ðKLOEÞ ¼ 0.00150ð51Þ: ð3:14Þ

Comparing these values with the lattice values of
Eqs. (3.12) and (3.13), we see that the lattice errors are
factors of about 1.9, 1.2, 0.7 and 0.7 times the differences
shown in Eq. (3.14) for W0

1;5, W0
2;5, bW1;5 and bW2;5,

respectively. This implies that in order to use the
EWSRs with the primed weights, an improvement of a
factor about 2 to 4 in the lattice errors would be needed,
while for the hatted weights, a very modest improvement

FIG. 5. Continuum extrapolations of IW0
1;5
ðrhsÞ (left upper panel) and IW0

2;5
ðrhsÞ (right upper panel), and IŴ1;5

ðrhsÞ (left lower panel)
and IŴ2;5

ðrhsÞ (right lower panel). The data points show the lattice results for the various ensembles. Linear fits to the three left-most
points (omitting the gray filled circles) are shown by the red lines, and quadratic fits to all four data points (the black and gray filled
circles) by the dashed blue curves. Results for the 32 ensemble, shown as orange diamonds, are not used in either of these extrapolations.
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ABGP lqc dataBabar and KLOE exp. data
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conclusions
 We have more than one discrepancy in g - 2:

experiment vs (dispersive based) Standard Model

lattice HVP vs dispersive (R-ratio) HVP

Lattice/R-ratio discrepancy resides mostly in the light-quark connected contribution
which is dominated by pi+pi- on the data side (81%)

Work needed on the lattice but many results in excellent agreement (e.g., lqc int. window)

New sum rules can help comparing lattice and R(s) data

KLOE/Babar/CMD-3
discrepancy in pt. QCD below charm (much smaller impact)

New sum rules may also be useful in a combination of tau data and lattice IB corrections

Exponential-weight sum rules can be tuned in order to reduce the error on the lattice side

The method of windows is a very important tool in the investigation of these discrepancies. 
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conclusions

Muon g-2 plot incl. BMW lattice QCD
the numbers in units 10�10:
a

the
µ = 11659181.0 ± 4.3 WP

a
the
µ = 11659195.4 ± 5.5 Lattice QCD [BMW]

a
exp
µ = 11659209.1 ± 6.3 BNL

a
exp
µ = 11659204.0 ± 5.4 FNAL

a
exp
µ = 11659206.1 ± 4.1 World average

F. Jegerlehner (g-2) Days 2021, May 31 - June 6 3

195 200 205 210

BMW 20

LM 20

�QCD 23

ABGP 22

Mainz/CLS 22

ETMC 22

Fermilab/HPQCD/MILC 23

RBC/UKQCD 23

Data-based BBGKMP 23

aW1,lqc
µ ⇥ 1010

g-2 exp.
R(s) data

KLOE

Babar

CMD-3

lattice

W1

W2

sum rules

BES-III

lqc


