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MUON (g — 2)

A quick recap

Anomalous magnetic moment

scattering of particle mass m off external photon (y, q)

pv

—ie[y.F1(q%) + 25 Fa(q?)] L g = 2(F1(0) + F»(0))

2m

Fi(0) =1 — Fo(0) =a = (g—2)/2

A rich history
electron a, measured in experiment [Kusch, Foley '48]
confirms radiative corrections [Schwinger '48] — success of QFT

muon a, measured in experiement [Columbia exp. '59]
“muon is heavy electron” — families of leptons

< DEGLI STUDI
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a, experimentally inaccessible, a, most promising




(g — 2) theory initiative
[White Paper '20]

SM contributions to a,[x10'%]

5-loop QED | 11658471.8853(36)

2-loop EW 15.36(10)
HVP LO 693.1(4.0)
HVP NLO -9.83(7)
HVP NNLO 1.24(1)
HLbL 9.2(1.9)

MUON (g — 2)

Status

BNLg2 ———@——+

FNAL g-2 +———@—+

A N
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Standard Model Experiment
Average

17.5
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9
a,x 10" - 1165900

Theory error dominated by hadronic physics HVP and HLbL
Hadronic Vacuum-Polarization and Light-by-Light

Precision goal for Fermilab x4 better
implies knowing HVP at 0.2-0.3 % accuracy
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HADRONIC LIGHT-BY-LIGHT

Status

Mainz21 (+ charm-loop) 00— Ab-initio lattice QCD+QED

RBC/UKQCD19 |—— @ —
+ charm-loop

WP20 data-driven —— Data-driven
dispersive

WP20 —a—

P B L L
0 20 40 60 80 100 120 140 160

HLbL 11
a, x 10

Consistency between lattice QCD+QED and dispersive < DEGLI STUDI
novel update 124.7(11.5)(9.9) - 10! [RBC/UKQCD '23] N
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HADRONIC LIGHT-BY-LIGHT

Lattice
Stochastic point-source sampling leading
[RBC/UKQCD '17] ; i
subleading

Isolation of 7%(— ~v) piece
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HADRONIC VACUUM POLARIZATION /@

Overview
[Snowmass '21]
HVP from: .
‘L‘N‘lz‘o“‘HH‘HHH‘H‘HH‘Hr‘U‘H“H““H“H BMW20f|rstcomp|ete
BMW20 —O0— 4 notyetin WP Lattice QCD+QED
ETM18/19 — @ : 0
10 ' g calculation below 1%
FHM19 ——
PACS19 i ® .
RBC/UKQCD18 ; 4 Lattice QCD+QED
BMW17 ; ® !
RBC/UKQCD E
data/lattice A 8
BDJ19 O <
J17 - T
A not used in WP20 g
DHMZ19 i g _ _ _
KNT19 m § T‘) data-driven/dispersive
WP20 —m—
vl b b b b b P NI AT A
40 0 0
( sM pr ) X 10 él)l‘(;llsll‘l)l
] z
g =
WP20: g — 2 theory initiative community White Paper 4 A
BICOCCA

— only data-driven/dispersive used in current best estimate
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DISPERSIVE APPROACH
Method

d ImlII
/é\ a, = % ?S K(s,my) mﬂ_(s) [Brodsky, de Rafael '68]

unitarity

: 2 472 TmlI(s)
- = Oeto— st
Im «/@\/y | A x s . ete=—y*—had

At present O(30) channels: 7%y, 7t 7=, 3m 47, KT K~ ---
K(s,m,) — mm~ dominates due to p resonance

w7 channel is ~ 70% of signal and ~ 70% of error

< DEGLI STUDI
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DISPERSIVE APPROACH

Tensions in 777~ channel

Large tensions among experiments: BaBar, KLOE, now CMD3

[CMD3 2302.08834]

before CMD2
CMD2
SND
KLOE comb
BABAR
BES
CLEO
SND2k
—=— CMD3

|
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|
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J
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a’'™ (0.6 <Vs <0.88 GeV),10™

8
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N
a
©»

very difficult to combine different experiments = DEGLI STUDI
what is the error of 77 contribution to a,,? Nz
motivates even more first-principles Lattice QCD calculations
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LATTICE FIELD THEORIES

Non-perturbative predictions

lattice spacing a — regulate UV divergences -
finite size L — infrared regulator
Continuum theory a — 0, L — oo L

Euclidean metric — Boltzman interpretation
of path integral la

(0) = 21 / DUl oW) ~ 3~ O

Very high dimensional integral — Monte-Carlo methods
Markov Chain of gauge field configs Uy = Uy — --- — Un

©3 UNIVERSITA



HVP FrROM LATTICE
Method

Electro-magnetic current j,(x) =i Qetb(z) vy, (z)

ay = 4a2/dQ2K(Q2)[H(Q2) —T1(0)]  (Q? euclidean) [Blum '03]

0, (Q% = [ d*ze’?(j,(2)j,(0)) on the lattice

Time-momentum representation [Bernecker, Meyer, '11]

Ct) = %Z/df (r(z)Jr(0)) (-) = QCD+QED exp. value
&

a, = 4a® / dtw(t) C(t), w(t) muon kernel (weights)
Jo




Isospin

QED

corrections

Strong
isospin

limit

breaking

HVP FrrOM LATTICE

Q93

O O OO0
@@ e ©

)V (b) S () (d) Ta (e) D1 (f) D14

OOO
o0 OO O@@Q

(2) D2 (h) D24 (j) D3
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FEUCLIDEAN WINDOWS

A novel paradigm

77 5 per-mille t wG@E) t SwG@E) 1
‘. 0.8 B
‘. — Osp
. 6L — Ouin il
T I
+1*+ ™ ]
() .°’uo.“'.u""'eutﬂﬂ 02 il
+
0 1‘0 Zb Sb 4‘0 5‘0 00 0‘.5 ‘1 1 ‘.5
t/a t [fm]
Smoothly divide integral in several parts
a, = 402 3, w [@SD(t) L Ow(t) + eLD(t)} G(t) [RBC/UKQCD 18]
short-distance — cutoff effects S
long-distance — Monte-Carlo noise énigug
. . . . &
intermediate window: accessible today w/ current resources g
most collaborations precision of 0.4 - 0.6 % Elcocci
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HVP FrrOM LATTICE

Theoretical advances

Formulation isospin-breaking schemes, isosymmetric points
[RM123][RBC/UKQCD 18][BMW 20][WP20][Portelli Lat22][Tantalo Lat22][...]

Analytic control of finite-volume effects
[Hansen, Patella '19 '20][Lehner, Meyer '20][Bijnens et al '19]

Improved understanding of scaling violations
[Mainz 20][Husung, Marquard, Sommer '22][Husung '23][Sommer Lat22]

= DEGLI STUDI
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NUMERICAL SETUP

Domain-wall fermions

ID | a71/Gev L3 xT x Ls/a* mx/MeV mg/MeV  mp,/GeV  m.L
481 | 1.7312(28) 483 x 96 x 24 139.32(30)  499.44(88) - 3.9
641 | 2.3549(49) 643 x 128 x 12 138.98(43) 507.5(1.5) - 3.8
961 | 2.6920(67) 963 x 192 x 12 131.20(66) 484.5(2.3) - 4.7
1 1.7310(35) 323 x 64 x 24 208.1(1.1)  514.0(1.8) - 3.8
2 1.7257(74) 243 x 48 x 32 285.4(2.9) 537.8(4.6) — 4.0
3 1.7306(46) 323 x 64 x 24 211.3(2.3)  603.8(6.1) — 3.9
4 1.7400(73) 243 x 48 x 24 274.8(2.5) 530.1(3.1) - 3.8
5 1.7498(73) 243 x 48 x 24 279.8(3.5)  539.1(5.3)  1.9902(69) 3.8
7 1.7566(81) 243 x 48 x 24 272.5(5.9)  523(10) 1.3882(57) 3.7
A 1.7556(83) 243 x 48 x 8 307.4(3.5) 557.3(5.7) - 4.2
241D | 1.0230(20) 243 x 64 x 24 142.96(30)  515.7(1.0) - 3.4
321D | 1.0230(20) 323 x 64 x 24 142.96(30)  515.7(1.0) - 45
g
Iwasaki gauge acton + Mobius DWF [Brower at al '12][RBC 'g =
3-level stout smearing for charm quarks g Va P
GRID+gpt open-source software libraries BICOCCA
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[SOSYMMETRIC N = 2 4 1 WORLD(S)
Tuning

. at fixed a, hadronic masses mx (a,m;,m,) with X = 77 KT Q~
derivatives w.r.t. bare parameters m;, mg

. solve system of linear equations for Am;, Amg
mx (my, ms) + Z (Om,mi) Amyp =m§=" X = K
f=ls

. shift mgq for lattice spacing and all other quantities

[RBC/UKQCD 18]
M = 0.135 GeV , my = 0.4957 GeV , mg = 1.67225 GeV

[BMW 20]
. my = 0.13497 GeV , mgsx = 0.6898 GeV , wg = 0.17236 fm
E DEGLI S'I'UIE
. mp, = 1.96847 GeV [RBC/UKQCD 231N\ /1|
BICOCCA
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STOCHASTIC LOCALITY

Novel paradigm for error estimators

Observable O(s, z) at Monte Carlo time s and position x,,  [Liischer '17]
true expectation value (O)

(O)) our best estimator for (O)
Stochastic Iocallty |mp||es hmV_,oo« » = (O) (even at fixed N)

(s, z) = ([O(s, ) — <0>] [0(0) (0)])
In practice our best estimator for I' is given by
[(s,@) = 3 77— Do 00(s +i/’ x+2')00(s, a’)
w/ 80(s,x) = O(s,x) — {O))

Estimator of the error from truncated sum

ot = ‘1/[ S F(z) + O(e™™) + O(V 1)

lz|<r

©3 UNIVERSITA'




MASTER-FIELD ERRORS
Gauge-noise limit
O known on subset of points (common for fermionic observables)
e.g. on a grid of points w/ equal distance

10
[MB et al, in prep]
8.
error of By,
= myL ~ 6.7
X -
T 4 less points smaller
accuracy
21 6 128
V8Io/a =~ 5.0 . .
o/ 8 483 master-field analysis
0 . . . . T T T in space L?
0.00 025 050 075 1.00 125 150 1.75 2.00 P .

. DEGLI STUDI
r [fm] =

checking saturation point useful to stop fermionic measurements
similar to check scaling with number random sources

©3 UNIVERSITA'
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MASTER-FIELD ERRORS

*++ T T FETEFFTETFTEEEITIEEFILE S

T
t/a=8 ——
t/a=10 ——
ta=12 ——
t/a=16
t/a=20

s 0s 000808880t ESN
X x x X ¥ X XX X XXX Y ¥XX rx X yxX oxox

X, /a

15

20

25

RBC/UKQCD 23

96l ensemble, phys. pion

660 random point sources
33 configs

vector correlator

plateau in MC time not
shown

solid lines = Jackknife errs

< DEGLI STUDI

©9 UNIVERSIT.



BLINDING

Vector correlator

Among authors [RBC/UKQCD 23] 5 non-overlapping analysis groups b
Cy(t) = (bg + b1a® + bya*)Cy(t)
bg, b1, b2 randomly chosen for each analysis group b
|bia?| < 0.05 and |bya?| < 0.0025

1. every group complete analysis of window quantities
tuning + cont. limit 4 inf.vol limit

2. once analysis code fixed, re-run on unblinded data

©3 UNIVERSITA'



DISCRETIZATION ERRORS

Short-distance constraints

Local current ZVjL(m) vs conserved current j;; (z)

C(t) = % [1 + O(a2/t2) + O(m2/t2>}

local-conserved

0.1 -

0.08

0.06

0.04

0.02

T T T T T
£ C(t) in O(a®) massless perturbative QCD
2 C'%(t) on 481 with a=1.73 GeV —e—
2 C'%(t) on 641 with a=2.35 GeV

3 2 C'°(t) on 961 with a™=2.68 GeV —<— |
wx- » i
[2¢
ey
¥ X
L o |
%
X
ox
%8|
. . . . . .
02 04 06 08 1 12 1.4
t/fm

loc

0.1 |

0.08

0.06

0.04

0.02

al-local
. T T T T
IS C(t)in 0(0(4) massless perturbative QCD
€ (1) on 481 with a™'=1.73 Gev —e—
€ 1) on 641 with a™*=2.35 Gev
.
T e © c'(t) on 961 with a=2.68 GeVv —*— |
L]
* X Bx Bk .>< 4
/X‘ X ¢ i
ey
&
x
L ®x .
%
b4
L b4
%)
<« DEGL)
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azv =, Ow(t)w: C(t)

x2: w; cont vs discretized
x2: Zy 3pt pion charge

ratio local /conserved
x2: C(t) from Il or Ic

= 8 trajectories a — 0
(correlated though)

a Wi,iso,conn,ud X 1010

u

CONTINUUM LIMIT

Intermediate window

0 0.002 0.004 0.006 0.008 0.01 0.012 0.014
a? | fm?

DEGLI STUDI

N,

\
N

A
\
ONVTIN Id
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INTERMEDIATE WINDOW
RBC/UKQCD 18

Older result reproduced and understood as under-estimated syst. errs
from cont limit

230 T 7 T
ZV' ®C
ZV' ®, CIC —x—
225 - Zo o c! 7
v W,
o Zy, w, C°
g 220} 2z ac i
U>< ZV*' 0, CIC —e—
g . Il
£ as| AN@C :
8 Zy*, W, C” —a— ¢
8
= _ 210
=3
<
205
DEGLI STUDI
200 | | | | | | |

0 0.002 0.004 0.006 0.008 0.01 0.012 0.014
a? / fm?

=
g
72l
&
= =]
= =
z z
= =]
B A

160CE
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INTERMEDIATE WINDOW

Status
isosymmetric intermediate window: internal lattice cross-checks

RBC/UKQCD 18 1
Aubin et al 19 1
ETMC 21 {
BMWe 20 A ek
LM 20 A H-e-H
chiQCD OV/DWF 22 A =i
chiQCD OV/HISQ 22 A ——e—
Aubin et al 22 - —e—+—
ETMC 22 - H-e-H
Mainz 22 F-e-4
RBC/UKQCD 23 1 ko
FNAL/MILC/HPQCD 231 e % DEGLI STUDI

108 200 202 204 206 208 210 212

a,\i\/,ud,conn,iso [ % 10—10]

©3 UNIVERSITA'
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NEW PUZZLES FORMING

Comparison with data
Windows calculable starting from R(s): compare w/ Lattice QCD+QED
isosymmetric updated value [RBC/UKQCD 23]
isospin-breaking + strange + charm + disc [RBC/UKQCD 18]

Situation before CMD3 (see also [Aubin et al/CL/KNT 19])

RBC/UKQCD 18 1

ETMC 21 -

BMWe 20 4 —o—|

ETMC 22 - —eo—

Mainz 22 ——eo—+
RBC/UKQCD 23 1 o4
BMWc¢/KNT 20 A —v—
Colangelo et al 22 - v+
< DEGLI S'I'Ul')_l.

226 228 230 232 234 236 238 240

a) [x10717]

©3 UNIVERSIT
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SHORT-DISTANCE WINDOW

Results
ETMC 21 -
ETMC 22 red
RBC/UKQCD 231 —e—
46 47 48 49 50 51 52
[RBC/UKQCD '23] aiD,ud,conn,iso [Xloflo]
90 T T T T T
auSD'pQCD(tp,A) x 10%° (massless)
80 |- w, 10 ! b
ay, (tp,to,A)xlO (massive) ——<—i
70 - auw(tp,to,A) x 10%° (massive minus massless) b
60 @00 + 8, oM 100 4 isospin limit
50 = &
wl ) x ) | dominated by pert. theory
0l = | [ETMC 22]
. [Sommer Lat22][Lehner Lat22]
20 - * Ny < DEGLI STUDI
+ =) =
10 R 4
. d
0 = . . : - z
-0.1 0 0.1 0.2 0.3 0.4 0.5 E
tp/fm



1. Long-distance window
2. Isospin-breaking
3. Update strange, charm, disconnected as well

4. 7-decay data

OUTLOOKS

g
=

©3 UNIVERSITA'
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w(t)C(t)

LONG-DISTANCE WINDOW

Numerical strategy

(O1)00) = 3 e P mOf))> R’ Y e (n]OJ0)?

n n
dedicated calculation to resolve lowest N states

40

[H. Meyer '12]

— partially cured signal-to-noise growth

fe et - foi bl

local vector current

1-state reconstruction
2-state reconstruction
3-state reconstruction
4-state reconstruction

[MB, Meyer, Lehner, Izubuchi PoS "19]
naive full sum
da, = 38 x 1010
truncated sum (bounding method)
da, =16 x 10~10

3-state reconstruction
da, = 5x 10710

A

< DEGLI STUDI

area = HVP contribution to a,

©9 UNIVERSIT.
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ISOSPIN-BREAKING

Numerical strategy
Propagators on disk from HLbL project [Phys.Rev.Lett. 118 (2017)]

T (20, 20,7 Ztr [FD z,0 VVD_l(O,z)FD_l(z,r)'y”D_l(r, a:)}

Vr(lxo —z0l) = Y A()Vi(x0, 20,7)
0(10%) points — O(10°) pairs

[ |
0.05 1
0.04 4
|
= 0.031
Q‘ .
- contract photon offline
' — study QED; vs QED
0.01 1 EDFGLI STUD‘:I
g =
0.00 - g E
0 5 10 15 20 25 30 35 % g
r/a B



Stat. improvements from data of HLbL project

QED VALENCE CONNECTED

contribution of diagrams V, S to a,

2_
SR
— 0
T S .
S 20 2.5 3.0
g S
8 %
5 Y\\,
SEE) .-.-C'.O’.*+
data from [Blum et al.'18]
- t  data set from HLbL
54
0.0 ()15 1?() 1?5 2?() 2?5
T/a [fm]

expected QED conn. error < 3 x 10719 — matches target

3.0

Preliminary

[Phys.Rev.Lett. 118 (2017)]

Coarse ensemble 321D
~ 3-103 point pairs
0(10) configurations

preliminary (rough) analysis
plain sum up to 3 fm

x4 reduction in stat. error

only stat. error showed
< DEGLI S'I'UIE
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vy(s)

3 F ® ALEPH
[ — Perturbative QCD (massless)
25 :— - Parton model prediction
E =
2 31 3P 61(MC)
E W(MC),nmre(MC),KK’(MC)
15 TKR(MC)
1k
r e ++
05 = f Qg
R A s I 1
0o 05 1 15 2 25 3 35
s (GeV?)
ar o
rrtal

EM current

Final states I = 0, 1 neutral

T DECAYS

V — A current

Final states I = 1 charged

7 data can improve a,[77]
— 72% of total Hadronic LO

— competitive precision on a

w
m

DEGLI STUDI

D!
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CONCLUSIONS

Intermediate window in isospin limit
reached target accuracy

Short-distance window isospin limit
dominated by perturbation theory
sufficient control a2 effects for precision target

Intermediate window in Standard Model
significant tensions among experiments
remarkable agreement among lattice results

significant tension lattice vs experiment

Inclusion long-distance window and remaining effects
1 lattice complete (impressive) result [BMW 20]
RBC/UKQCD aiming at complete prediction soon -

<t DEGLI STUDI




CHARM TUNING STRATEGY

Stoch. loc./master-field for improved estimators = truncated vol. sums

950 = (OW) — (O)(W)

Om(O)ny=1 = (O trD =1 (m)) n=1 — (O)(trD~(m)) ny=1

D' = L (D~ (m) —1)

1-m

flowed energy density E(t = t9/2)

0.0025 ; : ; =7 T
Cov . (EQR.01).TAD ", (0.8)]) —+—

-0.005 |

Covgy (E(2.01)A) +——

g i o |
0.0015 |- W 1 oo ]
0.001 + -0.02 |- N }l}
-0.025 | +¥*HHHH JH i
0.0005 | + omsl { } { 1 {
° 0 5 1‘0 1‘5 2‘0 2‘5 30 0035 0 10 15 20 25 3
X /a X./a

< DEGLI STUDI
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