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● QED corrections to HLO in massive QED

(electroquenched)
Bussone, DM, Janowski, EPJ Web Conf. 175 (2018) 06005

● General framework for computation of leading 
order isospin breaking corrections:
Need for definition of a “scheme”
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Setting up a scheme for computing IB corrections

We think of an observable as a function of renormalized parameters.
Neglecting the dependece of αs on α, i.e., the dependence of a on α

O = O ((md −mu)R(α), (md + mu)R(α), α) .

Those are clearly not independent, so not suited for an expansion

We can start by fixing
(md + mu)R(α) = (md + mu)R,phys = (md + mu)PDG ≈ 6.7 MeV for all
values of α. That makes it α-independent by construction.
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In χPT EM corrections to m2
π0 start at O(α2) (e.g., [Bijnens and Prades,

hep-ph/9610360]) and so do the strong IB corrections in SU(3) χPT. They are
due to π0 − η mixing (e.g., [Scherer, hep-ph/0210398])

So to leading order in IB corrections fixing (md + mu)R(α) is equivalent to
fixing m2

π0 to its physical value.

One could have fixed directly the PCAC quark masses, although that
requires computing O(α) corrections to ZA and ZP .

outside the isospin limit the π0 correlator receives quark-disconnected
contributions. In additin, with Nf = 3 one needs to solve the π0 − η
mixing (e.g. by using at least two interpolating fields and GEVP).
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Now we have

O = O ((md −mu)R(α), 6.7 MeV, α) .

since in the end we are interested in an expansion around α = 0 and
δm = 0 it is convenient to rewrite O as function of (md −mu)|α=0. Here
the scheme dependence enters.

We need the splitting as a function of α, but in studying that we must
have two prescriptions to fix the quark masses. One is keep mπ0 fixed,
there’s then a scheme dependence of (md −mu)|α=0 on the second
condition.

Let’s look at two examples:
1) keep the neutron proton splitting to its physical value
2) keep the splitting between Σ+ and Σ− to its physical value
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Looking at Fig. 3 in [1406.4088]
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say a 30% decrease in the splitting at α = 0 compared to the physical
value.
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Σ+ is uus and Σ− is dds, both have |charge| = 1 so at leading order EM
corrections cancel in the splitting, which is entirely due to δm. By tuning
quark masses vs α keeping that fixed one gets something like
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Both choices are equally good, but this one seems better. The question is
what is the difference in (md −mu)|α=0 for the two prescriprions. If that
were O(αphys), the result of the expansion would be ambiguous by
O(αphys), which would make all the computation meaningless.
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The condition:

δ1m(α = 1/137) = δ2m(α = 1/137) = δmphys ,

after linearizing the dependence around α = 1/137

δim(α) = δmphys +
(
α− 1

137

)
∗ ci .

would only give δ1m(0)− δ2m(0) = O(αphys).

In order to obtain a stronger bound we use that in continuum and
renormalized perturbation theory the EM corrections to the quark masses
are multiplicative as a consequence of chiral symmetry (and the two
schemes preserve WI).
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We write

mi
u(α) = mi

u(0)Z i
u(α) , and mi

d(α) = mi
d(0)Z i

d(α) ,

with Z i
X (α) = 1 + C i

Xα + · · · . The mass on the rhs for example is the
renormalized QCD mass in the i scheme.
The splitting now reads

δim(α) = δim(0)Z i
u(α) + (Z i

d(α)− Z i
u(α))mi

d(0) ,

= δim(0) (1 + C i
uα) + C(d−u)αm

i
d(0) .

Using the fact that, numerically, δm ' md , one obtains

δim(α) = δim(0)(1 + C i
uα) + O(αδm) .
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By requiring the two splittings to be the same for α = 1/137 = αphys

δ1m(0)(1 + C 1
uαphys) = δ2m(0)(1 + C 2

uαphys) + O(αδm) ,

which implies

δ1m(0)− δ2m(0) = αphys

(
C 2
u δ2m(0)− C 1

u δ1m(0)
)

+ O(αδm) ,

= αphys(C 2
u − C 1

u )δ1m(0) + O(α2) + O(αδm) .

So, finally
δ1m(0)− δ2m(0) = O(α2) + O(αδm) .
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Back to the expansion of O, in conclusion one can either use δ1m or δ2m,
for leading corrections in α and δm. Now we think of

O = O(δim(0), 6.7 MeV (orm2
π0 fixed to its physical value), α) ,

which can be expanded as

O = O(0, 6.7 MeV, 0) + αphys
∂O(0,6.7MeV,α)

∂α

∣∣∣
α=0

+

+ δ1m(0) O(δm,6.7MeV,0)
∂δm

∣∣∣
δm=0

+ O(α2) + O(αδm) .

first term should be computed in pure QCD with degenerate up and
down quarks.

for the second one needs to simulate QCD+QED using the same bare
masses for the up and down quarks, such that for α = 0 the two
would be degenerate.

the third term must be computed in QCD with non-degenerate up
and down quarks.

Assuming derivatives of O(1), using δ2m(0) instead of δ1m(0) is an
O(α2), O(αδm) effect.
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Being pragmatic:

Typical differences between definitions of δmi (0) are around 30%, so in the
end one could perhaps use the physical splitting multiplying the derivative
above, if interested in IB corrections with that accuracy (30% of 1% is still
3 permil on O)
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Conclusions

Feasibility study for the computation of EM corrections to g-2 using
massive QED.

Already there (and in general in any approach) the definition of a
scheme for macthing computations between QCD+QED and QCD
seems to be an advantage.

Setup for the computation of IB corrections. One needs to define a
scheme, but at leading order results are ’scheme independent’.

The setup discussed may be ideal (it involves baryons, disconnected
diagrams, and mixing problems). One may have to accept some
pragmatic compromises in actual implementations.
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