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INTRODUCTION

Weak decays of hadrons QCD — confinement, light objects
rich phenomenology Weak interactions — short range,
(e.g. CP violation in K — 7rmr) heavy mediators

These decays have a natural scale separation

I

build an effective low-energy theory

Integrate out heavy degrees of freedom: heavy quarks, weak bosons

BROOKHIVEN
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EFFECTIVE THEORY

Integrating out weak bosons generates four-quark vertices

Current-current diagrams:
c — sud

new divergences in the EFT

!

operator mixing

Heg x Gr Z C;Q; with i =1,2 in our example

(2

Long distance matrix elements (Q);) — Lattice

Wilson Coefficients C; — PT BROOKHILVEN
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OPE

We use W boson propagator in unitary gauge (Euclidean)

1 qql, mw — 00 1 q2
W) = e (o = 512) % a0
(@) q2_|_m%v 7 m%v m%v po + m2,

Four-quark operators (Q; are first terms in the expansion

(@

Heg X GF[ZQ‘QH‘Z ;2

50", a=s
i w

6

(d) o
O, can be gauge-invariant operators
if we fix the (QCD) gauge Ogd) can be gauge-noninvariant operators

Ogd) depend on momenta p; of external states

BROOKHFIAEN

In the limit p;/mw — 0, Vi, only Q1 and Q2 survive'A'!ONAL LABORATORY



PERTURBATIVE RESULTS

[Buchalla, Buras, Lautenbacher '95]
By matching the full and effective theory at one loop in MS:

Cy = as(by + c1log(miy, /p?))

s o b1, by positive coefficients
Cy = 1+ as(—ba + colog(miy /1v?))

w is the matching scale — large logs

Initial conditions Cy and Cy (NDR)  Anomalous Dimension Matrix (ADM)
Ci(mw) = 0.440a5(mw) U solution of RG equations

—

Co(mw) = 1 — 0.15a(mw) C(p) = U(mw, 1)C (mw)

Resummation of large logs at scale u

BROOKHIVEN
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AS =1 AMPLITUDE BREAKDOWN

Perturbation theory realm

Matching EFT <> SM at mw
l

Running mw — myp in Ny = 5 theory

Matching HE=" (my,) <> HOF=" (m)
1

Running myp — mc in Nf = 4 theory
i}

Matching Hi=*(m.) < HE=> (me)

Running m¢ — p in Ny = 3 theory

Lattice QCD realm

Non-Pert. renormalization of Operators at p

1 BROOKHIVEN
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MOTIVATIONS

Great progress in last decade on matrix elements from Lattice QCD
e K — mmisospin 0 and 2 channels [RBC/UKQCD, '16]

e very precise AB = 1 decays [Fermilab,MILC, '16]

Systematic errors of this calculations:
1. matrix elements: statistics, finite volumes, finite masses — improvable
2. connection to PT: finer lattice spacings — improvable
3. running to high scales in PT: errors controlled by varying

3. matching conditions: higher loops needed to quantify errors

BROOKHFIAEN
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K — 7r!=" AMPLITUDE BREAKDOWN

Perturbation theory realm

Matching EFT < SM at mw — 6% full basis, 3% C;,C5

d for Im Aq

Running mw — my in Ny = 5 theory

Matching H:=7 (my,) « HIE=*(my,) — 0.5% error
1

Running myp — m¢ in Nf = 4 theory Using lattice here
1 could buy 6-8%

Matching H =4 (m.) <> HE=2(m.) — 1% error

Running m¢ — @ in Ny = 3 theory

Lattice QCD realm

Non-Pert. Oper. renormal. at Connection to PT 15% syst. error

l BROOKHIAVEN
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WINDOW PROBLEM

1 is the matching scale:

A GeV
1 at!

amyy < 1 for discretization effects
R MW .

1 << myy for higher order operators
T > m, ul > 1 for infrared effects
-+ L '.m

Present study is focused on unphysically small myw ~ 2 GeV

Non-perturbative effects O(Aqcp/mw) BROOKHIVEN
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SYSTEMATIC UNCERTAINTIES

Wilson Coefficients are ultraviolet quantities
related to p = mw — potentially large discretization errors v/
independent from infrared regulators, up to
finite volume effects v
finite quark mass effects v/
non-perturbative effects v*
We study all these effects
current available lattices my ~ 2 GeV

neglect disconnected (—penguin) diagrams (for larger operator basis)

[Dawson, Martinelli, Rossi, Sachrajda, Sharpe, Talevi, Testa '98]
Seminal ideas for a non-perturbatively

defined weak hamiltonian BROOKHFVEN

NATIONAL LABORATORY

10 /28



RI/(S)MOM SCHEME

[Martinelli, Pittori, Sachrajda, Testa, Vladikas 95]

Given renormalized amputated Green's function A®
Regularization Independent conditions (RI-MOM)

AR|p2:#2 _ Zq—n/? A Abare‘pz:‘u2 _ Atree

The renormalization scheme is defined by the choice of the external
states:

e we use off-shell external quark states
with momentum p;, 1 =1,2,3,4
with masses m; = m, Vi
with Projectors P; to project onto definite spin-color states

e we use Landau gauge

BROOKHIVEN
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LATTICE OBSERVABLES - EFT

j\ / i
G(Qi) = Q
! ‘/704 m\ k QCD
Green's function G(Q;) Rl schemes
Q1 = (5i¢j)v—a ® (u;di)v—a PL=P3=p, p2=ps=—p
Q2 = (5ici)v—a ® (ujd;j)v-a p1# D2 # D3 # pa, p; =D’

A(Q;): amputated G(Q;) with quark propagators S(p;, m;)
Projectors: P, = 5il6k~j (Fl X Fz), P, = 5ij5k’l (Fl & FQ) [RBC/UKQCD '10]

We define M, = P, [ A(Q,)] RO DIHATEN



LATTICE OBSERVABLES - FULL THEORY

p2 p1

W boson in unitary gauge

Rl schemes:
P1=p3 =P, P2 =PpPs = —P

Gsv =
p1 # p2 # ps # pa, D7 =D°

QCD  Weak vertex factor o g

N

Agn: amputated Ggy with quark propagators S(p;, m;)

3. Define W; = P;(Asn)

RI -2 2 yr/lat
4. Note that W (1) oc Z 2 (1) Zy, Wit ez
Zy - vector bilinear operator renormalization factor BROOKHIAUEN
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MATCHING PROCEDURE

Matching equation for Rl conditions
2
Se ORI () ME (n) = WR () = B 27223 W
CKM matrix elements simplify
Gr/V/2 and g3 /8 simplification — 1/m3y
ORI (pa) =mi (WM™ 51 ) (127 ()] 22 )
Bare lattice Wilson Coefficients: Cpt = m Wit M)

1. The matching procedure on the lattice
study effects of higher order operators O(p?/m3;)
study infrared /non-perturbative effects in limit p?> — 0

2. Renormalization of the lattice theory to Rl (or MS) BROOKHPAEN
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LATTICE SETUP

Ensembles Ny = 2 + 1 Shamir Domain-Wall fermions
a '~ 1.78 GeV ~ 0.11 fm a~ !~ 238 GeV ~ 0.08 fm

L ~ 1.8 fm and 2.6 fm L~ 2.6 fm

NEW Ensembles Ny = 2 + 1, Ny = 2 + 2 Mébius Domain-Wall fermions
a~t~3 GeV =~ 0.07 fm a”!' ~ 4 GeV = 0.05 fm
L~22fm L~1.61fm

Bare amplitudes with external p between 0.2 and 1.0 GeV
RI/SMOM scheme with external p between 1.4 and 2.4 GeV

Artificially small myw — 0.6 < amw < 1.3

BROOKHIVEN
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HIGHER ORDER

0.98 1 .
* non — exc.
0.96{ t except. *
0.94 1 °« ® X
X xx  x X
0.92 1
% X X
0.15- % %
® X
0.10 1 ¢
* except. .
0.05 1 ¥ non —ex. .
0.0 0.1 0.2 0.3 0.4
P?/miy

OPERATORS

Excellent statistical
precision

Different external states

!

different p? behaviors

. . 2
Polynomial fits in 25
MW

Projectors: VA 4+ AV
mw =~ 1.7 GeV

BROOKHIVEN
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QUARK MASS DEPENDENCE - [
Projectors: (parity even and odd) VV + AA and VA + AV
parity odd — suppression of quark mass effects — CPS symmetry

parity even — large contaminations from wrong chiralities

&
. ;:’:( Goldst | !
, oldstone-pole ——
. o e 2
:%“ 0-941 qq 3 ¢ X p ~ Aqcp spontaneous
breaking of chiral
0.92 - % ¥ am=0.02 symmetry
even ¥ am=0.04
X am — 0.08 Dc?main—WaII excellent

0.90 X chiral symmetry

00 01 02 03 04 05 BRODKHEUEN
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CZVA +AV ‘

AA
|CZVV+

(QUARK MASS DEPENDENCE - II

From mw — oo expansion of propagator only powers of 1/m3;

observed 1/myy from non-perturbative effects (e.g. condensates)

0.025 1

0.020 4

0.015 4

0.010 1

0.005 1

0.000 1

P’ =0

1?0 1?5
1/myw [GeV™]

2.5

Example of such operator
2‘7‘1 O6-dim
prmw

p® > A3 p vanishes

Systematic error
VV+AA VA+AV
C; Y |

BROOKHIVEN
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SYSTEMATIC ERROR

Excluding point with p? < p?,, from fits

0.035 A
0.030 1
6‘* my = 1.4 GeV
= 0.025
0.020 A
my = 2.1 GeV
mw = 2.4 GeV
0.015 T T T
0.0 0.2 0.4 0.6 0.8
pcut [Gev]
Peut suppresses O(Aqcep) contaminations BROOKHFVEN

. L NATIONAL LABORATORY
Peut controls systematic error 6C; ~ 5 — 10X statistical



NEW IMPROVEMENTS

Ongoing measurements on finer lattices — higher mwy

—— NEW,N; =2+2

904 —— PRD,N; =3
= my ~ 1.8 GeV larger separation
EREE Aqcp < mw
™
= 104 smaller O(p/Aqcp)
Z effects

0.5

my ~ 3 GeV ..
better precision
0.0 1
0.0 0.1 0.2 0.3 04
p*/miy
similar improvement for C BROOKHIVEN
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C%at

FINITE VOLUME EFFECTS - [

Momentum injected along time (t) or spatial (zy) directions

time extent is 2x spatial extent

Projectors VA + AV: v and ¢ schemes [RBC/UKQCD '10]
L~18fm L~26fm
v
0.98 1 ov X 0.98 1 M
v x
° X veo
0.96 1 e’ ’ 0.96 1 X
: 2.0 .
° x $ 7.t $) v X . $ 7.t
° 4 LTy e, ) TY
000 ™0 4 I i 091 _ oy ¥ I i
boid ! q,t ¥ . q,t
e ¥ gy ‘ ¥ q.ay
0.92 - : : : : 0.92 - , , , :
0.0 01 02 03 04 0.0 0.1 0.2 0.3 0.4
PP /miy p/miy
Breaking of universality at p? = 0 BFO(}]'{("}"’A’EN
NATIONA ABORATORY

is a finite volume effect



FINITE VOLUME EFFECTS - II
Origin of finite volume error?

mw VS. L mw VS. AQCD

for fixed p, cutoff a=! and mwL for fixed p, cutoff ¢~ ! and L
we vary myy

L~ 1.8 fm v finite vol.err. L~ 1.8 fm v finite vol.err. o< 1/myy
L~ 2.6 fm X finite vol.err. L~ 26 fm X finite vol.err.
mw L does not govern finite non-perturbative condensate

vol.errors otherwise same effect
on both lattices

1/mw behavior — non-pert. condensate — strong influence by box size

Finite volume error from QCD BROOKHIVEN
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RENORMALIZATION

Z(p) = Z2[Z% ()] [ZMMS ()] L
OMS (1) = C1 [ Z ()]

Implement mass-less renormalization condition

lims0[Z8 ()]~ 22

1. compute Z for am = 0.02 and 0.04 at one value of x
2. Negligible quark mass dependence of Z

We use two intermediate RI schemes (7 and ¢)

1. (this work) 1-loop matching Z21=MS for RI/SMOM for ~ and q
2. difference of two schemes is O(a?) BROOKHILAVEN
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DISCRETIZATION ERRROS

Remove lattice artifacts with @ ~ 0.11 fm and 0.08 fm

1.10 1
{\ 4 mw =14 GeV
.i\\:\\\ B my~18GeV
o5 AN Y mw ~ 2.1 GeV
< 1.051 S$s
& *Ssi mw ~ 2.4 GeV
= S
L S,
< 1001 L
B NEs:
~ \\\\\
0.95 - \\:: J
t
0.0000  0.0025 0.0050 0.0075 0.0100 0.0125
a?[fm?]
aret = 0.08 fm

Cq: 10 — 17% a? errors
Cy: < 1% errors

Dependence on amw not
relevant

amw = 1 under control

BROOKHIVEN

NATIONAL LABORATORY

24 /28



0.95 1

REsuLTS - ()
Large error from matching RI — MS

Error dominated by systematics (90%) over statistical (10%)
Systematics correlated — fit — predict 1-loop coefficient

analytic results from [Buchalla, Buras, Lautenbacher '95]

1.00 1 >}(

oo /

0.85

m NLO agl—loop) * 4
NLO a§4—loop) * 5

BROOKHIVEN
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Large error from matching RI — MS

REsuLTs - (]

Error dominated by systematics (90%) over statistical (10%)

Systematics correlated — fit — predict 1-loop coefficient (1 o)

analytic results from [Buchalla, Buras, Lautenbacher '95]

0.25 1 \

0.20 1 |
n
=
@)

0.15

m NLO CK‘(;l—loop) * g
0.10 4 NLO ol § o
1.00 1.25 1.50 1.75 2.00 2.25

miy [GeV?]

BROOKHIVEN
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TOWARDS THE STANDARD MODEL

With our strategy can we reach the Standard Model?
1. W boson mass of 80 GeV

fit our data in RI scheme — predict higher loop coefficients
— run a, up to 80 GeV — estimate or bound Wils.Coeff.

2. EFT with 5-flavors in the sea
need simulations with more dynamical quarks in the sea
3. integrating out top quark

future studies, difficult problem on lattice

With ongoing second calculation
higher myy systematic errors below 1% — precise fits — 1. v/

Ny =2+1vs. Nf =2+ 2 — flavor dependence — 2. v/
BROOKHFVEN
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CONCLUSIONS
We have developed a method to compute (weak) Wilson coefficients to
all-orders in «g in Rl scheme

controlled quark mass and finite volume errors
discretization effects removed with 2 lattice spacings

excellent statistical precision

account for non-perturbative contributions

possibility to bound perturbative error
Outlook:

push towards higher values of mw — reduce systematics

study flavor dependence

extend the basis of operators (e.g. AS =1 or BSM)

Thanks for the attention! BROOKHFAVEN
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