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Electroweak physics on the lattice

A mission of lattice calculations is to evaluate the hadronic effects

@ Lattice QCD is powerful for “standard” hadronic matrix elements with

Ve
3 ot W o+
W J—
K K+ 0 K° KO
u Ve <
K — fx Kez — 1£.(0) K°-KO® mixing - Bk
» single local operator insertion

» only single stable hadron or vacuum in the initial /final state
» spatial momenta carried by particles need to be small compared to 1/a

@ FLAG average updated on Nov./Dec. 2016

N¢ FLAG average Frac. Err.
fk/fr 2+1+1 1.1933(29) 0.25%
(0) 2+1+1 0.9706(27) 0.28%
Bk 2+1 0.7625(97) 1.27%

)
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Frontiers to go beyond “standard”

@ QED + isospin breaking

» QCD+QED and numerical simulations [Agostino Patella]
» QED corrections to decay rates [Francesco Sanfilippo]
» Isospin Breaking Effects on the Lattice [Vera Giilpers]

» Towards isospin breaking corrections to (g —2), [Michele Della Morte]

Processes involving QED corrections are essentially LD processes )

@ Multi-hadron interactions

» Few-body physics: status and outlook [Radl Briceno]

» Multi-hadron observables from lattice QCD [Maxwell Hansen]

Studying multi-hadron interactions are important for LD processes )




Three generic features of lattice QCD
computation of LD processes

@ Euclidean time = exponentially growing contamination
@ Multiparticle in intermediate state = non-exp finite-volume effects

@ Two interpolating operators = new short-distance divergence
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LD processes and bilocal matrix elements

Hadronic matrix element for the 2"d_order weak interaction

[ Laaiom oo

5 {<f|o;|ﬂ7>_<2|ozf> . <f|o;|;>_<7_c|ol|f>}(1 ey

n

@ For E, > M;, the exponential terms exponentially vanish at large T

@ For E, < M;, the exponentially growing terms must be removed

Euclidean time = exponentially growing contamination J




Feature 1: removal of the exponentially growing terms

@ Determine the hadronic matrix element for all low-lying intermediate states

(KO[Hw|n)(nlHw|K°) (1— eMeEDT)
MK_ En

@ Replacing Hw — Hy;, = Hw + ¢;5d + ¢c,5sd won't affect physical amplitude
» Apply the chiral Ward identity
0usyud = (ms—mg)sd
uSyursd = (ms+mg)5ysd
» KO-KO transition amplitude is given by
[ @ (KO TTHw () Hi (0)]IK°)
9,57,d and 9,,57,,v5d do not contribute to the [ d*x integral
@ Choose appropriate ¢; and ¢, e.g.
(0|Hw + ¢,575d|K®) = 0
(m|Hw + cs5d|K°) =0

to remove the contamination from low-lying states such as |0), |7) or |n)
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Feature 2: finite-volume effects

@ In infinite volume we need to compute the amplitude
A= [ dt(RO\T[Hw (£)Hw (0)]IK°)
and to determine the K;-Ks mass difference
KOIH Hw KO
AMyc = My, - My, =2PV ¥, (K IHw o) (ol | K
& My - E,
@ On the lattice with size L, we can obtain
KO Hw(n) i L{n|Hw|K°)
My - E,

AMK(L)=22<

» |n) could be given by multi-hadron state |r7r)
» Significant FV effects, especially when E, = E;, - Mg
@ Finite volume correction
[Christ, XF, Martinelli, Sachrajda, PRD 91 (2015) 114510]
d(¢+9)

AMk (L) = AMy(o0) = 2 cot(¢ + 5)T (KO Hy|mm, M)y (o, M |Hw |K°)
E=Mx



Finite-volume effects in three related processes

@ 7w scattering, Liischer’'s quantization condition

6(q) + (k) = nm, neZ, q—zk/L E.-o0/mi ke
i

@ K — 7 transition, Lellouch-Liischer formula

2w E? (d((/) +6)

(0] (0) |, E) oo =

(XD o0y £

@ K;-Ks mass difference

(¢+5)

AMy (L) = AMy(o0) = 2cot(¢p + §) ———= (KO Hy|mm, M)y (o, M |Hw |K°®)

E=Mk

Similar structure = Uniform treatment of the FV effects in the three processes J




KSS method

Kim, Sachrajda, Sharpe, NPB 727 (2005) 218

® Use “sum=integral + [sum-integral]” where integrand has pole, with [KSS]

dko 1 d*k 1 1
(/ 27?ﬁz_/(27r)4) f(k)k2—m2+ie(P—k')2—m2+ieg(k)
k

= / dQq-dQ. f*(§°)F (¢%,0% )9 (@)

® Diagrammatically

finite-volume

«—  residue

J
\/U \ /7

off-shell on-shell

N

illustration from S. Sharpe’s talk at INT workshop INT-18-70W
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Kim, Sachrajda and Sharpe’s method

® And keep regrouping according to number of “F cuts”
F

b @By BB @
7 F @ F

cuts \

the infinite-volume, on-shell 2—2
scattering amplitude

Finite volume correction to correlator
1 , k el(#+9)

Al =
F1l1-iM 8Py sin(¢+9)
@ C;(P) has poles at Py = E,, which match the poles in AC(P)
sin(¢+0)|p, g, =0 = (P+0)|p g =7

2

AC(P): CL(P)_C""(P):AJ:Z(/M.F)"A’:A

First product from KSS: Liischer quantization condition o)




Second product: Lellouch-Liischer formalism

Agadjanov, Bernard, Meissner, Rusetsky, NPB 886 (2014) 1199
Briceno, Hansen, Walker-Loud, PRD 91 (2015) 034501
Christ, XF, Martinelli, Sachrajda, PRD 91 (2015) 114510

@ Let the poles in AC(P) and C,(P) have the same residues
PLTE"(PO - En)AC(P) = P(lgl—rPE,,(PO - En)CL(P)

@ Spectral representation for C;(P) is given by

{0lo(0) |, En)u|?
C(P)=
L( ) Zn: PO - En
@ The expression for AC is given by
k ei(¢+5)

_ 2
AC(P) = 8Py sin(¢ + 5)' |

@ Picking up the residues leads to the Lellouch-Liischer formula

d(¢+96) 27 E?

2 _ n 2

Po=E,
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Third product: FV correction to long-distance observables

Christ, XF, Martinelli, Sachrajda, PRD 91 (2015) 114510

For the K; — Ks system, we need to evaluate the principal value of the
branch-cut integral, which can be achieved by taking the real part of KSS
formula

ReAC(P) = C.(P) -PV[Cwu(P)] =

k
ctg (¢ +0)|AP
7TPO

Using the spectral representation for C;(P), we can rewrite

VIC=(P)] = ;| |UP50 |§>| 81,

ctg (¢ +6)|AP

This gives FV correction for AMj (if we replace (0o (0)|E,)¢| by [{K|Hw|En)L])
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Feature 3: new short-distance divergence

Christ, XF, Portelli, Sachrajda, PRD 93 (2016) 114517
New SD divergence appears in Qa(x)Qg(0) when x -0

@ Introduce a counter term X - Qp to remove the SD divergence

P D2

AN\YZ
/T\

QRI
p3

The coefficient X is determined in the RI/(S)MOM scheme

@ The bilocal operator in the MS scheme can be written as

[ aTia coesS o)
_ ZAZB{f d*x T Qlathat]} . (_Xlat—>RI . YRI—»WS) @(0)

» xlat—RI y RI-MS

is calculated using NPR and calculated using PT
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Applications of LD processes

2" order electroweak interaction

0 -
K .n; . KO I(

Electromagnetic correction u o

Tt

d
Inclusive decay and deep inelastic scattering

Z

Ly -
2Im % = Z ZZ\;
X £ —
g —=
o " ol

moA

Neutrinoless double beta decay - 3




Summary of lattice study on rare kaon decays

Proposal to study rare kaon decays using lattice QCD

@ Isidori, Martinelli, Turchetti, hep-lat/0506026 / PLB 2006
Method paper and first calculation of K — wf*¢~

@ Christ, XF, Portelli, Sachrajda, 1507.03094/PRD 2015

o Christ, XF, Jittner, Lawson, Portelli, Sachrajda, 1608.07585/PRD 2016
Method paper and first calculation of K* - w*vw

@ Christ, XF, Portelli, Sachrajda, 1605.04442/PRD 2016

@ Bai, Christ, XF, Lawson, Portelli, Sachrajda, 1701.02858/PRL 2017

K* > m*uis, 323 x 64, m, = 170 MeV, mMS5(2 GeV) = 750 MeV
K* > m*uis, 64% x 128, m,. = 140 MeV, mMS(2 GeV) = 1.2 GeV
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Use K* - m*viv as an example

_ U
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K* - wtvi: Experiment vs Standard model

Z-exchange

K" — w"vi: largest contribution from top quark loop, thus theoretically clean

Gr QEM - -
Her ~ —= - ——5— e Xe(Xe) - (5d)v-n(PV) v
T msnt O e(xe) - (5d)v-a(Pr)v-a
N~2x1073
Probe the new physics at scales of A"z My, = O(10 TeV) J

Past experimental measurement is 2 times larger than SM prediction
Br(K* — T 00)ep = 17377152 x 1071 [BNL E949, ‘08]
Br(K* - 7*uvi)sm =9.11+0.72x 107 [Buras et. al., ‘15]

but still consistent with > 60% exp. error
17 /40



New experiments

New generation of experiment: NA62 at CERN
@ aims at observation of O(100) events [2016-2018, 2021-2023]

NAG62 timeline
@ Detector installation completed in 09.2016
@ 2016 run: 2 x 10" K™ decays
@ 2017 run: 6.7 x 10!* K* decays
@ 2018 run: starting from April 9, 210 days run
10% of 2016 data are analyzed =  expected 0.064 event

18/40



W-W diagram, type 1

Type 1 diagram, unintegrated amplitude

0.08

0.06

0.04

0.02

Fuww Type 1
e | -1.685(47)x107?
p | —1.818(40) x 1072
T 1.491(36) x 1073

3
— o e -1 3 P |
oou = oou
o T —
I 1 & ° T =
g A W, W.exp term
< 2 I
~ 13
b D) 2
By
< 4
r 1 =
= 5y =
L
o o= £
L - Ac% -
Y
- )
— - 1.8
= k]
= —
L o 13
o
=)
o4 N
e = =
e b b BB L L 1
215 <10 -5 0 5 10 15
tas=1 ~ tas=o
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W-W diagram, type 2

008 T T

0.06 —
0.002 frrrrrrrrmgrrpTr I

004

[0.001

KT

Type 2 diagram, unintegrated amplitude

FWW Type 2

e |1.123(17)x 107!
1.194(18) x 1071
T | 4.690(77) x 1072

Type 2 diagram, integrated amplitude
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Z-exchange diagram

<n(p)IT[Q, (VA (D)]IK(0)> <n(p)IT[Q,(VA (D)]IK(0)>

() PP T T T P R T TR 0.005 [
0.004 — % —
) -0.002 - —
JZ b
L L |
0.003
K L+ -0.004 — -
r 1 0.002
-0.006 - p=0, H,,
L == p!=0.Hy, (001
o—o p=0, Hw, disc. diag.
-0.008 - -
0 g
0,07 bbb @ b L N TATE. . P A Ty
T20 15410 55 0 5 10 15 20 <20 -15-10 -5 0 5 10 15 20

t t
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Low lying intermediate states

yad
s
/ _
/ i
L s
OAS:I/ OASZ9
KTt efin T rt
Kttty & ¢F>n'p Kt 7% & 7% > ntp
/V
/ .
/ v z -7
SV oz~ _ _,
A N\ 162
S 2 °
(o P
U u \

Hywy Ll‘l , A
F(+ W + 8 -+ 4 K Hy 0 0
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Kaon decays serve as an ideal LD process

Branching ratios and decay widths for K — {n} decays

v
7

K - {n} Branching ratio Relevant diagrams

K* = uty, 6.355(11) x 107* R

055=1 [65s=y, 7
K* = 2rp*y, | 4.254(32) x 107° I/C.

K* > v, | 3.353(34) x 1072

K* = 3retr, <3.5x107°

K* - n*n0 2.066(8) x 1071

K* - 31 7.35(5) x 1072

K — {n} Decay width [eV] Relevant diagrams
Ks — 27 7.343(13) x 107° 0"
K, — 31 4.125(30) x107° | =
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FV effects from w7 intermediate state

Calculation has been performed at m, = 420 MeV and 170 MeV
For m, =170 MeV, K — 77 is possible

@ Matrix elements for K - nm and mm - 7

a* - (n7|Qu2|K) a-(mAulrm)  expectation
7-9.653(25) x 10° | 7-3.1910(60) 7-3.2149(62)

Expectation value is given by (7|A,|7m) ~ (7|7) - (0|AL|7).

@ Parameters relevant for finite-size correction

10) 0=k-ar: do/dE do/dE = apr - F£ cot(p+0)
1.449(2) -0.0678(16) 13.858(8) ~0.367(9) 0.192(3)
@ Results
Fo(s) F(s) Apy Fo(s)

2.05(12)-1072 -1.536(5) 103 4.28(7) 107"

| =2 wr-state contributes 7.5%. The finite-size correction is about 2.1%.
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Momentum choice

—— T T T T T
[ .2 2 ]

. S_mK+mK 4
025 -
02 ]
n%OH: ]
. ~ 2 —

< [ s=(mem) ]
01k N
0.05 L Physical Region a

ol o nnflnnoolloonnnlloonool ]

02 0.1 0 0.1 02
A [GeV?]

@ Two Lorentz invariant variables

s=(pk = px)?% D =(pk—p.) ~(Px —P5)°
® Spax = (Mk - M‘ﬂ')z' Amax = M}Q( - M72r
@ Momentum choice

(S7A) = (070)7 (Smax/270)v (O;Amax)7 (Smax/?’aAmaX/?)) 25 /40



Momentum dependence

0.04 K I T I T I T I' T | T i
0.035 - .
<, 0031 I T T u
n‘ -
0.025 - 1 1 J

0.02

0.05

0.045

(s,8)

0.04

P(WW)
c

0035 —

| L | L | . | .
003 0 0.1 02 03 04

s/Mi

With momentum dependence, the branching ratio can be determined
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Lattice results

Published results @ m, = 420 MeV, m. = 860 MeV
[Bai, Christ, XF, Lawson, Portelli, Schrajda, PRL 118 (2017) 252001 ]

P =0.2529(£13)gtat (£32)scale (—45) py

e PR

W-W Z-exchange W-W + Z-exchange
T T T T T ] L L S e T T T 77T ]
F ] Unrenormalized \: ]
025~ - 025 c—o Rl-renormalized| 0.25 W&;’

|

.

02 = 02 e 02 4
F P, = Lattice - X + pRysical SP part (Y) B F B
0151 4 oasp 4 oasp 4
0.1 4 o1l 4 o1 5
[ Lattice bilocal matrik element ] N sl ]
005 3 oosf 005k ]
E Lattice - mehyiscuESD part {X) E E :

o - oF - O fpmeemmmmeey

L PT ] C ] L ]

L P -P 4 L 4 L 4
. F i L ]
005l L1 10T ggsada Ll 14] gosbalaly iy 1.]
115 2 25 3 35 4 1 4 1 15 2 25 3 35 4

15 2 25 3 35
My = Hyg [GeV]

Lattice QCD is now capable of first-principles calculation of rare kaon decay )

@ The remaining task is to control various systematic effects 27/40



Electromagnetism on K — 77

[N. Christ & XF, arXiv:1711.09339]
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Direct and indirect CP violation

@ The experimentally detected states K, s are not CP eigenstates

(Kys) = (Ik2) +&K?))

1
Vi
@ K —»2m (CP=+)

» KO - 27 (indirect CP violation, € or k)
» KO - 27 (direct CP violation, ¢')
@ Experimental measurement
A(KL—77n7)
A(Ks - m*77)
A(K, - 7°79)
A(Ks — m070)

=n,_ze+e

5770056—26,

@ Using |n,-| and |ngo| as input, PDG quotes

1 1 ,
el 5 (- + ool) = 2.228(11) 1073, Re[d'/e] » (- ||”°°||) =1.66(23) x 1073
T+

€’ is 1000 times smaller than the indirect CP violation ¢

Thus direct CP violation €’ is very sensitive to New Physics J
29 0




K — rr decays and CP violation

@ Theoretically, Kaon decays into the isospin [ =2 and 0 77 states
Al =3/2 transition:  (mr(l = 2)|Hw|K®) = Aye’®
Al =1/2 transition: (77 (I = 0)|Hw|K®) = Age’®
@ If CP symmetry were protected = A, and Aq are real amplitudes

@ c and € depend on the K — wrr(/) amplitudes A,
_ ogei Tm[Ap]
Re[Ao]
, ie!(%27%) Re[ A, ] ( Im[A;] Im[Ao])
e = -
\/5 Re[Ao] RG[AQ] Re[Ao]

The target for lattice QCD is to calculate both amplitude A, and Ag

Two remarks:

@ argle] ~43.5°, arg[e'] =90° + 5 — dp ~ 40.4°
= Jp in [23.8°,38.0°] only affects Re[€'/e] in < 2% level
Im[ 4]

ot = 4. 7(0.7) x 107> cancels with Im% % =-4.1(3.5) x 107°
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How large the EM corrections to K - &7

Direct CP violation in K -t
ie’(92=%) Re A, (|mA2 B Ion)
\/5 ReAO ReA2 Rer

1
— — =
€=3 (14— = 100)

@ Turn on EM interaction, A; = A/, §; =6/, 1=0,2

Though Aj — A, is an O(cv) effect, its size could be enhanced by a factor of 22
due to the mixing with Ag and A/ =1/2 rule J

@ ChPT+Large-N,: Cirigliano et al, hep-ph/0008290, hep-ph/0310351
—"the isospin violating correction for ¢ is below 15%”"

Technical issues on including electromagnetism
@ Lellouch-Liischer’s formalism relies on a short-range interaction
= long-range EM requires the change in the FV formalism

@ EM interaction mixes / =0 and / =2 w7 scattering
= K — 7 decay becomes a coupled-channel problem
@ Possible photon radiation
= coupled channels further mixed with 3-particle channel (77)

31/40



Strategy to include ectromagnetism

Include EM interaction in the Coulomb gauge

L= 3, &AX) G790~ 3 fdx pa(X',t)pg (X, 1)

q=u,d,s q,q9'=u,d,s |X _X|

Transverse radiation Coulomb potential

@ Adding transverse photon to 7w = three-particle problem

@ At current stage, focus on Coulomb potential only

32 /40



Mixing of isospin states

Focus on Coulomb potential, no w7~ state
However, [ =2 and /| = 0 7 states still mix with each other

@ No EM: relation between charged ¢ = +—,00 and isopsin s = 0,2 77 states

out _ out (V23 1/V3\ [ cosO  sind
(rm)e) _S=ZO;2QCS|(7T7T)S) ' QCs_(—l/\/§ \/i/ﬁ)_(—sinﬁ cos@)

@ With EM:

'y out _ ’y out vy o_ cos 67 sin 07
|(7T7T) Z Q |(7T7T) ) ch_ (_Sine'y cos§”

Define "t ((7m)Y|Hw|K®) = /% AY

sin20 ie'(%7-%) Re AJ (lmAg |mAg)

sin207 /2 ReA] -

=2 ()
€ = — — =
3 e 00 ReA) ReA]

sin 260
sin 260

is a small correction = focus on A? and 67 J
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Determination of A and §_ from lattice QCD

Turn off EM and calculate correlators with I = 0,2 operators

Cr(t) = (drri(D)0L, 1(0))
= _20:2<0|¢m,/|(7r7r)s)e_E5t((7T7r)s|¢;fm’l,|0)5S’,557,,
= (UMUYY
where
_ <0|¢7r7r,0|(7771')o) 0 ~ e Eot
U‘( 0 <0|<z>m,2|(m)2>)’ M—( e-Ezt)

Turn on EM and calculate correlators with the same operators
Ci(t) = (Grmi(t)0l,(0))

> (Ol (m)Y)e 5 ((wm) @t 1110)
s=0,2

(UM

where

L ((0mrol (7)) T (Olprol (7)) | feE
’ _(”<0|¢m2|<m>§> 7<0|¢M,2|(m)§>)’ M ( )
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Determination of A and §_ from lattice QCD

N D
@ Use the coefficient matrix to construct a ratio U™*UY =1+ ( 9 %))
N. N,
20 22

@ Build a ratio for the 2 x 2 correlation matrix: R(t) = C‘%(t)CV(t)C‘%(t)
@ Time dependence of R(t) yields
1+ 2Néé) + Eo(l)t Nz(é)e('-cz“g")t/2 + Nézl)e(EO‘EZ)t/2)

R(t) =
() (,\,2<3>e<52_50)t/2 4 VD e(E-E)ef2 L4 2nD + ED

» EXY = E7 — E. can be used to determine §7, s = 0,2

, N,(,%) can be used to construct U” and compute AY = ((77)?|Hw|K°)

Need to modify Liischer quantization condition and Lellouch-Liischer relation to
include EM effects J
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Coulomb potential with periodic boundary condition

Encode long-range EM interaction in the finite box — QED,
@ Coulomb potential in periodic box Vi (r) =Y, V(r+nl)
» ¥n, V(r+nl) have impact on small-r region and cause divergence
o Modify Vi(r) — Vi(r) = Vi(r) - %f d3r V(r) to remove the divergence

.. . ~ lpr
» This is equivalent to remove zero mode: V| (r) = 4”0‘9 Yps0

@ However, V, introduces O(1/L) FV effects

drae «Q «
e Qi i _ Qe 9 gQe
SV(r)= Vu(r) - V(r) = ( % f(2ﬂ)3) aoe lmav(r) = kT 8287

@ We get Liischer quantization ¢.(E) +d(E) = nm with n = &

11 1
toc(E) = (1 Sy
cotelB) = ey 2 (e

ein-rZT7r 1 1 1 1 1 W
+1im 81 - —In(1/kr) + —
r—0 n{n§1 7T(27T)4 n2 — (%)2 (n - m)2 m?2 — (%)2 4 ( / )

47TJ
(See also formula for scattering length [Bean & Savage, 1407.4846])
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Coulomb potential with truncated range Ry < L/2

Not unique way to build periodic potential
aefr, forr<Rr
VD) =S v (r+nL viDy={ "
0 Zn: ( ) ") 0, forr>Rt
Liischer’s quantization condition holds for V;(r) + V(7)(r)

kL

6(q) + o1 (k)= nm, q= 2=

T

@ Unfortunately 67 (k) is unphysical
Relate the truncated scattering phase to the physical one
Sc=(E',-,C|E,+,C) =2n6(E - E")e??¢
Sr=(E,—, T|E,+ T)=2m8(E - E')e*°7
Skeleton expansion in Potential Theory

X:Oix

V,+V(©

s = sr = 8+ (O_e+



Truncation effects in scattering phase

The relation for scattering amplitude
Sc=St-i2m6(E-E")(E,~, T|AV|E,+, T)

The relation for scattering phase

dc=01r-=(E,+,TIAV|E,+, T)

1
2

@ AV(r) is non-zero only for r > Rt

@ For ¢(r) = (r|E,+, T), the functional form is known for r > Rt

“ft_sin(kr +471)

, for S-wave
wk r

e(r) =

@ Correction to scattering phase can be evaluated

H 2
(. TIAVIE+.T)= [ ae || [ 2 Sk rr) e
Rr mk r r
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Truncation effects in decay amplitude

o - w decay amplitude

AC:<E1_7 C|J>v AT:<E7_1 T|0>

AV V4 v® o
The relation for decay amplitude
Ac-Ar=(E,- TIAV G D|o) = (E,-, TIAV GV (1 + V756G ) o)
@ AV isnon-zero at r > Rr; Vs = Vs + V(T is non-zero at r < Rt

@ The free Green function (r|G(+)|r’) for r> R and r’ < Ry is given by

(+) "ot r>r' 1 ueikr ,
M6 = [ ey pptely 2 L L e
27 E-E"+ 2V mk r

Truncation effects can be determined

1 ikr
AC—AT:fd%_v(r)g B Ay
r 2V 7k r
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@ As the precision increases, our research frontiers expand
= LD processes, multihadron interactions, E&M corrections, -+

@ Calculation of the non-local matrix element is highly non-trivial
= but we manage to calculate them now

@ Other interesting bilocal system

» rare B decays: B - K*£*/~ and DIS processes
» electromagnetic corrections to (semi-)leptonic decay and K — 7

» double beta decay: Ovj3S

LD processes: an exciting and new area for lattice QCD )
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Results for Re[Ag], Im[Ag] and Re[€'/€]

@ Lattice results for A, @ m, = 140 MeV [RBC-UKQCD, PRD91 (2015)]
Re[Az] = 1.50(4)stat (14)syst x 1078 GeV
Im[Az] = ~6.99(20)stat (84)syst x 1071 GeV

@ Lattice results for Ay @ m, =140 MeV [RBC-UKQCD, PRL115 (2015)]

Re[Ag] = 4.66(1.00) st (1.26)syst x 1077 GeV
Im[Ag] = ~1.90(1.23)5tat(1.08)gyst x 1071 GeV

@ Experimental measurement
Re[A;] = 1.479(3) x 1078 GeV
Re[Ao] = 3.3201(18) x 107" GeV
Im[A;] & Im[Ag] are unknown
@ Determine the direct CP violation Re[€'/e]
Re[€’/e] = 0.14(52)sat (46 )syse x 107°  Lattice
Re[€'/e] = 1.66(23) x 1073 Experiment

2.1 o deviation = require more accurate lattice results




Resolve the puzzle of Al =1/2 rule
Al=1/2 rule: Ag=225xA;, = a >50 year puzzle
@ Wilson coefficient only contributes a factor of ~ 2
@ Re[A;] and Re[Ap] are dominated by diagrams C; and G,
jjﬂ 797
C;: color diagonal C,: color mixed
Color counting in LO PT = G, = (1/3; Non-PT effects = G, ~ -0.7C;
@ Re[Ay] o< (1 + G, while Re[Ag] o< 2C; — G, = another factor of ~ 10

o=

i H*m“““”“ii;i 0158332:
HH“HMMMNM ih“'"m

» Such cancellation is first observed
in an earlier calculation
[RBC-UKQCD, PRL110 (2013) 152001]
» It is further confirmed in the
latest calculation of Ap
[RBC-UKQCD, PRD91 (2015) 074502]

Contraction (x10°)
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Solve the coupled-channel problem

Generalize Liischer quantization condition to coupled-channel scattering
[He, XF, Liu, hep-lat/0504019; Hansen & Sharpe, 1204.0826]

sin(0 + ¢(gs-)) sin(d2 + ¢(qoo)) +sin® 67 sin(do — 52) sin(p(q.-) — ¢(qoo)) = 0

where g, = /;TL c=+-,00, ky_ =\/E?[4—m2,, koo =\/E?[4—m?,, E~mg

Quantization condition involves three unknown quantities: &g, d2, 67

@ Solution 1: tune three volumes to make Eg(L1) = E1(Ly) = Ex(L3) = E?

@ Solution 2: Introduce functional form for E-dependence of g, &2, 0

If mixing is caused by EM effect, the situation is simpler

@ Note that sin(¢(g:-) — ¢(goo)) is an O(ae) quantity
sin((g:-) - #(00)) = (q‘” as’) + 0(a2)

@a (1)

where g;~ ) and Goo' originate from O(ae) correction to m,+ and myo

@ Tune the volume to have E,(:Og = Mk

) d d(dy ' + o
sm(50+¢(q+-))=6§1)+£qif) (dE ' Ely +0(a2)

sin(62 + ¢(qoo)) = sin(65% = 652 + O(a)
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Coupled-channel Liischer quantization condition is simplified

@ Tune the volume to have E,(:Og = Mg

1) @ W\ 99 1) 0 (o0 _
6+ (cos20q+_ +5in® 0 gy, ) 39 + E,an—E (50 +¢) =0

@ Tune the volume to have E,(:02) = Mg

X N 1\ O n 0 0
55 ) 4 (coszeq(()o) +5|n29q£_)) 87q + E’(=2)67E (5é )+¢) =0

The relations for E,(:O) - 681) and E,(=12) - (551) are established

J
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Extract infinite-volume amplitude

Coupled-channel Lellouch-Liischer relation [Hansen & Sharpe, 1204.0826]

@ Tune the volume to have Ej.o = Mk = sin(d2+¢) = O(ae)

( dA) |A |- sin(dp + oo ) sin(do + P4-) AL - s sin 20'sin(¢oo — ¢4-) A7
dE sin(do — d2) 2 2+/sin(do — 62) 0
=1/5in(80-02)+0(cxe) =0(a)
where ¢c = ¢(qc), ¢ = +,00 and s = sgn(Aj /A7)
@ On the LHS, |A] | is the amplitude calculated in the finite volume
A= sin(50 + ¢+_) sin(52 + ¢OO) + sin2 9, sin((5o - (52) sin(¢+_ - (boo)

= A =0 is the coupled-channel quantization condition

dA  d(6 .
E = % sm((So - 52) + O(ae)

» If turn off EM = single-channel Lellouch-Lischer relation

d(6:+ )}
(22522 1,1y
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